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Abstract

In this paper we consider horseshoes with homoclinic tangencies inside
the limit set. For a class of such maps, we prove the existence of a unique
equilibrium state pug, associated to the (non-continuous) potential —tlog J*.
We also prove that the Hausdorff dimension of the limit set, in any open piece
of unstable manifold, is the unique number ¢y such that the pressure of 1, is
zero. To deal with the discontinuity of the jacobian, we introduce a countable
Markov partition adapted to the dynamics, and work with the first return
map defined in a rectangle of it.

AMSC : 37C29, 37C45, 37D25, 37D35.

1 Introduction and statement of results

In this paper we study a family of surface diffeomorphisms displaying a non-uni-
formly hyperbolic horseshoe A. The lack of uniform hyperbolicity, here, is due to
the presence of an internal homoclinic tangency, that is, a tangency in the closure of
the set of periodic points of A. We prove the existence and uniqueness of equilibrium
states for the family —tlog J", where J*(z) is the Jacobian of the diffeomorphism
in the unstable direction E“(x). In the context we are considering, the existence
and uniqueness of equilibrium states were proved for Holder continuous potentials
in [18]. Due to the presence of the tangency, the unstable jacobian of the system
fails to be continuous, and so it needs special attention.

For any ¢ > 0, the equilibrium state associated to —tlog J" is usually referred
to as the t-conformal measure. In hyperbolic dynamics, this family of measures is
meaningful, and carries a lot of information. Indeed, when the SRB-measure exists,
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it is the 1-conformal measure. Still in the hyperbolic setting, in the codimension
one case, if P(t) denotes the pressure of the ¢-conformal measure, the map t — P(t)
vanishes for some special value tg; this ¢y is the Hausdorff dimension of the hyperbolic
set in the unstable direction. These results are quite general, holding for various
classes of hyperbolic dynamical systems. In [20], the ¢-conformal measures were
studied for the Axiom-A case. They were also studied in the context of complex
dynamics, see e.g. [8]. Some literature is also available for the one-dimensional and
non-uniformly hyperbolic case. We refer, for instance, to [7] and [4]. More recently,
Pesin and Senti studied the one-dimensional case, and a class of multi-dimensional
systems admitting “Young” towers (see eg [23]). Note that for these systems, the
limit set has positive Lebesgue measure in the unstable direction. This does not
occur in our case (see [25]).

In the specific case of horseshoes, Palis and Yoccoz study systems with hete-
roclinic bifurcations in [21]. In the class of maps they consider, as the (external)
tangency unfolds, new orbits are being added to an underlying uniformly hyperbolic
horseshoe. They show that the Hausdorff dimension increases after the bifurcation.
Though in this present work we do not unfold the tangency, we believe that the kind
of tangency we have corresponds to a further destruction of dynamics.

As far as we know, there is no general theory to deal with the different causes of
loss of uniform hyperbolicity in abstract. Most of the existing results are based on
examples or models. The horseshoes we deal with in this paper were first introduced
in [25]. There, it was proved that they are at the boundary of the set of uniformly
hyperbolic systems. The hyperbolic splitting was also constructed there. Although
the model represents a somehow simplified situation (one single orbit of homoclinic
tangency as the reason for the lack of uniform hyperbolicity), it illustrates many of
the difficulties that appear in the general setting.

The results here are very similar to those in the uniformly hyperbolic case. How-
ever, the usual tools do not apply directly, and we have to adapt them to this case.
We refer the reader to the works of Sinai, Ruelle and Bowen (see [28], [27] and [2])
for an overview on transfer operators and equilibrium states which are used in depth
here.

One main difficulty here is to control the distortion of log J* between pieces of
two different orbits. Usually, the hyperbolicity of the map and the regularity of the
potential help one to do that. Here the homoclinic tangency and the discontinuity of
the potential make the estimates harder. The main strategy to bypass the difficulties
is to construct a countable Markov partition whose elements are smaller near the
orbit of tangency. The partition is constructed so that the first-return map for any
of its elements is hyperbolic. We then use the machinery constructed in [16] to
produce local equilibrium states.

The next problem is to open-out the measure constructed for the induced map.
Following [9], this can be done if and only if the expectation of the first return-time
is finite. To get this latter condition, one usually uses that P(t) is strictly inside the
domain of convergence of some zeta function (see [3]). Note that, in some cases, it
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is equivalent to the uniqueness of the equilibrium state (see again [3], Proposition
2.3). In [23], for instance, they consider a different class of examples, and prove, for
the multidimensional case, the condition on P(t) for values of ¢ close to 1. In our
case, we use a different method, and the existence of the equilibrium state will imply
its uniqueness. This applies to an interval of values of ¢ containing 0 and 1. As a
by-product, we get that P(t) is strictly inside the mentioned domain of convergence,
and that ¢ — P(t) is analytic.

Finally, we want to point out that, due to the discontinuity of the map log J“,
even the existence of the equilibrium state is not obvious. We are able to prove
existence (and uniqueness) only for ¢ such that P(t) > —t% logo. In, some cases,
though, the constant %loga is optimal, as we prove in Subsection 2.4. This kind
of condition was also stated in [19]. There, Makarov and Smirnov prove that, for
a rational map on C, the function ¢ — P(t) is real analytic as long as P(t) > —kt
for some positive k. They claim that their arguments could probably be adapted to
other kind of maps. In some sense, it is what we do here, though the present paper
was written independently.

We would like to point out some differences between their methods and ours.
First, the kind of maps we deal with is more general. Also, in our case, we do not
have the “Yoccoz puzzle”. In fact, part of our work consists in constructing a good
Markov partition. The fact that our Markov partition is geometrically defined, and
the fact that a similar approach works for a different setting (rational maps on C
in [19]), suggest that this method is very powerful and could work for a large class
of non-uniformly hyperbolic dynamics. The last difference with [19] is that we deal
with measures. Indeed, they prove analyticity of the pressure using the fact that
P(t) is strictly inside a domain of convergence of some zeta-function. In our case,
analyticity comes from the existence (and the uniqueness) of the equilibrium state.
Finally, Makarov and Smirnov prove that ¢t — P(t) is not necessarily analytic on
[0, +00], and that it could have a phase transition. It is a very interesting question
to see whether a similar result holds in our case.

1.1 Preliminaries

Here we define the maps we are considering, and summarize the main properties
and results that we use throughout this paper.

1.1.1 The map

Let A < 1/3, 0 > 3. For ¢ > 0 be large, we construct a one-to-one C? map f from
Q = [0, 1]? into R? satisfying the following conditions (see Figure 1):

a) f(z,y) = Az, 0y),if 0 <y <o ! (region Ry).

b) flz,y) =Mz +(1—=N),0y—(0c—1))if 1 —0712/3 <y <1 (region Rj).
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c¢) There exists a horizontal strip (region R3) contained in [0, 1] x [1/3, 1], depend-
ing on ¢, which is mapped affinely into a vertical strip, parallel to the image
of the region R;. The derivative of f at points of this region is

Df(x,y) = ( _OA ’ )

—0

d) Points of Q which are between R; and Rj (region R,) are mapped outside Q.

e) There exists, between R3 and Rs, a region Ry, bounded by two disjoint curves
of the form {y = ¥(z) : € [0,1]}, in which the map is not affine. In this
region we have:

i) The top and bottom sides of R, are mapped into Ry, outside the image
of Rl.

it) f1{(0,y) :y € R} N Ry] is contained in the graph of the map fo(z) =
c(x — q)%, with ||g—£(0,y)|| > o, where q € (2/3,1)

i1i) For every xq in [0,1], f [{(z0,y) : vy € R} N Ry] is contained in the graph
of the map f,,(z) = c(z — q)? — Az, with

(S ) =o

12
ox

and

(f g, 0l = A

Note that we want the image of [{(0,y) : y € R} N Ry] not to intersect
the right side of Q.

f) Points between R3 and Rs which are outside Ry, are mapped inside region Ry
with second coordinate greater than o~—!. We just ask the map to be smooth
at this points, and globally one-to-one.

For the construction and good hyperbolic properties, we also ask in [18] that,
when we move the parameters A and o, they always satisfy

log A

bt < <b

log o
for some fixed b. This condition is compatible with the hypotheses in [25].

In Figure 1, R, = f(R;) for i = 1,...,5. Note that f can be extended to R? in
such a way that (0,0) is a hyperbolic fixed point. The left side and the bottom side
of Q are contained, respectively, in its unstable and stable manifolds. That implies
that @ = (¢,0) is a point of homoclinic tangency.
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Figure 1: The map f
Notation Throughout the paper, for n € Z and M € A, M, shall denote f"(M).

1.1.2 The hyperbolic splitting

Let A denote the maximal invariant set of f in @, A =, ., f"(Q). Following [18],
through each point M € A outside the critical orbit (the orbit of tangency), there
are one-dimensional tangent spaces E"“5(M) and local C'*¢ manifolds W% (M)
satisfying the following:

- W (M) is tangent to E*(P) for each P € W} .(M);
- W (M) is tangent to E*(P) for each P € W} (M),

)
- W (M) is the graph of a (C,1/2)-Holder continuous function =z = g¢¥,(y),
€ [0,1] and W} (M) is the graph of a (C,1/2)-Holder continuous function
y=gyu(x), x €[0,1];

- J(Wiee(M)) D Wig (f(M)) and f=H (Wi, (M) D Wi (f~1(M)).

For M, M’ € A, we denote by | M; M'] the unique point in W} (M)W (M').
We call a rectangle a set R C Q, such that, for any M and M’ in R, |M; M'] also
belongs to R. If R is a rectangle, we set, for : = u,s and M € R,

W'(M,R) = Wi, (M) N R.

A rectangle is said to be proper if it is the closure of its interior for the topology
induced in A. We also say that {R;} is a Markov cover if all the R; are proper
rectangles and for any M

Wu(f(M), Ry) € f(W*(M, Ry)),

M e R;n f~H(Ry) = { We(f(M),Ry) D f(W3(M, R;)).

Finally, we say that { R;} is a Markov partition if it is a Markov cover and a partition.
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1.1.3 The critical zone and the potential log J“

Let A be the intersection of the region R} (the image of R4) with the horizontal
region R;. We call the escape time of a point M in A, the biggest positive integer n
such that for every 0 < k < n, M € R;.

If M = (z,y) is in A, we set (M) = |x —q|. If M isin Q\ A , we set
(M) = supge, 1(S).

Recall that, by definition, the images by the map f of the vertical lines intersected
to A are pieces of parabolas that are called local parabolasin A. For M = (x,y) in A,
the stable direction E*(M) is almost horizontal; the slope of the unstable direction
(with respect to the two vectors (1,0) and (0,1)) is 2¢Cz, with C'in [3, 3] (see [18] for
a proof). Note that M — E™“*(M) can be defined by continuity for every point M
in the critical orbit: if M = @,, with n > 0, then we set E%(M) = E*(M) = (1,0),
and if M = @Q,, with n < 0, then we set E*(M) = E*(M) = (0,1). We point out
that with this (natural) definition, the map M + log J*(M) is defined on A and
continuous in A\ (0,0).

1.1.4 The map F

In [18], we introduced a new map F defined as follows:
- if M belongs to Rs or R, then F(M) = f(M),

- if M belongs to A with escape time n, and f*(M) € R3 U Rs, then F(M) =
S (M),

- if M belongs to A with escape time n, and f"(M) € A" = f~'(A), then
F(M) = fr1(M),

- and if M belongs to Ry \ A’, then F(M) = f(M).

The map F' is “uniformly hyperbolic” in the following sense: if F(M) = f"(M),
then |DF () gu@)| > €267 and |DF(2)ps()| < ™28,

Note that the set where F'is defined is contained in AU R3U R5U (R4 \ A’). The
map F is not defined on the segment [0, 1] x {0} = W} _(0), and the map F~! is not
defined on the segment {0} x [0,1] = W} .(0). We denote by Ar the set of points
in A for which F is defined and which do not belong to W}.(0) U W} _(0). In other
words, points in Ag are points whose f-orbit can be decomposed in a F-orbit. Note
that Ar is not compact.

1.1.5 The dynamical partition

For n,m € N, we define the (degenerated) partition G, as follows. First, note that
f™(Q) intersects Q in a set of 3" stripes crossing Q from the bottom to the top. From
these stripes, there are n pairs connected at some forward image of the homoclinic
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tangency (¢,0). Analogously, f~"(Q) intersects Q along 3™ horizontal stripes, m
pairs of them connecting at preimages of the homoclinic tangency.

The rectangles of the partition G are determined by the intersection of one of
the vertical stripes with one of the horizontal stripes. Note that there are n+m pairs
of rectangles that are not disjoint, but each pair intersects at exactly one (critical)
point. The other rectangles are open in the topology of A, and all of the rectangles
have for boundary pieces of the stable and unstable manifolds of the fixed saddles
(0,0) and (1,1). We also have that, for each rectangle R in G, f™(R) is a stripe
crossing Q from bottom to top, and f~"(R) is a stripe crossing Q from left to right.

|

J—

~ —
|

J :

G, G;

Figure 2: the partitions Qll and 921

In [18] we used the partition Gj to construct a finite-to-one semi-conjugacy
O: Y3 — A between the full 3-shift and the horseshoe A. More precisely, O is
one-to-one, except for the critical orbit on A where it is two-to-one. We also showed
that © is Holder continuous, and used this fact to prove the existence and uniqueness
of the equilibrium states (for Holder continuous potentials).

1.2 Statement of the results

Let My be the set of f-invariant probability measures. We define

P(t) = sup {hu(f) - t/log J"(x) d,u(:r;)} ,
HEM ¢

where h,(f) denotes the entropy of the measure pu. The quantity P(t) is called
the pressure for the potential —tlog J*. The number P(t) will also be called the
t-pressure, since —tlog J* is the only potential considered here. Note that, though
the map J" is not continuous, it is bounded. Moreover, for any ergodic measure
p, the term [log J“du denotes the unstable Lyapunov exponent of f for p. It is
proved in [5] that, for any ergodic p in My,
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1
3 logo < /log J4dp < log(20). (1)

We also recall that, for any p in My, p-almost every point in Q has only one
preimage by the map ©. Therefore, 0 < h,,(f) < log3, and the t-pressure is well de-
fined. We also have that P(0) = hi,(f) = log3. Convexity of P(t) is a consequence
of the definition.

The inequality (1) gives

t
log3 —tlog(20) < P(t) < log3 — 5 log 0.

Therefore, t — P(t) is a decreasing function and lim;_ o P(t) = —oc.
We recall that an equilibrium state associated to the potential —tlog J* is a mea-

sure u € My such that P(t) = h,(f) — t/log J*dp. It means that the supremum
is reached, and thus it is a maximum.

Theorem A. For non negative t, and as long as P(t) > —t%log o, the map t —
P(t) is analytic, and there exists a unique equilibrium state associated to the potential
—tlog J“.

From now on, t shall denote a non negative real parameter.

The lower bound —t% log o is, in some cases, an optimal bound, in the sense that
P(t) > —tilogo for every t, and there is no k < 3logo such that P(t) > —kt for
all t > 0. We will prove that this happens when o.A < 1 (see Subsection 2.4). When
the bound is not optimal, the theorem yields the existence and uniqueness of the
t-conformal measure for every ¢ in some interval [0, ¢,,,.[. We point out that, even in
the “optimal” case, existence and uniqueness may occur only for ¢ < t,,4.: it could
happen that P(t) = —t% log o for t large enough.

For ¢ such that P(t) > —t% log o, the unique equilibrium state associated to
—tlog J* will be denoted by ;. It is well-known that, for any p € My, we have
h(f) < [log J“du. Moreover (see [14]), h,(f) = [log JJ*du holds if and only if
i is a u-Gibbs state. This means that the disintegration of p along the unstable
leaves (see [26] or [22]) is absolutely continuous with respect to the induced Lebesgue
measure Leb".

Note that the unstable Hausdorff dimension of the horseshoe considered here is
strictly less than 1, if we assume that o and A™! are big enough (see [25] for a proof
that the limit capacity of this set is small). Therefore, the u-Gibbs states do not
exist in this case. Hence, we have that P(1) < 0, independently of the comparison
between P(1) and —3 logo. There thus exists some unique ¢y such that P(ty) = 0.

Theorem B. The Hausdorff dimension of any open piece of unstable leaf W* in-
tersected with A s t.
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One of the fundamental steps to construct equilibrium states associated to a
potential ¢ is that

+o0
w(x,a') = o f(x) —po f'(z))

converges as long as = and 2’ belong to the same stable leaf. In the uniformly hyper-
bolic setting, this happens as a consequence of the fact that ¢ is Holder continuous.

In our case, for the map f and the potential ¢ = —tlog J*, the presence of a
critical orbit introduces a distortion that must be controlled in order to have the
convergence of the series. In fact, the closer to the critical point we are, the worse
hyperbolicity is, and the bigger the distortion bound must be. To get the necessary
estimates, we have to work with an adapted Markov partition, with countably many
“rectangles”, whose sizes decrease to 0 close to the critical orbit.

1.3 Structure of the paper

In section 2, we prove the existence of equilibrium states. For that, we prove the
upper semi-continuity of the metric entropy. We also study what are the possible ac-
cumulation points for sequences of unstable Lyapunov exponents A\*(u,). We prove
that any equilibrium state p satisfies ©{(0,0)} = 0 (in particular, (o) cannot be
an equilibrium state). This finally yields the existence of the ¢-conformal measures.
Finally, we prove that the condition P(t) > —t% log o is optimal in the case 0. A < 1.

In section 3, we construct a countable Markov partition in rectangles and com-
pute the distortion we mentioned above for points in the same rectangle. We then
prove uniqueness of the equilibrium state, in the case where P(t) > —t% logo. We
also prove that ¢ — P(t) is analytic when P(t) > —t5logo. This completes the
proof of Theorem A.

In section 4, we compute the unstable Hausdorff dimension and prove Theorem
B. For that we follow Mc Cluskey et al. [20], adapting the methods to our setting.

2 Existence of the equilibrium state

The goal of this section is to prove existence of equilibrium states associated to
—tlog J*. In the uniformly hyperbolic case, the result comes for Holder-continuous
potentials as follows. First, one chooses a sequence of measures p, whose pressures
converge to the pressure of the potential. Due to the upper semi-continuity of the
metric entropy, and to the fact that the potential is continuous, any accumulation
point of u,, is an equilibrium state. In this section we prove that, in our non uniformly
hyperbolic context, the entropy is still upper semi-continuous. We also prove that the
discontinuity of the potential is not an obstacle for the existence of the equilibrium
state. That last fact comes from an estimate of a lower bound for P(t).
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2.1 Semi-continuity for the entropy

In the uniformly hyperbolic case, the upper semi-continuity property for the entropy
allows one to prove that the supremum in the variational principle which defines P(t)
is a maximum. This upper semi-continuity is usually deduced from the expansiveness
property of the map f. We proved in [18] that the map f does not satisfy the
expansiveness property. Nevertheless, the upper semi-continuity holds.

Lemma 2.1. The map pn — h,(f) is upper semi-continuous.

Proof. Following [18], consider the partition G} = { Ry, Ry, Ry}, where (0,0) € Ry,
and define ©: ¥3 = {0,1,2}%2 — A by O([silicz) = Niczf'(Rs,). See [18] for a proof
that © is a Holder continuous semi-conjugacy between the shift map and f. It holds
also that, for any p in My, p-almost every point in A has only one preimage under
the map ©.

More precisely, only points of the critical orbit have 2 preimages by ©, and every
other point in A has a unique preimage. As usual, the map © is a homeomorphism
when it is restricted to the preimages of points which have a single preimage (see
18]).

Note that this set of points has full measure for any invariant probability in 3.
Then, for any o-invariant probability measure i, © is p-almost everywhere one-to-
one, and for every p in My, ©~ ! is p-a.e. well defined (and continuous on a set with
full measure). Therefore, for every pin My, h,(f) = he-1(,)(0); conversely, for any
o-invariant probability measure fi, hz(0) = heog)(f). As expansiveness holds in ¥,
we deduce the upper semi-continuity property for the metric entropy. This thus also
holds for the map f. O]

2.2 Convergence of —t [log J"du,

Since the map J* is not continuous, the convergence of a sequence of f-invariant
probabilities v, — v in the weak* topology does not imply [ log J“dv,, — [ log J“dv.
Hence, the main question is to know what are the possible accumulation points for

[ log J*du,.

Lemma 2.2. Let (v,) be a sequence of f-invariant ergodic probabilities converging

to v in the weak™ topology. If v{(0,0)} =0, then liril /log J"dv,, = /log Jdv.

Proof. We denote by R(0), the element of the partition G which contains the point
(0,0). The sets Ri(0) and A\ Ri(0) = Rg(1) are compact. Consider a partition of
the unity {xox, x1,x} such that x; xr, ;) = 6ij, where 6;; = 0 if ¢ # j and d;; = 1.

Let L € R and L € R be, respectively, the limsup and lim inf of / log J“ dv,,.

Consider a subsequence (vy;) of v, such that / log J* dvy,,; — L. For simplicity we
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assume that the convergence occurs for the entire sequence. Then, for any n and
for any k we have

/log JYdv,, = /Xl,klog J“dyn—f—/XQk log J“ dv,,. (2)

Note that log J* is continuous in A\ {(0,0)}, hence

lirf X1,z log J* dv,, = / X1,z log J* dv.

By assumption, the left-hand side in (2) goes to L when n goes to +o0o. This implies

that the last term in the right-hand side of (2) also converges when n goes to +oc.

Now, by the dominated convergence theorem and the fact that v({(0,0)}) = 0,

we have that klim X1, log J* dv exists and is equal to [ log J* dv. Moreover, due
——+00

to (1), we also get

< log (20)v(£x(0))-

lim /Xo,k log J“ dv,,

n—-4o0o

Thus, picking first the limit when n goes to 400 and then the limit when £ goes
to 400 in (2), we get L = /log J"dv. Doing the same with L, we get the result. [

Lemma 2.3. Let us assume that the sequence of ergodic invariant probabilities i,
converges to u.0(o,0) + v.v, where v # (o) i an ergodic and f-invariant probability,

and v =1—wu and u €]0,1[. Then liminf/log Jdpy, > gloga -+ v/log J4dv.
Proof. Let R;(0), Ri(1), X0, and x1, be as above. Continuity of the map x; x log J*
yields for every k:

n—-+o00

lim X1,k log J* dp, = v. / X1, log J* dv. (3)

We have now to consider the part xolog J*. Let us pick some very small positive
e. We assume that k is fixed large enough such that Ry (0) has v-measure lower than
tue (remember u > 0). Hence, limsup p,(Rk(0)) belongs to [u,u(1 + 3¢)]. Now,

n—-+o00

for every k' > k, lim inf tn (R (0)) > u. Therefore, we can assume that n is large

enough such that
(1—¢e)u < p,(Re(0)) < (14e)uand (1 —¢e)u < pp(Rpyx2(0) < (1 +¢)u. (4)

The map xo log J* is in L'(u,), for every n, thus the Birkhoff theorem holds. For
Hn-a.c. 67

m—+o0 17, 4
J<m

lim 1 2:0(07;C log J*) o f(€) = /Xo,k log J" djuy,. (5)
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Later we make some assumptions on k£ that do not depend on the choice of n.

Let & be generic, and set &, = f™(&). Let us consider a piece of the forward orbit
of £ between one arrival to Ry(0) and the following departure from Rj(0). Observe
that before this piece of orbit, the corresponding point is close to the critical point
@ = (q,0), then the iterates stay into the horizontal band R; and enter into Ry(0).
After this, they stay for some time in the vertical band R}, and finally reach Rj3 or
Ry or Rj just before leaving R;.

Equation (4) means that the probability that a piece of orbit of £ visits Ry(0)
without visiting Ry, x2(0) is smaller than 2ue. Hence, the influence of these pieces
of orbits on the mean value in (5) is lower than C'.e for some universal constant C
(remember log J* is bounded). We thus only consider pieces of orbits which visit
Ry4x2(0); namely this corresponds to pieces of orbits which stay for at least k?
iterates in R(0).

Let us now study such a piece of orbit. For simplicity we assume that the point
¢ itself belongs to the horizontal band

1 1
ngﬂ ={(z,y) € Q, o 2k++1 <ys J2k+l}

for some integer | > k2. Let (x + ¢,y) be the coordinates of £. Let us assume for
simplicity that x > 0. We recall (see [18]) that the unstable direction is close to the
tangent at & to the local parabola which contains ¢. This means that we can choose
some unstable vector eff (for ) on the form

= (1,2Ccx),

where C' belongs to [3;3] (see 1.1.3). We also recall that the equation of that

parabola has the form Y = ¢(X — ¢)? — C¢ gx4+1. All these estimates yield

1
63 = <1, 20’\/5\/@ + C§,2k+l> 5

where C” is some constant in [#, 3]. Using the fact that only the part of the orbit

in Ry (0) influences the computation of the mean value of xgjlog J*, we thus just
compute the expansion between the £*" iterate and the k + [*" iterate.
As the map is linear in the considered region,

ka(eo) <)\k 20/ \/_\/— + O'QkC% 2k+l) .

As all the norms are equivalent, we compute the expansion using the norm of the
maximum between the two components of the vector. After [ more iterations, we
get

D k() = ()\H—k 20" \/—\/az (72k+2lC§2k+l>
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2
As | > k2%, the second component of that vector is larger than 2C’ \/Eak?, and for
large k it is greater than the first component. Therefore, and whichever the greatest
component of Df¥(ed) is, the expansion of the unstable vector between the k'

iterate and the k + [** iterate is greater than 50%.)\'“, where C is some universal

Therefore, we get fo; the Birkhoff sum:

2k+1 ]
ZXOklogJ (&) > log C + l—log0+ \/;log)\.

7=0
LN
Computing N Z<X0’k log J*)(&;) for a very large N, we get
=0
l;

N
. Ly, ~ Sl 2.\/3
;XOklogJ &)+ C’.sZWNlogC’—l—ZTiloga—l— N210g/\ (6)

where Ly is the number of visits into R;,2(0) between the 0" and the N*-iterates,
and [; is the length of the ** visit to Ry (0), and C'.e is the contribution of the pieces
of orbits which visit Rk(()) without visiting Ry y42(0).

Note that LN <z +k2, and that C is a universal constant (independent of the
choices of k and n). We can thus assume that at the beginning, k& was chosen such

that ‘ﬁlogé’ <e.
The integer N is bigger than the sum of the length of the visits into Ry (0), and
each visit we consider has a length [; larger than k2. Therefore, we have

2
N

wls

<

Y

| =

oS

and here again, k can be assumed to be big enough such that 0 > log A > —e¢.

Note that if N goes to 400, the term ZNI represents the proportion of time the
chosen generic orbit stays in Ry (0) (and visits Ry 42(0)). By (4), this is larger than
u(l — 3e).

Letting N go to +oo in (6), we get for every large enough k, that

N
| " 1 ~
lim inf N jZO(XO’k log J*)(&;) > u(1 — 38)5 logo — C.e — 2e.
Hence, for every large enough k, and for every large enough n (in function of k), we
get

1-3 ~
/logJ“dun > %1%0—0.5“./;%(0) log J" dv — 3e.
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Letting n go to +00 and then k to +o00 and € to 0, we get (remember v({(0,0}) = 0)

liminf/log JUdp, > gloga+v/log J"dv.

n—-+o00

2.3 Existence of equilibrium states

Now we prove the existence of equilibrium states for the potential —tlog J*, for
t > 0 satisfying P(t) > —t% logo.

Note that d(g,0) cannot be an equilibrium state. Indeed, the ¢-pressure for d
is equal to —tlog o, which is strictly lower than —¢3logo < P(t). The next Lemma
says that we can obtain the existence of equilibrium states by the same method as
in the uniformly hyperbolic case.

Lemma 2.4. Let t > 0 be such that P(t) > —t3logo, and assume that p, is a
sequence of f-invariant and ergodic probabilities which converges to p and satisfies

by, —t [logJ"du, > P(t) — 1/n. Then u({(0,0)}) = 0 and p is an equilibrium
state.

Proof. Let p = ud(go) + vv with u+v = 1 and v({(0,0)}) = 0. We claim that
v # 0. In fact, if it is not true, we have p = d(op), and by Lemma 2.1 we have
lim, 40 Py, (f) = 0. Therefore,

n—-4oo

1 1
—t—logo < P(t) = lim —t/log J"dp, < —t inf /log J dv < —t=logo,
2 veEM; 2

which is a contradiction.
Again, by the upper semi-continuity of the entropy, and by Lemma 2.3, we find

P(t) = 11111 o, — t/log Jdpy,) < limsuph,, — tlimJirnf/log J
n—+o00 n——+00 n—+00
u u
< h,— t(§ logo + v/log JUdv) =v(h, — t/log J4dv) — §tloga
< v(h, — t/log JUdv) + uP(t),

where we use P(t) > —t% log o to get the last inequality. Note that equality holds
in the last inequality only if u = 0. Since v # 0, u+v =1 and u,v > 0, we have

vP(t) <wv.(h, — t/log JUdv).

Since h, —t [log J*dv < P(t), we have that v is an equilibrium state, and u = 0.
This completes the proof of the lemma. n
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2.4 Optimal lower bound

We now prove that the lower bound P(t) > —t% log o is optimal in the case o.A < 1.
First, recall that the map t — P(t) is decreasing and convex; thus it is differentiable
everywhere with the possible exception of a countable set. The slope of the map
P(t) is increasing and non-positive. It converges to some limit value 6 as t goes to
+o00. Again, convexity yields that the graph of the map P is above the line t6; it
is also well-known that —6 is the lower bound for the unstable Lyapunov exponent
A*. This lower bound is greater than or equal to % log o, by (1). We now construct a
family of measures, such that their unstable Lyapunov exponents converge to % logo.

HeEM

1
Lemma 2.5. When oA <1, inf /log JUdp = 5 logo.
;

Proof. The proof is very similar to the proof of lemma 2.3. We construct a sequence
of measures v, each one supported on a periodic orbit, converging to 6, such
that

. u 1
nl_lgloo log J" dv,, = 3 log o.

Let Ry (0), Ri(1), Xox, and x1 4 be as in Lemma 2.2. Since the sequence (1) con-
verges t0 d(g,0), then, v,(Rx(1)) goes to 0 and we get that, if [log J*dv,, converges
to L along the subsequence (n;), then, for any k, [ xolog J" dvy,; also converges to
L. This implies that the part of the orbit close to (0,0) determines the Lyapunov
exponent.

We thus pick some integer k. For [ € N, we define the periodic orbit O, o as
follows. First note that the horizontal band

1 1
ngﬂ ={(z,y) € Q, o2k++1 <ys O-2k+l}

has for image by f?*! the band

1
By ={(r,y) € Q, o <N — <y <1}
g

Then, the image by f of this last band intersects twice the horizontal band B,
close to the critical point @ = (¢,0) (in a horseshoe-like way). In each connected
component of the intersection we must have some 2k + [ + 1-periodic orbit. We pick
one of these two periodic orbits to be Qg ;.

To this orbit we associate the invariant measure whose support is the periodic
orbit. This gives a sequence of measures, depending on [. We now check that this
sequence satisfies the required property.

Let us now study the dynamic of Og4;. We denote by €2+ the element of the
orbit which is in f(BY,_,) N By, This point needs k-iterations of f to reach R(0).
Then it stays into Ry (0) for exactly [ more iterations of f. After k+ 1 more iterates
the orbit closes.
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Let (z+q,y) be the coordinates of £&/+2%. Let us assume for simplicity that = > 0.
Remember that the unstable direction is close to the tangent at £2*! to the local
parabola which contains ¢2¥!. We also recall that the equation of that parabola
has the form Y = ¢(X — ¢)? — Cory;. This means that we can choose the unstable
vector ef, ., (for &%) of the form

epep = (1,2Ccx),

where C' belongs to [3;3]. The constant C’ng satisfies A2 HIH2 < Oy < NZRHIAFL
and y is lower than 2£ 7, and larger than —r L. All these estimates yield

1
egkﬂ = <1’20/'\/E\/U2k+l + )\2k+l+1> 7

for some new universal (almost) constant C’. Using the fact that only the part of the
orbit in Rg(0) influences the computation of the Lyapunov exponent (at the limit
when [ goes to +00), we thus just compute the expansion between the k' iterate
and the k + [*" iterate.

We have that

ka(€2k+l> (Ak 2C". \/_\/_ + U2k)\2k+l+1> .

For very large [ the first component is larger than the second one. As all the norms
are equivalent, we compute the expansion using, again, the norm of the maximum
between the two components of the vector. After [ more iterations, we get

Dfl+k(62k+l) (Al—i—k 20’ C\/O'l + o—2k+2l}\2k+l+1> .

For large [ (remember that k is considered as a constant) the second component of
that vector is larger than the first one Using the assumption 0.\ < 1, we get that

g2+ has order lower than o!. Hence, the expansmn of the unstable vector
between the k" iterate and the k 4 [** iterate has order Cos. Taking the logarithm
and dividing by the length of the orbit (2k 4+ [ 4 1), and then letting [ go to 400,
we get the result. O

3 Uniqueness of the equilibrium state

The goal of this section is to prove the uniqueness of the equilibrium state associated
to —tlog J*, for values of ¢ > 0 such that P(t) > —t5logo. To do this, we first
study some ergodic properties of induced subsystems.

In the first subsection, we construct a countable Markov partition, choosing
rectangles of G = U G,,. Each rectangle of the partition support an induced

n,meN
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dynamics, and is endowed with an adapted metric. In the second subsection we prove
that the potential —log J* has bounded variation inside a rectangle of the partition.
In the third subsection we give the spectral properties for a good family of transfer
operators. We then construct, for the subsystem, a family of local equilibrium states
(associated to some good potentials). In the fourth subsection we deduce uniqueness
of the global equilibrium state for ¢ such that P(t) > —t35logo. The main idea is
to identify the global equilibrium state among the local equilibrium states. We also
prove the analytic regularity of the map ¢ — P(t).

The method we use here was first introduced in [16] for the uniformly hyperbolic
case. In [17] the author also used this method, introducing another parameter in
the operator. Some results about regularity were proved in [6]. Many of the results
we present here were proved in the references above, for the uniformly hyperbolic
case. We refer the reader to the book [1], for a broader view on transfer operators,
specially [section 1.3, page 28].

3.1 Induced subsystem
3.1.1 Dynamical Markov partition

Let us fix a positive integer a, and consider the partition G¢. We now construct a
Markov partition with countably many rectangles, adapted to the dynamics of F
which refines G2.

Let M = (x,y) be a point in the intersection of the domains of F' and F~! (in
particular, we have zy # 0). Define n™ (M) as the positive integer such that F'(M) =
FOD(M) and n~ (M) as the positive integer such that F~1(M) = f= OD(Af).
We set then

nt (M) k=n*(M)+a
R(M) = ﬂ f fGaftan) =\ ).
k=—n_ k=—n—(M)—a

For M = (0,y) in the domain of F', with y > % F~1is not well defined, and we
set n~ (M) = +o0, and define

nt (M) k=nt(M)+a
ﬂf GaF)) =\ Q).

This defines a “one dimensional” rectangle, that is a vertical segment. Analogously,
for M = (,0) in the domain of F~! with x > X\, F(M) is not well defined, and we
set n™ (M) = +o00, and

k=—n—

R(M) = ﬂ f fgatony =\ QM.
k=—n—(M)—a

Again, it is a “one dimensional” rectangle, that is a horizontal segment.
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Lemma 3.1. The family R of rectangles R(M) is a countable Markov partition for
the map F'.

Proof. Note that, if R(M) = Gt (M) and R(F(M)) = G414 (F(M)), then the rect-

m-+a

angle F(Grte(M)) = G, o(F(M)) overlaps R(F(M)) in the unstable direction,
and is overlapped in the stable direction. O

One of the properties of the partition above is that it is a dynamically coherent
partition: for every element R of the partition R, and for every pair of points
M,M'" € R, F(M) = f*(M) if and only if F(M') = f*(M'), and F~*(M) = f™(M)
if and only if F~1(M’) = f™(M’). We also have that the rectangles are proper and
disjoint.

Note that there exists some universal constant C' such that, for every M and M’
as above,

o _ U(M) L(FH(M))
“Eian (TR "

Indeed, note that the number I(M) satisfies that 12(M)e™ M) is uniformly bounded
away from zero and above. We set [2(M)o™ M) € [1/d,d] where d is a positive
universal constant (to see this, note that, for M in the critical zone, this is a con-
sequence of the definition of n™(M): it is roughly the escape time for M. Outside
the critical region, (M) is uniform and n* (M) is 1).

< ec, and e ¢ <

3.1.2 Notation for the induced map

Fix a rectangle R € R and an unstable leaf F, with F = W}’ (M) N R for some
point M in R. Note that R does not contain any element of the critical orbit. The
local product structure induced by the stable and unstable foliation allows us to
define the projection 7+ onto F along the stable leaves in R. We denote by g the
first return map in R by iterations of f, and g is the map 7 o g. This defines a
new dynamical system (F, gr). We denote by rg the first return-time map. Namely
g(M) = freR@M(M). Using the inverse branches of gz, we define a family of n-sets,
setting, for ¢ in F,

K, (€) =[O (W (g"(€)),

where r%(£) denotes the n' return time to R, and rL (&) = rg(€). For a given point
in F which returns infinitely many times to R, the n-sets are well-defined, for every
n. Note that the set of the points which do not return infinitely many times to R
has measure zero, for all invariant measures of the subsystem. Hence, every n-set is
a compact set and the collection of the n-sets, for a fixed n, defines a partition of F
(up to a zero-measure set) which refines the partition in (n — 1)-sets (again, up to
a zero measure set). Let Pre,(§) denote the set of preimages by g% of € in F.
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Remark 1. An important property to be used later, is that every point in F has
exactly one preimage by g% in each set of the partition in n-sets. If £ and ¢ are
in F, every n-set contains exactly one ¢, such that ¢g({') = mr o freE)(¢) = ¢,
and exactly one ¢’ such that g3((') = 7r o ffRE)(() = ¢ with 7}(&) = r%(¢)
(in particular, any two points in F have the same number of preimages by ¢% in
F). Even if the direct map gr is not well defined (some points do not return), the
inverse branches are well defined. This is enough to get the definition of the transfer
operator we are going to use.

One key point will be to use the Ionescu-Tulcea & Marinescu theorem for the
transfer operator. For that we need two Banach spaces. The big one will be the set
of continuous functions on F. The small one will be the set of Holder continuous
functions on F, but for a special metric, related to the dynamics. This metric on F
is defined as follows. For M and M’ in F, we set

N(M, M) =maz{n € N,Vk, 0 <k <n 3T, € G, F*M), F*(M') € T}.},

where the maximum is taken in N. Notice that G} is a generating partition, hence
N(M, M) is well defined as long as M # M'. We then set

1

(M, M') = Sxiram-

Clearly, n(M, M') =n(M', M), and n(M, M') = 0 if and only if M’ = M. Moreover
we have, for all M, M', M" € F, that n(M,M") < n(M,M'") +n(M', M").

Remark 2. Due to the expansion in the unstable leaves, the topology defined by
the Riemannian distance d* and the topology defined by n are equivalent in F.

Definition 3.2. We denote by Ci'(F) the set of functions ¢ : F +— R such that,

|p(M) — p(M)|
K,= sup < +o00.
Y mgmwer (M, M)
For p in CF, we set ||¢]]a,; = |[#]]co + K. It is obvious that any function in CpY is
continuous. Also, (Cf, || |[a,;) is a Banach space, see [15] for a proof. Moreover, for

any sequence () of continuous functions such that ||, ||a,, < C, for some constant
C, if () converges to ¢ for the norm || ||, then ¢ is in CF and ||¢]|a, < C.

3.2 Control of the variations

This is a very technical subsection. The main result is Proposition 3.5, which is one
key point for using the Transfer Operator later. For M’ in F and M in R such that
wr(M) = M’ we set

+o0
w(M,M') = "log J" o fF*(M) —log J" o f*(M’) .
k=0
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We also set w(M) = w(M,nz(M)).

It is well known that the main ingredient to construct Gibbs measures associated
to some potential ¢ is to control the values and the regularity of > -, o f="(M) —
@ o fE(M') where, either M’ belongs to W*(M) (and in that case we consider
the sum with f™) or M’ belongs to W*(M) (and in that case we consider the sum
with f7"). In the uniformly hyperbolic case, associated with the uniform local
product structure, these variations are easily controlled, for instance, when ¢ is
Holder continuous.

The goal of this section is to choose a good Markov partition in order to control
the distortion. In [2] (see e.g. lemma 1.6), it is proved that any Hélder continuous
potential is cohomologuous to some other Holder continuous potential which only
depends on backward iterates. This is strongly related to the bounded angles in the
local product structure of the hyperbolic set. In our case the local product structure
still holds, but in a degenerated way: the angle between stable and unstable vectors
go to zero as the base point approaches (). To overcome this difficulty, we consider
smaller rectangles close to @), such that the variation of the angles is small inside
each rectangle. Also, since log J* is not continuous, even though discontinuity occurs
only in one point, it makes the classical control of distortion more difficult.

We also emphasize, that the Holder regularity of the unstable direction is not
sufficient to get the control on the distortion. The reason is unfortunately quite
technical, and we explain this later in Remark 5. We can however give now some
hint:

To control log E — log £’ we need to get control on

/

To control the

distortion we have to control a sum of terms like log £/ —log E’ along a forward obit.
The Holder regularity of the unstable direction will give control on each term in
E — E’, and the sum shall be summable; nevertheless, along the orbit, the term E
can be very small, and the summability of the terms in £ — E’ is not sufficient.

For M in A, we define e*(M) in the following way: the linear space E*(M) is
a one-dimensional non-vertical space in R%. We then denote by e“(M) the unique
element in £*(M) whose first component in the usual canonical base is equal to 1.
Then we have:

Lemma 3.3. There exist universal constants, 0 < Cy,Cy such that, for every M
and M' in A satisfying

1. F7Y(M) exists,
2. M’ e We(M,R(M)),

the following holds:

e (M) — e"(M')| < C1[M — M'| + CoX" /| F~{(M) — F~1 (M)},

where n is the integer such that F(F~(M)) = f"(F~(M)).
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Proof. Let M and M’ in A be such that M’ € W (M). We set M = (z + ¢,y) and
M' = (2’ +q,y'), where Q = (g,0) is the critical point in A. Again we consider the
norm defined by |(x + ¢,y)| = max(|z|, |y|). This norm is used for both points and
vectors. Recall that (M) = z.

Note that if M_; = f~Y(M) and M’ = f~1(M’) belong to Ry or R, then the
result holds: indeed, My = F~'(M) and M’ , = F~*(M’). Now,

E"is %—Hélder continuous in that region and D f is C'. Then we have

(M) — e“(M")| < Const.\/|[F-1(M) — F-1(M")].

We can thus assume that f~'(M) and f~!'(M’) belong to R (the case where only
one of them is in f~!(M’) does not happen, by the condition M’" € W;_(M)).

The vector (0, 1) is sent to a vector proportional to (1, 2cz), by the map D f(M_y).
The expansion is greater than o (see Subsection 1.1; item e)—ii)) and bounded above
by 20. We define oy by the equation D f(M_;).(0,1) = o1(1, 2cz); analogously, the
vector (1,0) is sent to a vector proportional to (2cx, —1). We set Df(M_1).(1,0) =
A1(2cx, —1). This also holds for Df(M' ), and we set

Df(M').(0,1) = o (1,2ca’)

and
Df(M').(1,0) = X} (2¢c2’, —1).

Let (7,v) be a vector in E“(M_4), and (7/,v) a vector in E*(M’,). Then we
have

(M) — en (M) = <O o12cav — AT 0y2ca’v’ — )\’1.7">

T+ N 2cxT oy + N 2¢a!T!

(8)

We now compare the orders of the terms in the above expression. First recall
that o1 and o} belong to [0, 20] and A; and A belong to [3, A]. We also have that f
is C2. Therefore, if we exchange in the right hand term of (8) ¢} and A} by o; and
A1, we are just adding some term with order O(|M — M’|).

Now, recall that M_; belongs to R}. Then we can set M_; = f"(M_;_,), where
M_q_, belongs to A and n is the escape time for M_;_,. In particular we have
M ,=FYM)and weset M, = FY(M):= f~1=(M).

For vector (7,v) we choose the vector
(1,0) == (A", 2c0"C(M_1_-,)) = Df"(M_1_,,).e*(M_1_,),

where

e“(M_1_,) = (1,2¢C(M_1_,)),

and C(.) is a 1-Holder continuous function satisfying (see 1.1.3)

(M) < Oy < BIM 1), (9)
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We also have (7/,v") = (A", 2co™C(M’,_,)). Computing the iterations of the linear
map f at the point M_;_,, we get 6co™.xg > |v] > 2co™.xo where I[(M_,_1) = .

We also have
1 pan

a”cxg > 3 and

< 2c. (10)

The first inequality is obtained by saying that the point M_;_,, is below the local
parabola of the critical point ). The second is obtained by saying that M is above
the z-axis. Therefore v 2 w—lo, with 2o ~ 0, where e 2 f means e > C.f for some
universal constant C. We also have \.7 < 2.

Computing the term in (8) we get for the numerator

o12cvv (z — o) + Merr' (v — 2') + Moy (T — 7)) + Mjoydciaa! (v’ — 70'). (11)

The second term in (11) is much smaller than the first one. In the same way the
fourth term is much smaller than the third one. Dividing by o?vv’, which is the
dominating term in the denominator in (8), we get a dominating term in C'(z — 2’)
for the two first terms. Now 7 = 7/, hence

v —10 =7(L -1,

and (9) yields

Tlv — | AT ,
M__,)—C(M 12
O'%U’U/ X Onl(M—l—n>l(M/_1_n) |C( 1 n) C( —1—n)|7 ( )

where e oc f means e < fand e 2 f.
Due to proposition 5.3 in [18], the directions E* are %-Hélder continuous in A.
Therefore

[C(M_1n) = C(MZ, )] oc e (Moyn) — e (M2, )| S \/\M,H - ML,

Now (7) means that {(M’,_) oc [(M_,_,) = xo, hence, (12) and the first in-
equality in (10) give

Tlv =
Tlo = vl _ CoN"\JIM_yn = M.

o2ov’
this achieves the proof. m

Remark 3. Recall that if M’ belongs to W*(M, R), then the upper-bound in
Lemma 3.3 holds with Cy = 0, because the unstable leaves are C'*¢,

Remark 4. We have that all the upper-bounds are obtained with A in the numera-
tors (and o in the denominators). Therefore, decreasing A (and increasing o) would
improve the previous estimates. In the following, we will assume some conditions
for o and A that will keep valid those estimates.
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Proposition 3.4. There exist positive constants C7, CY, C, and C¥ such that, for
every M and M’ in the same rectangle T € R, if M' € W*(M,T) and F~*(M) is
well defined, then

1> log J* o fE(M) —log JU o fH(M')| < CiIM — M| +

(58;) + Cy) M — M'|.  (13)

Moreover, if M belongs to A, we also have

1

(O ))|M M| + Ci/[M — M|

\/IF M) (14)

+oo
1> log U o fH(M) —log J" o fH(M')| < (Cf+
k=0
Cl/)\n

where n is such that f"(F~1(M)) = M.

Proof. The main idea in the proof is to use uniform hyperbolicity of the map F' (see
1.1.4). For that we split the forward f-orbit into pieces corresponding to forward
F-iterates. The first step of the proof is to study the variations of log(J}) for a piece
of F-orbit. In the second step we finish the proof, gluing together all the pieces of
F-orbits.

Step one: bounds for log JJ* - Let M bein T, and M’ € W*(M,T). Note that
for every n > 0, F"(M) and F"(M') belong to the same element of the partition
R. Due to proposition 5.3 in [18], the directions E’ are %—H&')lder continuous and

we can use this fact in the region where F' = f. The difficulty occurs when M} =
fE(M) belongs to A. In that case, F~1(My) is well defined. Let n, be such that

F(P-1(My)) = f(F- (M),

Let us set My = (z + q,y) M; = (¢’ + q,y'), where @ = (¢,0) is the critical
point in A. Let n be the escape time for My, and Mj; namely f*"(M) is the first
positive iterate of M), which belongs to R; with j > 3 (see 1.1.3). Here we assume
that M} does not belong to the segment [0, 1] x {0}. Again, we write

e“(Mk) = (1, QCC(Mk>),

where C(.) is a 3-Hélder continuous function satisfying (see 1.1.3)

%Z(Mk) < C(My,) < 31(My,). (15)
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Again, we consider the norm defined by |(x,y)| = max(|z|, |y|). By definition of f,
we have

D f"(My).e"(My) = (\",0".2¢.C(My))
and

Df*(My).e*(My) = (A", 0" 2¢.C(My)).

Here again we have 0"C(My) 2 1 and ¢"C(M}) 2 1, by definition of the escape
time. This means that for both vectors D f™(Mj).e*(My) and D f™(M}).e*(M]), the
biggest component is the second one. Therefore we have

k+n
D logJ"o fi(M) —log.J"o f(M') = log|Df"(My).e"(My)| —

C(My)
C(My)

log |Df"(M}).e"(M'k)| = log

Note that C'(My) and C'(M},) have the same sign. Remember that C(M}) o< I(Mj),
C(M}) o< I(M}) (inequalities (15)) and [(My) o< (M) (see (7)). Therefore we get

k+n
: : (M) — e"(M,)|
loJ“on—loJ“on’ock(k k2 16
E gJ" o f{(M) —log J* o f(M)] 10 (16)
Using Lemma 3.3 and , we get
k+n
M, — M

ZlogJ“ Clog ()| < cyl M T il \/\F (M) — F=1(M)].
(17)

Step two: bounds for the sum - Wepick M inT € R and M"in W¥(M,T). If
the forward orbit of M does not meet A anymore, then we simply use the %—Hélder
regularity of E* in the region where F' = f. This also holds if the forward orbit of
M meets A only finitely many times.

Let us thus assume that the forward orbit of M meets A infinitely many times.
Let n; be the complete increasing sequence of times such that " (M) € A. As the
partition is dynamically coherent, and M), and M belong to the same element of
the partition for £ > 0, we have that M}, belongs to A if and only if M, belongs to
A (with k& > 0).

In order to compute :;Og log J“ o fi{(M) — log J* o f{(M'), we decompose this
sum in blocks of length n;;; — n;. It may be that between two visits to A the orbit
visits the uniformly hyperbolic region (the complement of A U R) when it leaves
R, but this only improves the estimates. Hence, the worst case is when the orbit
reaches A just after leaving R).

For the i*"-visit and 4 > 0, the first term in the right-hand side of (17) satisfies
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|Mni . M7/11| < \/Xni—’ni—l |
(M) = UMy,
To get this inequality, we first use the fact that M belongs to W .(My) and, thus,

there is contraction with ratio smaller than v/A. Then, we use the second inequality
in (10), which means that \"~"i-1 < [?(M,,,). Hence we have

i

an‘—l - MrlLi,1| < C"|]\4m'—1 - M/ |

ni—1

Mn- _M/.
ZMT)H <CY My, =M, | S CLIM = M, (18)

i>1 i>1

because the map F' is uniformly hyperbolic between 2 successive visits.
For the i""-visit and i > 0, the second term in the right-hand side of (17) is

02)\7%‘—”2‘—1
—\/ M, _, — M |
Z(Mnl) \/| Ti—1 ni_1|

Again we use the second inequality in (10) to get

1(M, el

Now, remember that F' is uniformly hyperbolic, and we get

CQ)\ni_ni—l
Z W\/anzl - M7/z1;1‘ S Cé\/m (19)

i>1

Co N~ i1 iy
2—n)\/|Mn11 - M;n,l’ S \/X" 1\/|Mm71 - M7/7,

We now deal with the term corresponding to ¢ = 0. For this we use (16), always
under the assumption that this part of orbit of M reaches A just after leaving R).
Again, estimates are better and simpler if this case does not hold. Holder regularity
and (16) yield:

ny—1

I3 g o D) ~log. "o S 5 (M 3(;5““')' < '?fj\;k )M"- (20)

Finally, expressions (18), (19), and (20) yield

+o00
1> log "o fH(M) —log J" o fH(M')| < CiIM — M|+
k=0

"
Gy

(G + COVIM =71

for uniform constants C1, Cy and CY.

If M belongs to A, we can also use Lemma 3.3 in (16), instead of (20) to get
(14)

This completes the proof. O
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We emphasize the argument here, because we will use it again. Losing one
iteration of F', we get a better hyperbolic estimation. We then use that the countable
partition is dynamically coherent and refines the partition Gi.

Remark 5. As we said above, the Holder regularity is not sufficient to get good
estimates because of the denominator in (16) and (17). This denominator, namely
[(My), is not bounded from below away from 0 along the orbit.

Proposition 3.5. There are positive constants C' and o such that, for every &, C,
& and " in F satisfying g(&') = € and g#(¢") = ¢, with & and ' in the same 1-set,
we have

w(g(€) = wlg(¢N < C.n(&, )™

Proof. For the uniformly hyperbolic case this result is usual. In our case the proof
involves the same argument, that is a splitting of the forward orbits of g(¢'), g(¢’),
¢ and (: for small enough iterations of f, the images are close enough. We can
thus control variations in function of the distance between the points f7 o g(¢') and
f70g(¢") in one hand and f7(£) and f7(¢) in the other hand. For large iterations,
we can control variations in function of the distance between f7(£) and f7 o g(¢') in
one hand and f7(¢) and f7 o g(¢’) in the other hand. The main difference with the
uniformly hyperbolic case is that in our case we have to deal with iterations of the
map F' to get good hyperbolic estimates.

Let us set n = N (&, ¢). We thus have (¢, () = 55. Inequality (13) in Proposition
3.4 and inequalities (7) (see page 18) mean that there exists a constant x = k(F)
such that |w(g(¢'))| < k for every £ in F. Therefore, and as long as n is small (say
n < 100), the result of Proposition 3.5 holds for every «, up to the fact that C is
chosen big enough.

We now assume that n is large. Note that g(¢’) and ¢({’) belong to the same
local unstable leaf in R. This also holds for ¢ and (. Moreover the direction E" is
Lipschitz continuous in the unstable leaves, in AU R3U RsU Ry \ @ (see Remark 3).

We consider the case where n is even. Let ¢ be the integer such that F™/ 2(¢&) =
f1(€). Note that the analogous equation will be valid for the points &, ¢, ¢/, due to
the Markov property. Now we write

n/2

Y log "o fH(€) —log J" o f5(Q) = D log | DF(F*(£)).e"| — log | DF(F*(()).e"],
k=0

k=0

and the analogous equation for ¢g(¢) and ¢(¢’). Therefore, we have

[ Y logJ o fFog(e) —log J" o f*og(¢)| < CIF"*(g(&) — F*(g(C))],
k=0

and

Y log J*" o f¥(€) —log J* o fH(Q)] < C.|[F"2(€) — FM(C)),
k=0
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where C' is a uniform constant (which depends on >, Vo ). Recall that the map
F' is uniformly expanding in the unstable leaves, with ratio larger than y/o. Since
FI(€) and F7(¢) (and also F7(g(£')) and F7(g(¢"))) are inside the same element of
Gi, for all 0 < j < n, we have that

[FI(€) = (O < V™,

and the analogous expression for F7(g(¢£')) and F7(g(¢’)), for all 0 < j < n. This
implies

a3

[F"2(g(€") = F*2(g(¢")] < C.o™% and [F™2(€) = F2(Q)] < C.o™

400
We now have to give upper bounds for Z log J“ o f* o g(¢') —log J" o f*(¢),
k=0
and the same term with ¢’ and ¢. Here again i satisfies F™/2(¢) = fi(¢), and we
only consider the case n even. We use (13) in Proposition 3.4:
if F3(&) ¢ A, then [(F™/2(€)) is uniformly bounded away from zero. Therefore

Proposition 3.4 directly gives:

+o0o
S log J" o fHH 0 g(€) —log J" o fHH(E) < Cyf[F72(€) — Fni2 0 (€1,

for some uniform constant C'. But F' is uniformly contracting in the stable leaves.
For the same reason than above, we thus get

|F"2(&) — F"? 0 g(&)] < C.AS,

for some constant C. The same holds for ( and (' instead of £ and £’. Note that,
due to the Markov property, F"/2(¢) belongs to A if and only if F™/2(¢) belongs to
A. Therefore, the proposition is proved in the case where Fz(¢) ¢ A.

We now deal with the case where Fz(£) € A. Now, we use (14) in Proposition
3.4 to get:

+oo ' _ ol
1> logJU o fF o g(€) —log J" o (G| < (W +C)IF2(€) — F'? 0 g(€)] +
k=0

Oy IF/2() — For2 0 g(€1)] + Fn/z an/Zl — Frlo g(&),

(21)

where p is the integer such that F(EF"/271(¢)) = fP(F™/?71(€)).
In the right-hand side of the expression (21), we replace the terms |F™/2(¢) —
F2 0 g(&)] by VAT |FY/271(€) — F"/271 6 g(¢")]. We then use the second inequality
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in (10) for F"/2(€) to get

+oo
> logJ o o g(¢) —log J" o fFH(E)] < CFMFE) — FM* o g(¢)]

k=0

+CJ|F21(E) — Fri=1 o g(€1),

for some uniform constants C' and C”. This gives that the left-hand side of (21)

is bounded from above by CN'T. Now, choosing a small positive o such that

max{o™* A"/} < n2(€,¢), and C > 0 big enough, we finish the proof in the case

where n is even. The case where n is odd can be obtained in a similar way, except
n—1

that the piece of F-orbit has to be split into two pieces, one from 0 to [*5=], and

the tail. ]
Remark 6. Since W* is C'*¢, we also have

rr(§)—1
| D logJ"o f5(€) —log J* o fH(¢)] < C.(n(§, )"
k=0

3.3 Local equilibrium states

Let 0 < «a be such that Proposition 3.5 holds. For simplicity we say that ¢ is a-
Holder if it belongs to C. We fix some ¢ such that P(t) > —t5logo. Then we set
for £ in F
rr(§)-1
B(&) = Y —tlogJ"o fH(&) +twog(§) .
k=0

Note that, by Proposition 3.5 and the inequality in Remark 6, ® belongs to C}'. We
define the Ruelle-Perron-Frobenius operator Lg by

Ls(T)E) = Y " EOmnlsT(e),

§'ePrei(§)

where S is a real parameter and 7 is a continuous function from F to R. Recall
that Pre; () is defined in section 3.1.2.

As any continuous function on the compact set F is bounded, the convergence of
the series Lg(7T)(€) is equivalent to the convergence for Lg(1x)(£). Now, the Holder
properties of w and log J* imply that the convergence for one ¢ in F guarantees the
convergence for any ¢ in F. For £ in F, write

+oo

Ls(IR)(©) =D Y " ]ems,

n=1 £/€P7'el(§)
rr(§)=n
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and define
1 ,
S, = 1i | ®E) | 292
im sup - log > e (22)
&'ePreq(€)
rr(&)=n

Due to the Holder regularity, S, is independent of the choice of £&. We assume for
the moment, and prove later in Proposition 3.10, that S. < +00. We have, for every
S > S., for every £ € F, and for every T' € C°(F,R), that

£s(T)(€) < +oc. (23)

The real S, is the smallest real number with this property. Following the steps
in [16], we state the next important lemma, which is a consequence of the Markov
property and the hyperbolic structure of F:

Lemma 3.6. There exists a positive constant Cy, independent of S, such that, for
allé, (e F, S > S. andn € Z,

e LYULF)(E) < LE(TF)(C) < e“LE(TF)(E).

We want to point out that the constant C; depends only on @ (hence on t). The
independence of S for the constants C; in lemma 3.6 is implied by Remark 1: for
¢ and ¢ in F we associate to each n-preimage of ¢ a unique n-preimage of ¢ in the
same n-set. Two such preimages have the same n-return time r%, and this removes
the dependence on S. Then, we simply use the Holder continuity of ® to get the
constant C;. Now we can produce local equilibrium states:

Proposition 3.7. There exist a measure mg on F, a positive real number \g and
a positive Holder-continuous function Hg on F such that

1. Eg(mg) = )\Sms;

2. >\S:/£S<I}‘) dms;
3. Ls(Hs) = \g.Hsg.

Proof. See [16] for the complete proof: even if the map f is not uniformly hyperbolic,
the situation for the dynamical system (F, g#) in our case is exactly the same than
in there. Note that Remarks 2 and 6 imply that the set of continuous functions is
invariant by L£g. Moreover Lg is a continuous operator on C°. Now proposition 3.5
and again Remark 6 imply that C}" is also Lg-invariant.

We first use the Schauder-Tychonoff theorem to construct mg. The adjoint and
normalized operator acts continuously on the compact set of probabilities. It thus
has a fixed point mg; and A\g = [ Ls(1r) dms.
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To construct Hg, we use the Ionescu-Tulcea & Marinescu theorem (see [11]) with
¢, and C"; this also provides the spectral gap for L£g. To use that theorem, we recall
that the main requirement is satisfied, by Lemma 3.6. This lemma implies that the
family of functions %Eg( Ix) is uniformly bounded for the || ||-norm. Moreover it
also implies the Lassota-York inequality :

1
150 £5" (Dl < T[T o + N7 lloo
S
for any Holder continuous function 7', and where 0 < 7 < 1, v > 0 are real numbers
independent of 7, and nq is a positive integer independent of 7. The fact that
7 < 1 follows from the contraction in the unstable direction when we iterate f—1
(remember F is a piece of unstable leaf). O

We recall that Hg is defined by the formula:

We also have
e~ < Hg(€) < e, (24)

Let us set dvg = Hgdmg. The measure vg is gr-invariant. Moreover we have

Lemma 3.8. The measure vs s ergodic, and Ag is a simple single dominating
eigenvalue for Lg.

Proof. Again, see [16] for the complete proof. Let K C F be some 1-set in F. Its
image by gr is exactly F. The function T is Holder-continuous, since A is totally
disconnected and the measure vg is conformal in the sense that

vs(K) = /f HS@MK(f)dms(é):AiS /f Ls(HsT) dms

B Hs(§)  a(e')—rne)s-togrs
ARG “Adus (€), (25)

where & is the preimage of ¢ in the considered 1-set K. Therefore, the density
theorem proves that vg is exact, hence mixing and ergodic. Ergodicity implies that
Ag is simple. Mixing also implies that Ag is a single dominating eigenvalue. O]

The measure vg is the unique equilibrium state associated to ®(-) — S.rg(-) for
the system (F,gr). The natural extension of vg, denoted by vg, is the unique
equilibrium state associated to the potential

rr(§)-1
Z —tlog J" o f*(¢) — S.rp(€)

k=0

for the system (R, g).
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Remark 7. Due to the Gibbs property, every open set in F has positive vg measure.
In fact, every n-set has positive measure, and every open set contains some n-set.

Now, relation (22) proves that for every S > S, IE,, [rg] < 4o0c. This is a simple
consequence of Lemma 3.6 (with n = 1) and of the fact that A = [ Lg(Ir) dvs.
Therefore the measure v can be opened out: there exists a o-finite invariant and
ergodic probability measure fig on €2 such that

ﬁs(‘ ﬂR) -
ﬁs(R) - S()

Let Pg denote the —tlog J"-pressure of this measure jig. Then we have
rr(.)—1 .
Po = hay(f)—t [log g dis = is(R) () + [ Y ~tlog "o 1
5=0

— 7s(R) (s / erugHogAs) _ 5+ 7is(R) log(As). (26)
Lemma 3.9. The map ¢ : S +— log(\g) is convexr and analytic on a complex
neighborhood of |S., +ool.

Proof. First, g is a simple single dominating eigenvalue. We thus have

Ls(Lr)"(§) = AgHs (&) + Ag¥" (1x)(8),

where W is some operator with spectral radius strictly smaller than 1. This implies
that

VEEF, loghs= lim_~log (CA(IF)(©)) 27)

This, together with the Holder’s inequality, implies that 1 is convex. More-
over, Lg is a quasi-compact operator with a simple isolated dominating eigenvalue;
analyticity (in some complex neighborhood of |S., +o0o[) is thus obtained via the
perturbation Theorem from [10] (see Th IIL8). O

Using (27), we have (see [6] for a proof)
1
fis(R)
In particular, this implies that ¢ is a decreasing and continuous one-to-one map
from ]S., +o00[ onto its image.

W(S) =

(28)
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3.4 Uniqueness of the global equilibrium state

In this subsection, we first prove that S, belongs to R, and give an upper-bound for
its value. Then we deduce uniqueness of the global equilibrium state associated to
—tlog J*, and the regularity of ¢ — P(t). As we saw above, S, is defined by the
relation (22). The key result is the following:

Proposition 3.10. With the previous notations, S. < P(t).

Proof. The main idea is to copy the proof of lemma 20.2.3 in [13], p.624. We fix a
point & in F, and set

-1

—t.Sn 1 u / —t.S, 1 u /
Uy = Z o~ 1-Sn(log J*)(€") Z ¢ tSnlloe (&) 5,
¢/ePrey (6) ¢/ePre1 (€)
Tr(§)=n rr(§)=n
n—1
and 7, = — Fun. Let 7 be a weak* accumulation point of the sequence 7,,. For
*
n
k=0

convenience we denote by Pre;(§,n) the set of preimages £’ of £ whose return time
equals n. Notice that all the terms w(g(¢’)) are uniformly bounded, which implies
that

1 (e
S, = limsup — log Z eSn(—tlog J*)(¢')
noeo &'e€Prey(&,n)

By construction, the rectangle R is an element of the partition QZf , for some
positive integers n~ and n™.

We now claim that for any n, \/,.,,_, f7FGn" separates Pre; (€, n).

To prove the claim, let ¢ and ¢” be two different points in Pre;(§,n). By
construction, they are two different points in . Hence, the Markov property implies
that, for every m >0, f=™(&’') and f~™(£") belong to the same element of Q;‘f. By
definition of Pre;(§,n), f*(¢') and f"(£") belong to W*(¢, R). Again, the Markov
property implies that, for every m > 0, f"**(¢") and f™"(£"”) belong to the same
element of ng . As the partition ng separates orbits, £ and &” must belong to two
different elements of \/, ., | f *kggf .

Copying the proof of lemma 20.2.3 in [13] p.624 we get, for every fixed ¢:

1
Se <limsup ~H, [\/ f7G1"] + / —tlog J* dr,.

n—+oo ¢ k<q

Note that in [13], the result holds when the system is expansive. However, the proof
only uses that each element of the partition \/,_, ;| f —kggf contains at most one
point of Pre;(¢,n). This is true in our case. The only other argument is that the
limit measure 7 does not weigh the boundary of the partition g;;f . This also occurs
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in our case, except if 7({(0,0)}) > 0. We discuss this possibility in the rest of the
proof.
We use Lemmas 2.1 2.2 and 2.3 to conclude that:

- either 7({(0,0)}) = 0, and S. is lower than the —tlog J"“-pressure of 7, which
is by definition lower than P(t),

- or T = u.0(0,0) + v.v, where u # 0, u +v = 1 and v # d(g ) is ergodic. In that
case,

lim sup HTn[\/ f_kgm] < U.Hl,[\/ f_kgm];

noteo k<q k<q

therefore

t
Se < v.h,(f) + limsup —t/log J dr, <v.P(t) — Zlogo < P(t).

n—-+o0o 2

In both cases we get S. < P(t). O

We can now prove uniqueness of the equilibrium state associated to —tlog J".
Let p be any such equilibrium state (existence has been proved above).

e The measure ;1 cannot be Dirac measure 6o (see page 14).

e Therefore ;1 must weight at least one rectangle of the Markov partition R. We
call R one of these rectangles. Since pu(R) > 0, we can induce p on R, and
then on F. We call i/ this gr-invariant measure.

e The relation h,(f) — ¢ [log J*du = P(t), yields

u(R) (h;u (07)+ [ 9 = P(0.rafe) du’(é)) _o, (20)

which means that the (& — P(t).rg)-pressure of (F, g#) is non-negative.

e On the other hand, relation (26), for S > P(t) > S., implies that \g < 1 as
long as S > P(t).

e Therefore lemma 3.6 and (2) in proposition 3.7 imply that for any & in F
the series of positive terms Lg(1x)(¢) is bounded, thus converges for S =
P(t). This implies that there exists a unique equilibrium state associated to

O() — P(t).rp(.) in F.

e The theorem of monotone convergence applied for each integer n and for each
point £ € F, plus lemma 3.6, imply that for every ¢ and for every n

Loy (Ir)(€) < e,

which means that log Ap(;) < 0.
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e Hence, the pressure on F for & — P(t).rg is non-positive and non-negative.
Therefore it is equal to 0 and the unique equilibrium state in F associated to
® — P(t).rg is the unique measure with zero pressure. As the pressure of y' is
zero, this equilibrium state must be g’

e As 4/ is obtained from the measure p in Q, it means that E,., [rR] < 400;

)
for S = P(t), the measure vg can be opened-out in A.

e Therefore, the mixing property of f and the fact that vp, weighs any open
set in F (see Remark 7), imply that every rectangle of R must have positive
p-measure, and g is uniquely defined on these rectangles.

This completes the proof of the uniqueness of the equilibrium state in the case
P(t) > —t% logo. From now on, p; will denote this equilibrium state.

Using uniqueness, we can get analyticity for ¢ — P(t). The first step is to give
a better bound for S,.

Lemma 3.11. Let t > 0 be such that P(t) > —t3logo. With the previous notation,
we have

Se(t) < P(t).

Proof. We use notation of the proof of proposition 3.10. Let ¢ be a continuous
function supported in R, with image in [0, 1]. Then we have

1
0§/¢d7n§_~
n

This immediately yields [ ¢ dr = 0; this occurs for any continuous function ¢ with

support in R, and thus 7(R) = 0. Therefore, 7 cannot be the global equilibrium
state, because the mixing-property of f and the fact that y’ is conformal imply that
any open set in A\ {xy = 0} has positive u;-measure. Hence, the t-pressure of 7,
P.(t), satisfies P.(t) < P(t). In the proof of proposition 3.10 we get

S. < P.(t) < P(t),

if 7({(0,0)}) = 0, and we get S, < v.P(t) — u.tzlogo < P(t) if 7({(0,0)}) > 0. In
both cases we have S, < P(t). O

We then use this gap to prove analyticity for P(t). For that we just copy the
arguments from [17], section 3.2.

For S = P(t), the measure v = p; is the unique equilibrium state associated to
—tlog J*. Therefore (26) is valid for S = P(t) and ig = ;. This yields Apyy = 1.

Define the operator Lg; by

Ls,(T)(E) = Z e*tSrR(g/)(logJ“)(5’)er(£’)S+t-w(9(£’))T(gf).
§'ePrei(§)

All the work we have done yields
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For every S and ¢, Ls:+(1£) converges as long as S > S.(t).

The map t — S.(t) is convex (directly from definition), and satisfies S.(t) <
P(t).

For every t such that P(t) > —tilogo, we have Apy, = 1.

The function S +— log Ag; is analytic in a complex neighborhood of |.S,(t), +o0.

8log)\5t —1
TOEAS T 1)
95 O Lm) T

Equality (28) gives

Now, straightforward arguments prove that the map ¢ — Lg; is analytic, in
the open set {(S,t), S > S.(t), P(t) > —t3logo} (see [6]); we can again use the
perturbation theorem (see [10]) to conclude that the map t — Ag; is analytic in
some complex neighborhood of its real interval of definition. This also holds for
t +— log Agy, since Ag; belongs to R for t € R,.

Moreover, P(t) satisfies Ap), = 1, or equivalently logAp), = 0. We have
just seen above that 810§$S’t]51p(t) # 0; thus, the implicit mapping theorem for
holomorphic functions in several complex variables (see [24]) proves that the function

t — P(t) is analytic.

4 Unstable Hausdorff dimension

The proof of Theorem B follows the method in [20], with some modifications to
adapt it to our setting (in particular, since the map log J" is not continuous, the
generic set G, for any ergodic measure p does not give any information for the
convergence of the unstable Lyapunov exponent).

Recall that the Hausdorff dimension of any set X is given by the following pro-
cess. Set

my(X) = lirillg)nf{Z(diam U)', U U; D X, diamU; < ¢},

where U; are open sets. The quantity m;(X) is the t-Hausdorff measure of X. Then
there exists a unique ¢ such that

d = sup{t,my(X) = +oo} = inf{t, m(X) = 0}.

This real number ¢ is the Hausdorff dimension of X.

Now, to prove Theorem B, it is sufficient to prove that, with the previous nota-
tions, the Hausdorff dimension of F is equal to ty. Indeed, any local piece of unstable
leaf which does not contains any point of the critical orbit can be decomposed as
the countable union of unstable leaves intersected with rectangles of the Markov
partition.
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4.1 Lower bound for the Hausdorff dimension

Recall that ¢y is uniquely determined by

and that P(1) < 0, and t — P(t) decreases. Let t < t5 (and hence t < 1). Recall
that Apy) ¢ = 1, therefore the Transfer-Operator has 1 for spectral radius. This
operator is defined by

Lo (T) = Z e*tsrms/)(logJ“)(s’)ﬂwofm“/)(s’)er(ﬁ/)P(ﬂ,
¢'ePrei(€)

For the rest of the proof we omit the dependence in ¢ in the notation. Let us set

L;(T) = Z o~ tSr (e 108 J) (€)+twof RED (€)—rr(€)P(1

Y

&'ePrei(€,9)

where Pre;(§,j) denote the set of preimages by gz, such that rg(¢) < j. For each
7, Ej is a quasi-compact operator with a single dominating simple eigenvalue, p;.
Moreover the family of operators converge in the generalized sense to L (see [12]
chapter IV). Section 5 in [12] chapter IV, p. 213 yields that the spectral radius of
L; (namely p;) converges to 1 as j goes to +00. We thus choose € and j such that
pj € [1 —e,1+¢], with

l—e>e 70 (30)
Notice that lemma 3.6 holds also for Ej. This yields

VEeF p;"L1(Lx)(E) € [, ). (31)

To E;L(]Ij-‘), we associate its “covering” in n-sets, which are all the n-sets in F such
that their successive k'-return times (k < n) are all lower than k.j. We denote this
covering by V;,. This is a finite union of disjoint compact sets. Recall that R does
not contain any point of the critical orbit.

Let 0 > 0 be smaller than half the size of any of the gaps between two consecutive
n-set of V;,,. We also assume that 0 is lower than the radius of any of these n-sets.
For a fixed j, denote by V; i, the intersection of the sets in V;,,.

If K is one of the n-sets in V;,,, the Markov property and the Lipschitz regularity
of J" in the unstable leaves, yield that for any £ in K,

e~% (diamF)* < (diamK)tetS”fz@(logJu)(f) < €% (diamF)t, (32)

where C} only depends on ¢.
Let us now consider any countable covering U; of V; ., with radius lower than
d. Recall that, for any positive a and b, we have that (a + b)" < a’ + b' (recall that
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0 <t < 1). Then, rearranging the elements of Uf; in the same n-sets of V;,,, and
using (31) and (32), we get:

Z(diamU)t > Z (diam K) (33)
vel; KeVjn
> efthC@(diam f)t Z e—t-SrTé(gq(lOg J*)(E)
&'ePrey(€,n)
> C(t)p} Z TRENP)
§'ePre1(§n)
> C(t).p).e"),

where C(t) is a constant which only depends on ¢. Taking the liminf in ¢ (the
diameter of the cover U;), we get

Vn, my(Vjsoo) = C(t).(1— €)™ > 0.

Then, (30) immediately yields that the Hausdorff dimension of F is greater than or
equal to tg.

4.2 Upper bound for the Hausdorff dimension

We pick 1 >t > to with —t1logo < P(t) < 0. As the map P(.) is continuous and
decreasing, we can pick such a t.

Let n be a positive integer, and consider the cover of F by the n-sets. No n-
set is an open set, but we can extend them in the following sense: We pick some
small open neighborhood of R, U; if K is a n-set, then f"=)(K) is (by definition)
an unstable leaf in R. Notice that r%(K) is the n'" return-time associated to K;
namely, % (K) = r}(§) for any & in [O(C F.

Let € be in K. We then consider K’ = f~"25) (W (725 (¢£)) N U). This is our
extended n-set.

Considering n as large as wanted, and the extended n-sets, we have an open
cover of F with diameter as small as wanted. Note that (32) is still valid when K
is an extended n-set. We call V,, this cover with extended n-sets. Therefore we get

Z (diam K)t < C(@) Z e—t5r§<§/)(10gJ“)(E')+tw(9"(5’))—7“%(5')7’(75)erg(g’)’P(t)
Kev, §'€Pren(§)

< o) Z o5 (e (log J*)(€)+Hw(g™ (€)) —TR(ENP() nP(t)
§'ePren ()

< C(t)ﬁ%(t),t(][}')(f)enp(t)

< CO(t)e"P®, (34)
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Hence, (34) yields m;(F) < C(t)e"P®| for any n, and P(t) < 0 yields m,(F) = 0.
This holds for any t > t(, thus the Hausdorff dimension of F is smaller than or equal
to tg. This completes the proof.
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