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Let us consider the 1-dimensional sde

X(t) :X0+/0 0(5,X(s))dB(s)+/0 b(s, X(s))ds,
(1)

We assume that

A1 o and b are continuous on [0, +00) x R
s.t

o ()] 4 [b(t, x)| < L(1+ [x]),

A.2 The equation (1) has pathwise uniqueness
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» assumption (A.1) = weak solution
{X«(t), t >0}, Vx € R,
» assumption (A.2) = strong.

For x <y fixed, we define stopping time,
S=inf{t > 0: X\ (t) > X,(t)}.

On the set [S < +0o0]
» {B(t) = B(S +t) — B(S), t > 0} is a Brownian
motion.
> X(S+1t) = X(S)+ [y o(s, X (S +5))dB(s) +
oy b(s, X.(S +5))ds
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Since Xi(S) = X,(S) on [S < +0o0] then

» PU =
P[XX(5+t)1[5<+OO] = Xy(5+t)1[5<+oo], Vt>0] =1

» P[Xc(t) < X, (t), Vt>0]=1

» P-almost all w, for any t > 0, x — X, (t)(w) is
increasing and consequently is differentiable a.e.
with respect to Lebesgue measure.
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Functional framework

Let d > 1,
» Q = G([0, +00),RY)
» the Borel o-field F.
» B={B;:t>0}is defined by B;(w) = w(t),
» P on (Q, F) is the Wiener measure

» Fy is the o-field 0{Bs,0 <'s < t}.
Let h be a fixed continuous positive function on R”
such that

/ h(x)dx =1and [ |x|*h(x)dx < +o0.

Rn
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» Q=R"xQ,
» F denotes the Borel o-field on
» P =h(x)dx x P.

For simplicity we choose h the form of

h(x) = h(x,...,x,) = (\/ﬂ)ne—ZLX;zﬁ _ Hh(Xi)

1
where h(x;) = e %12,

Youssef Ouknine  Faculté des Sciences Semlalia March 18-23, 2009, Brest



Now we give the definition of class V as follows

Definition

We define V(R"” x Q) the total set of Borel functions
F on (Q,F, P) such that there exists a Borel
function F on (Q, F, P) satisfying that

(i) F = FPas

(i) Vw e Q, x — F(x,w) is a function of
bounded variation on each compact in R”.
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Theorem
Let p > 1 and assume that there exists a sequence
{Fj: jeN}in LP(Q,}A", IAD) such that

B.1 F; converges to F almost surely,

B.2 {F;: j € N} are uniformly bounded in
LP(Q, F, P),

B3 forall (x,w) € Q, ie{l,...,n} and
JjEN, t — Fi(x + te, w) is abso/ute/y
continuous

B.4 {VF;} are uniformly bounded in
LY(Q, F, P).

Then F € V(R" x Q).
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Proposition

If F € V(R" x Q) then for P-almost all w € Q and
foralli € {1,---...,n} we have

(j) t = F(x + tej, w) is a function of
bounded variation on any finite interval.

. 0 .
(i) 8_><,-F(X’ w) = V;F(x, w) dx-a.e.
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Applications to stochastic differential equations

Let us consider

dXk(t) = S0, ok(t, XK(t))dBI(t) + b¥(t, Xu(t))dt

J
Xx(0) = x,
(2)
0= (Ujk)kzl ..... nj=1..d € Co([0, +00) xR — R"®R?),
b= (b),_, . €GC[0,+00) x R" = R")

.....

We assume the following
H.1 ml?x‘bk(t,x) — b*(£,X)| < K [x — X'

H.2 Equation (2) has PU.

R
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Theorem

Assume that (H.1)-(H.2) hold. Then, the solution
XK(t) is in V(R" x Q) for all t € [0, +00) and each
k=1,2,...,n.
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