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The aim of the talk

e Introduction to G-stochastic analysis theory (S. Peng).

e Part of my work in this research field.
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1. Non linear expectations: a general framework

CiLip(R"): = {¢:R"—R|3Cyp e R, meNys.1.
[o(x) —@W)| < Co(1+ |x|" + [y[")[x— ]}

Lipb(Rn) D= {f R"— R | HMf',Cf eERT s.1.
FE < M, [f () —f ()| < Grlx—y[}

Let O =R and let 7¢ be a linear space of real functions s.t.

Xla'" 7Xn € = (P(Xl» 7Xn) € jfvv‘p € Cl.Lip(Rn)'
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1. Non linear expectations: a general framework

A non linear expectation & is a functional .2# — R satisfying the
following properties:

eMonotonicity : X,Y € # and X > Y = E[X]| > E[Y].
ePreservation of constants : B[c] = ¢, Vc € R.

A sub linear expectation in addition satisfies:

eSubadditivity : E[X+ Y] <E[X]+E[Y],VX,Y € 7.
e Positive homogeneity : R]AX] = AK[X],VA > 0,X € .
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1. Non linear expectations: a general framework

Norm on ¢: ||X|| := R[|X]], X € 2.

(A, 1) is a normed space.

We denote its completion by ([7¢], || - ||), or simply [].
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2. G-Normal distributions

Classical case

o’=o0?=o0;.
X ~ ¥ (0,02) can be characterized by
u(t,x) = E[o(x+/1X)], for ¢ € C;1;,(R), which satisfies

du(t,x) = L6292.u(t,x), u(0,x) = @(x).
2

G-case (Definition)

X ~ . (0,[07,03]) is characterized by
u(t,x) = Elo(x+ iX)], for ¢ € C1;p(R),
which is the unique viscosity solution of

‘ du—G(92u) =0, u(0,x) = o(x). ‘
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2. G-Normal distributions

Proposition

IfX ~ 4 (0,[0%,03]), we have the following property:
e For each convex ¢ € C;1;,(R),

2

u(t.x) = Blg(s+ Vi) = 5o [ & 2o p(x)as

e For each concave ¢ € C;1;,(R), for o; > 0,

2

)

u(t,x) = Blo(x+ viX)] = —o /7 " p(rar

B 2\/561
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2. G-Normal distributions

Definition

A random vector Y = (Yy,---,Y,),Y; € 5, is said to be
independent of X = (Xy,---,Xn),X; € A, if for each

(ONS Cl_Lip(Rm X Rn),

Elp(X,Y)] = E[E[p(x,Y)]:—x].
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2. G-Normal distributions

REINES

Unlike the classical case, the independence under & is not
symmetric.

Example

Let X, Y € # be sit. 67 :=E[Y?] > 67 := —E[-Y?] >0,
E[X] = B[-X] = 0, and E[|X|] > 0. Then if Y is independent of X:

ExY?] = EERxr*]—x] = E[("E[Y?]+x B[-¥?])x]
Ex*o; —X~of] = E[X*](05 — 0f) > 0.

But if X is independent of Y :

A

BIXY?) = BIB[X)?],_y] = BIGPE[X]),—y] = B[E[X]¥?] = 0.
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2. G-Normal distributions

Definition
X, Y are said to be identically distributed (X ~ Y, or X is a copy of
Y), if E[o(X)] = E[o(Y)],Ve € CiLip(R).

Definition
A sequence {n;}> | in JZ is said to converge in law to n €
under [ if

| \

lim B[ (n:)] = E[p(n)],

1=

for each ¢ € Lip,(R).
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2. G-Normal distributions

Central Limit Theorem (Peng)

Let {X;}7, in (Q,7#,F) satisfy X; ~ X1, each X1 is
independent of (Xy,---,X;),

B[|X[>t%] < oo, for some o > 0, and E[X,] = E[-X,] = 0.

Sy:=X,+---+X,. Then S, //n converges in law to
A (0;[07,03)):

lim El(S,/v/n)] = Elp(X)], Yo € Lipy(R),

where X ~ ‘/V(Oa [6127622])7612 = 71@[7)(12]’ 622 = H:;:[Xlz]
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3. G-Brownian motion under G-expectation

Setting

Let Q = Cy(R™) the space of continuous paths (o;);cg+ with
ay = 0, distance on Q.:

oo

p(o' o) =Y 27 (max |0 — o) Al].

=1 t€(0,1]

Coordinate process on Q: B;,(w) =, t >0, 0 € Q.
Fort € [0,+), we set

%: = {(P(wtp"' 7wtn) :Vne N7 Iy, n € [O’I]’
VoecCrpR")};
A =] A
n=1
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3. G-Brownian motion under G-expectation

Definition

The coordinate process B on (Q, .7, 1) is a G-Brownian motion
if:
Q B =0;
Q B, — B, is A (0;[o}s,03s]) - distributed, V7,5 > 0;
©Q Foreachn>2,0<n <---<t,, B, —B,,_, is independent
of (By,Bs,, - ,By,)-
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3. G-Brownian motion under G-expectation

Theorem (Peng)

Let B,(w),>0 be a process on (Q, 7 ,1&) such that

Q@ Foreach0<1 <---<t, B, —B,_, is independent of
(Bt1 7Blz7 e aBt,,);

© B, has the same distribution as B, — By, Vt,s > 0;
Q lim,  &[|B; ]! =0,
then B is a G-Brownian motion, for

of = —E[-B7], o5 = E[B]].

For what follows: for simplicity, we choose o5 = 1.
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3. G-Brownian motion under G-expectation

Definition
The related conditional expectation of
X = (p(Btl 7312 _Btl PR 7Btm _Btmfl) Undel’ % |S deflned by

E[X‘jﬁ]] = W(BtlvBtz _Btlv" : 7Btj _Btj—l)v

where y(xy,- - ,x;) :I@[¢(x1,--- s Xjs By — By

J

Definition

A process (M,);>o is called a G-martingale (resp.
G-submartingale, G=supermartingale), if Vt € [0,+c0), M, € 5 and
for s € [0,1],

E[M,|.7] = M, (resp. <M, > M) a.s.in .
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4.1t6’s integral of G-Brownian motion

Lg(A) = {€ € 77 B[|E ] < =}

L%;"O(O,T) ={n(o)n(w Z é] [t, t]+1

where & eLG(%),O:tO <h<--<iy=T}

Definition

For each (n,)o<i<r € L (0, T), we define its It6’s integral as

N—-1
:/Tn(s)st =) &(By, —By).
0 j=0
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4.1t6’s integral of G-Brownian motion

Lemma

We have -
B[ n(s)dB,) =

/ndB /Ens

We denote by £2(0,T) the completion of L2°(0,T) under
the norm

and

TA
lliyor = { | BllmPlary2.

Hence the stochastic integral can be extended to L2(0, 7).
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4.1t6’s integral of G-Brownian motion

We denote: (B); = B? —2 [, B,dB;, then
R N-1
E[[(B)— Y, (By., = By)*[] = 0, N — +oo.
k=0

(B) is an increasing process; it is called the quadratic variation of

Proposition
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4.1t6’s integral of G-Brownian motion

Consider

t t t
Xt:XO+/O a‘vds“‘/o nsd<B>v+‘/0 ﬁsst-

It6’s formula (Peng)

Let o, B,n be bounded processes of L%(0,T). Then for each
t>s>0and ®(X,) € LL(H), we have

D(X,) = D(X,) + /'tcbx(xmudBﬁ/"q>x<xu>audu

S

aF / A Xy T]u+ (I)xx( ll)ﬁi]d<B>u
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5. SDE and BSDE driven by a G-Brownian motion

Now we can consider the following G-SDE:

t t
X,:Xo+/ b(Xs)der/ h(X,)d / X;)dBs,t > 0.
0 0

where Xp € R, b,h,0 : R — R are Lipschitz functions.

Theorem (Peng)
There exists a unique solution X € L%(0,T) of the above G-SDE.
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5. SDE and BSDE driven by a G-Brownian motion

Recall
Classical BSDE (under a linear expectation):

dY[ = —f(t, Y,,Z,)dt—i—thB,,
Yr=§ e L*(Q, %1, P);

solution (Y;,Z;)o<:<r, €xistence and uniqueness for f Lipschitz
in (y,z) and linear growth. For f = 0: the martingale
representation theorem.

No martingale representation theorem in G-theory up to now!
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5. SDE and BSDE driven by a G-Brownian motion

Unlike the classical case, we only consider the G-BSDE of
the following type:

T
V=BlE+ [ fls ¥, re 0T,

where & € LL(7). f(t,y) € L%(0,T),y € R, is a given Lipschitz
function with respect to y.

Theorem (Peng)

There exists a unique solution (Y;)e(,r] € L%(0,T).
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5. SDE and BSDE driven by a G-Brownian motion

+/ﬁ sl ], 1€ 0,T],

where &' € L2(#7), fi(t,y) € LL(0,T),y € R, fori = 1,2.

Comparison Theorem (Jing)

Suppose that E' > E2, f1(t,y) > fo(t,y), V(t,y), fi T orfa | iny,
both f; and f, are Lipschitz in'y and bounded, then Y} > Y?,
Vi € [0,T].
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6.A property of G-martingales

Proposition
LetxeR, Z e L%(0,T), and n € L%(0,T), then the process

t t t
M= x+ / Z.dB,+ / n,d(B)s — / 2G(n,)ds
0 0 0

is a G-martingale.

| \

Recall
Ifor =1, [jnd(B)s— [;2G(n,)ds = 0.

| \

Question

Is the stochastic integral w. r. t. this G-martingale still a
G-martingale?
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6.A property of G-martingales

{M,} being a G-martingale does not always imply that {—M,} is
a G-martingale.

{B;} and {—B,} are both G-martingales.
{(B); —t} is a G-martingale, but {—(B), +t} is not a
G-martingale.
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6.A property of G-martingales

Theorem (Jing)
Let0< oy <1and& e LZ(0,T). Put

t t t
M, =x+ / Z.dB, + / nd(B)s — / 2G(n,)ds,
0 0 0

and .
Nt:/ g_ydMs, IZO
0

Then {N,} is a G-martingale w. r. t. {7} if and only if

sgn(&) >0, on{s:ns#0};
sgn(&;)can be arbitrary, on{s:ns;=0}.
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This talk is mainly based on

e Peng, S. (2006) G-Expectation, G-Brownian Motion and
Related Stochastic Calculus of Ito’s type, Proceedings of 2005
Abel Symposium, Springer

e Peng, S. (2008) Multi-Dimensional G-Brownian Motion and
Related Stochastic Calculus under G-Expectation, Stochastic
Processes and their Applications, Vol. 118, Issue 12, Dec.
2008, 2223-2253

e Peng, S. (2008) A New Central Limit Theorem under
Sublinear Expectations, arXiv:0803.2656v1 [math.PR] 18 Mar
2008
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Thank you!
P !
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