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dXEXU = b (s, XU, us) ds {40 (s, XE¥Y, ug) dWs}, t <s< T,
Xtt,x,u —xc ]RN,

h semicontinuous,

V (t,x) =infE [h (X2*)],
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@ Deterministic framework

@ Stochastic framework

@ References
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Deterministic framework

@ T > 0 finite time horizon
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@ T > 0 finite time horizon
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Deterministic framework

@ T > 0 finite time horizon
e te|0,T],
@ U compact metric space
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Deterministic framework n result

the proof

T > 0 finite time horizon
tel0,T],
U compact metric space

admissible control u € U : Lebesque-measurable, U-valued
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Deterministic framework

Idea of the proof

T > 0 finite time horizon
tel0,T],
U compact metric space

admissible control u € U : Lebesque-measurable, U-valued

dx70 = b (£, xY u) dt, kg <t < T,
t t (1)
X:g’xo'u =Xy € ]RN,
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P An example
Deterministic framework g P

n result
f the proof

Which definition?

o reachable set R (T, to) xo = {x2"*" :u e U}
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Deterministic framework

f th proof

Which definition?

e reachable set R (T, ty) xo = {xto Xl e U}

@ either define

V (to,x0) =inf{h(x):x€c(R(T to)x)}? (V1)
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Deterministic framework

f th proof

Which definition?

e reachable set R (T, ty) xo = {xto Xl e U}

@ either define

V (to,x0) =inf{h(x):x€c(R(T to)x)}? (V1)

A (to, x0) = |nf h( toxo”)?
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Deterministic framework

the proof

Which definition?

e reachable set R (T, ty) xo = {xto Xl e U}

@ either define

V (to,x0) =inf{h(x):x€c(R(T to)x)}? (V1)
A (to, x0) = |nf h( fo.xo, ”) ?

@ if convexity Frankowska '93, Plaskacz, Quincampoix '01,
V=A
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An example
Hﬂn result
the proof

Deterministic framework

Which definition?

e reachable set R (T, ty) xo = {xto Xl e U}

@ either define

V (to,x0) =inf{h(x):x€c(R(T to)x)}? (V1)

A (to, x0) = |nf h( toxo”)?

@ if convexity Frankowska '93, Plaskacz, Quincampoix '01,
V=A
e ifhisusc, V=A
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An example
in result
of the proof

Deterministic framework

An example

o R, U={-11},
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P An example
Deterministic framework g P

n result
of the proof

An example

o R?,U={-1,1},
o f:R3xU—R

f(t,x,yu)= (u,x2/\1),

Vt,x,y € R, ue U.
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Deterministic framework

An example

o R, U={-11},
o f:R3xU—R

f(t,x,yu)= (u,x2/\1),

Vt,x,y € R, ue U.
e h:R?— R
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Deterministic framework

An example

o R, U={-11},
o f:R3xU—R

f(t,x,y,u):(u,XQ/\l),
Vt,x,y € R, ue U.
e h:R? — R
h(x.y) :{ 0: if (X:y)
e (0,0)€cl(R(T,t)(0,0)) and (0,0) € R(T,t) (0,0) =

inf h (00, yp00) — 1 £ v (1,0,0).

ueld
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ple

Deterministic framework 5
Main result

Idea of the proof

V(to,Xo) :inf{h(x) X E C/(R(T, t())Xo)} (V].)
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An example

Deterministic framework 5
Main result

Idea of the proof

V(to,Xo) :inf{h(x) X E C/(R(T, t())Xo)} (V].)

{ 9:V (t, x) + minyey (0« V (t,x), f (t, x,u)) =0,
ifte (0, T), xeRV,
(HJ Mayer)
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An example
Main result
Idea of the proof

Deterministic framework

Main Result

@ (a) h ls.c., Vis the smallest I.s.c. supersolution of (HJ
Mayer) s.t. V(T,-) > h(-).
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An example
Main result
Idea of the proof

Deterministic framework

Main Result

@ (a) h ls.c., Vis the smallest I.s.c. supersolution of (HJ
Mayer) s.t. V(T,-) > h(-).

@ (b) h u.s.c., Vis the largest u.s.c. subsolution of (HJ Mayer)
st. V(T,-) <h(:).
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An example
Main result
Idea of the proof

Deterministic framework

Main Result

@ (a) h ls.c., Vis the smallest I.s.c. supersolution of (HJ
Mayer) s.t. V(T,-) > h(-).

@ (b) h u.s.c., Vis the largest u.s.c. subsolution of (HJ Mayer)
st. V(T,-) <h(:).

@ (c) h is bounded,

. @ : ¢ Ls.c. subsolution of (HJ Mayer) s.t.
V—mf{ o(T.) > h(") and
V= sup{ @ : ¢ u.s.c. subsolution of (HJ Mayer) s.t. } .

¢(T.-)<h()
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Deterministic framework

Idea of the proof of (a)

Lemma

If ¢ is a l.s.c. supersolution of (HJ Mayer), s.t. ¢ (T,-) > h(-),
then

(p(to,X()) > inf{q)(T,x) X € C/(R(T, to) X())},

V(to,Xo) c (0, T) x RN,
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Deterministic framework

Idea of the proof of (a)

Lemma

If ¢ is a l.s.c. supersolution of (HJ Mayer), s.t. ¢ (T,-) > h(-),
then

(p(to,X()) > inf{q)(T,x) X € C/(R(T, to) X())},

V(to,Xo) € (0, T) x RN,

o h,(x) =inf, cgn (h(y)+nly —x]|),
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Deterministic framework

Idea of the proof of (a)

Lemma

If ¢ is a l.s.c. supersolution of (HJ Mayer), s.t. ¢ (T,-) > h(-),
then

(p(to,X()) > inf{q)(T,x) X € C/(R(T, to) X())},

V(to,Xo) € (0, T) x RN,

o hy(x) = infye]R’V (h(y)+nly —x|),
o V" (ty,x0) = infuey hn (X)), W =sup, V"
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Deterministic framework

Idea of the proof of (b)

If ¢ is an u.s.c. subsolution of (HJ Mayer), s.t. ¢ (T,x) < h(x),
Vx € RV, then

¢ (0. x0) < ¢ (T.x),
A (to,Xo) € (0, T) X ]RN, X € R(T, t()) XQ-
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Deterministic framework

Idea of the proof of (b)

If ¢ is an u.s.c. subsolution of (HJ Mayer), s.t. ¢ (T,x) < h(x),
Vx € RV, then

¢ (0. x0) < ¢ (T.x),
A (to,Xo) € (0, T) X ]RN, X € R(T, t()) XQ-

@ sup-convolution
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Deterministic framework

Idea of the proof of (c) 1

@ Choose x; € ¢/ (R(T, ty) x0) s-t.

h(x) <V (to,x0) +&.
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Deterministic framework

Idea of the proof of (c) 1

@ Choose x; € ¢/ (R(T, ty) x0) s-t.
h(x) <V (to,x0) +&.
o Define h : RV — R I.s.c.

_ h(x), if x = x,
he(x) = { sup, h(x), otherwise.
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Deterministic framework

Idea of the proof of (c) 1

@ Choose x; € ¢/ (R(T, ty) x0) s-t.
h(x) <V (to,x0) +&.
o Define h : RV — R I.s.c.

_ h(x), if x = x,
he(x) = { sup, h(x), otherwise.

@ Value function
Ve (t,x) =inf{h(y):y €c(R(T, t)x)},

satisfies: V; (to, x0) = h(x) < V (to,x0) + ¢
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Deterministic framework

u
Idea of the proof

Idea of the proof of (c) 2

e Define g: R¥N — R uss.c.

{ V(to,Xo), if x € cl (R(T, to)Xo),

g(x) = inf,cgn h (y), otherwise.
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Deterministic framework

Idea of the proof of (c) 2

e Define g: R¥N — R uss.c.

(X) V(to,Xo), if x € C/(R(T, to)Xo),
g0 = inf,cgn h (y), otherwise.

o Consider V;

Ve (t,x) =inf{g(y):yec(R(T,t)x)},
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Deterministic framework F sult
Idea of the proof

Idea of the proof of (c) 2

e Define g: R¥N — R uss.c.

(X) V(to,Xo), if x € C/(R(T, to)Xo),
g0 = inf,cgn h (y), otherwise.

o Consider V;
Ve (t,x) =inf{g(y):yec(R(T,t)x)},

o Vg (T,-) <g() <h()and
Vg ,Xo) = \/(to,Xo)

—~
=
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formulation in Lipschitz case
ntinuc etting

Stochastic framework .
control formulation

e (O, F,IP) complete probability
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Stochastic framework

e (O, F,IP) complete probability

e a filtration IF = (F}),-, satisfying the usual assumptions
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Stochastic framework

e (O, F,IP) complete probability
o afiltration IF = (F¢),- satisfying the usual assumptions

@ W be a standard, d-dimensional Brownian motion
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Stochastic framework

(Q, F,P) complete probability
a filtration F = (F¢) - satisfying the usual assumptions

W be a standard, d-dimensional Brownian motion

admissible (strong) control u € U: U-valued, progressively
measurable
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Stochastic framework

(Q, F,P) complete probability
a filtration F = (F¢) - satisfying the usual assumptions

W be a standard, d-dimensional Brownian motion

admissible (strong) control u € U: U-valued, progressively
measurable

{ dXI* = b (s, XE¥" us)ds + o (s, XEXU ug) dWs, t <s< T,

X =xeRV,

(2)
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Stochastic framework

Main assumptions

e h:RxRVxU—RN ¢:RxRNx U — RNVNxd
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Stochastic framework

Main assumptions

e h:RxRVxU—RN ¢:RxRNx U — RNVNxd

e (i) b, o bounded, uniformly continuous
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Stochastic framework

Main assumptions

e h:RxRVxU—RN ¢:RxRNx U — RNVNxd

e (i) b, o bounded, uniformly continuous

@ (i) dc > 0 s.t.
b6, ) — b (£, y, )|+ | (£, %, 0) — 0 (£, )| < c|x—y]
and
|b(t,x,u) —b(s,x,u)|+|o(t,x,u)—0c(s,x u)| <
o
c]t—s\él,

Y (t,s,x,y,u) €0, T x R2N x U.
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Linear formulation in Lipschitz case
Discontin

Stochastic framework N
contr

Linear formulation in Lipschitz case

e Assume: h:RY — R is bounded and Lipschitz-continuous.
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Linear formulation in Lipschitz case

o Assume: h:RR" — R is bounded and Lipschitz-continuous.
e Value function Vj, (t,x) = inf,e E [h (X3*)].
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Linear formulation in Lipschitz case

o Assume: h:RR" — R is bounded and Lipschitz-continuous.
e Value function Vj, (t,x) = inf,e E [h (X3*)].

@ V}, is he unique viscosity solution in the class of linear-growth
continuous functions of
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n in Lipschitz case
tting

Stochastic framework 2
mulation

Linear formulation in Lipschitz case

e Assume: h:RY — R is bounded and Lipschitz-continuous.
e Value function Vj, (t,x) = inf,e E [h (X3*)].
@ V}, is he unique viscosity solution in the class of linear-growth

continuous functions of
—8ch (t,X) +H (X, D\/h (t,X) , D2 V/—, (t,X)) =0,

o { forall (t,x) € (0, T) xRV, (HJB) ,
Vi (T,-) =h(-) on RV,
H(t,x,p,A) =

sup,cy {—3Tr (00* (t,x, u) A) — (b (t,x,u),p)},
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ion in Lipschitz case
tting

Stochastic framework 2
mulation

(Finite horizon) Occupational measures 1

@ Linear programming tools: Stockbridge (90), Bhatt, Borkar
('96), Kurtz, Stockbridge ('98), Borkar, Gaitsgory ('05)
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ion in Lipschitz case
tting

Stochastic framework 2
mulation

(Finite horizon) Occupational measures 1

@ Linear programming tools: Stockbridge (90), Bhatt, Borkar
('96), Kurtz, Stockbridge ('98), Borkar, Gaitsgory ('05)
o (t,x)e[0,T)xRN, vel,
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Linear formulation in Lipschitz case
Discontir 4
W

Stochastic framework W

(Finite horizon) Occupational measures 1

@ Linear programming tools: Stockbridge (90), Bhatt, Borkar
('96), Kurtz, Stockbridge ('98), Borkar, Gaitsgory ('05)

o (t,x)e[0,T)xRN, vel,

® Vexu(AXBXxCxD)=
TE [ [ Taxgec (5. X070, ) ds| P (X3 € D),
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Linear formulation in Lipschitz case

Stochastic framework .
V tion

(Finite horizon) Occupational measures 1

@ Linear programming tools: Stockbridge (90), Bhatt, Borkar
('96), Kurtz, Stockbridge ('98), Borkar, Gaitsgory ('05)

o (t,x)e[0,T)xRN, vel,

® Vexu(AXBXxCxD)=
TE [ [ Taxgec (5. X070, ) ds| P (X3 € D),

e AxBxCxDcCI0T]xRNxU xRV, Borel sets.
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n in Lipschitz case
tting

Stochastic framework " S
W mulation

(Finite horizon) Occupational measures 1

@ Linear programming tools: Stockbridge (90), Bhatt, Borkar
('96), Kurtz, Stockbridge ('98), Borkar, Gaitsgory ('05)
o (t,x)e[0,T)xRN, vel,
® Vexu(AXBXxCxD)=
TE [ [ Taxgec (5. X070, ) ds| P (X3 € D),
e AxBxCxDcCI0T]xRNxU xRV, Borel sets.
2 2
° f[t,T]X]RNXUX]RN (|y| + |Z| ) 'Yt,x,u (dS, dyv dVv dZ) S

Co (|x|2 + 1) .
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Stochastic framework

(Finite horizon) Occupational measures 1

@ Linear programming tools: Stockbridge (90), Bhatt, Borkar
('96), Kurtz, Stockbridge ('98), Borkar, Gaitsgory ('05)
o (t,x)e[0,T)xRN, vel,
® Vexu(AXBXxCxD)=
TE [ [ Taxgec (5. X070, ) ds| P (X3 € D),
e AxBxCxDcCI0T]xRNxU xRV, Borel sets.
2 2
° f[t,T]X]RNXUX]RN (|y| + |Z| ) 'Yt,x,u (dS, dyv dVv dZ) S
Go (IxP +1).
® Yexu €EP([t, TI xRV x UxRN) : V¢ €
G2 (0.7 < RY),
(T—=t) L (s y) _
f[t’T]XIRNXUXIRN |: o (tx)—¢ (T, 2) v (ds, dy, dv, dz) =

0 (Itd's formula).
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n in Lipschitz case
tting

Stochastic framework =P
mulation

(Finite horizon) Occupational measures 2

o Jy(t,x,u) =E [h(X7*")] =
fIRN h(z) Yexu ([t, T] x RN x U, dz) )
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Stochastic framework

(Finite horizon) Occupational measures 2

e Jp(t, x u) =E[h(X3)] =
fIRN ’)’txu([ty T] x RN x U,dz).
° O(t,x) =
7yeP(t. TIxRVx UxRV) : Vg € C;* ([0, T] x RY),

)
f[t,T]x]RNxe]RN [ 154, (_t, i))ﬁ E )) ]’y(ds, dy, dv, dz) =0,

S s (P +121°) 7 (ds,dy, dv, dz) < Go (1> +1)
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Stochastic framework

(Finite horizon) Occupational measures 2

o Jy(t, x u) =E[h(X3)] =
fIRN ’)’txu([ty T] x RN x U,dz).
° O(t,x) =
yeP([t, TI xRV x UxRN) :Vgp € C}? (0, T] x RV),

)
f[t,T]x]RNxe]RN [ 454, (_t i))ﬁ 4’27_:2)) ] v (ds, dy, dv, dz) =0,
(

Siorpemicusen (1Y 1212) 7 (ds dy, dv, dz) < Co (|x[* +1)

o LY (s,y) =3Tr[(00) (s.y,v) D?¢p(s,y)]
+(b(s,y,v). Dp(s,y)) + 0t (s.y),
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Stochastic framework

Linearized formulation

o h*(t,x) = infycox) Jgn h(2) v ([t T] RV, U, dz),
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n in Lipschitz case
tting

Stochastic framework 2
mulation

Linearized formulation

o h*(t,x) = infycox) Jgn h(2) v ([t T] RV, U, dz),
@ dual formulation:

" (t,x) =
n€eR:3pe C? ([0, T] xRY) sit.
sup V(s,y,v,z) € [t, T| x RV x V x RV, :
N<(T—=t)LY(s,y)+h(z) —¢ (T 2)+¢(t,x),
(t,x) €10, T) x RV.
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n in Lipschitz case
tting

Stochastic framework 2
mulation

Linearized formulation

o h*(t,x) = infycox) Jgn h(2) v ([t T] RV, U, dz),
@ dual formulation:
7 (t,x) =
neR:3pe C? ([0, T] xRY) sit.
sup V(s,y,v,z) € [t, T| x RV x V x RV, ,
N<(T—=t)LY(s,y)+h(z) —¢ (T 2)+¢(t,x),
(t,x) €10, T) x RV.
e In infinite horizon (discounted) setting : Buckdahn, G.,
Quincampoix (preprint)
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Stochastic framework

Linearized formulation

o h*(t,x) = infycox) Jgn h(2) v ([t T] RV, U, dz),
@ dual formulation:

e (t,x) =

neR:3pe C? ([0, T] xRY) sit.
sup V(s,y,v,z) € [t, T| x RV x V x RV, ,
N<(T=t)L(s,y) +h(z) =¢(T,2) +¢(t.x),
(t,x) €10, T) x RV.
e In infinite horizon (discounted) setting : Buckdahn, G.,
Quincampoix (preprint)

h Lipschitz, bounded = V, (t, x) = h* (t,x) = n* (t,x),
V(t,x) €[0, T) x RV
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Linear formulation in Lipschitz case
D ntinuo tin

Stochastic framework .
control formula

Idea of the proof

® Yexu €O(t,x) = V,(t,x) > h*(t,x)
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n in Lipschitz case
tting

Stochastic framework .
mulation

Idea of the proof

h
o < (T—t)LYP(s,y)+h(z) —¢(T,z)+¢(t, x) integrate
wrt. ¥y €0O(t,x) = h*(t,x) >n* :
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n in Lipschitz case
tting

Stochastic framework .
mulation

Idea of the proof

® Yexu €O(t,x) = V,(t,x) > h*(t,x)

o n < (T—t)LY(s,y)+h(z)—¢(T,z)+ ¢ (t, x) integrate
wrt. vy €O ( t,x) = h*(t,x) > n*(t,x).

@ approximate V}, by smooth subsolutions V¥;
VE(t,x) — Ce < y* (t,x) then ¢ — 0 to get
n* (t,x) > Vi (t, x)
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Stochastic framework

Lower semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t.x) €10, T) xRV,
Vi (T, ) = h ().

Dan Goreac On Some Discontinuous Control Problems



Stochastic framework

Lower semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t.x) €0, T) xRV,
Vi (T,) =h(").

@ h: RY — R is a lower semicontinuous function.
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Stochastic framework

Lower semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t,x) €10, T) x RV,
Vi (T, )=h(").

e h: RN — R is a lower semicontinuous function.

@ Jc € R such that ¢ (\x]2 + 1) > h(x) > —c,
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mulation in Lipschitz case
s setting

Stochastic framework = i
formulation

Lower semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t,x) €10, T) x RV,
Vi (T.-)=h().

e h: RN — R is a lower semicontinuous function.

@ Jc € R such that ¢ (\x]2 + 1) > h(x) > —c,

V), is the smallest lower semicontinuous viscosity supersolution and

Vi (t,x) =n"(t,x),

V (t,x) € [0, T) x RV
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L >rmulation in Lipschitz c
iscontinuous setting

Stochastic framework 3 .
control formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),
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Discontinuous setti

Stochastic framework v 3 .
Weak control formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),
o h,(x) / h(x), Vx € RN
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ation in Lipschitz case
setting

Stochastic framework 3 .
formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),
o h,(x) / h(x), Vx € RN
o V" (t,x) =infyco(x Jgn M (2)7 ([t T], RV, U, dz)
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Stochastic framework

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),
hy (x) / h(x), ¥x € RV,

o V" (t,x) =infyco(x Jgn M (2)7 ([t T], RV, U, dz)
° O(t, x) compact:
Vo(t,x) = [gw b (2) 7" ([t. T}, RN, U, dz)
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ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),
hy (x) / h(x), ¥x € RV,

o V" (t,x) =infyco(x Jgn M (2)7 ([t T], RV, U, dz)
° O(t, x) compact:

Vo(t,x) = [gw b (2) 7" ([t. T}, RN, U, dz)
o V" (t,x)=

n€eR:3pe Cp? ([0, T] xRV) st.
sup V(s,y,v,z) € [t, T| x RV x V x RV,
< (T=t)L(s,y) + (h (2) =@ (T, 2)) + ¢ (t,x).
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ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),

o h,(x) / h(x), Vx € RN
o V" (t,x) =infyco(x Jgn M (2)7 ([t T], RV, U, dz)
° O(t, x) compact:
Vo(t,x) = [gw b (2) 7" ([t. T}, RN, U, dz)
o V" (t,x)=

n€eR:3pe Cp? ([0, T] xRV) st.
sup V(s,y,v,z) € [t, T| x RV x V x RV,
N<(T=t)LY(sy)+ (h (2) =¢(T.2)) + ¢ (t.x).
VT (t,x) <n*(t,x) < Vj(t,x)
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ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),

o h,(x) / h(x), Vx € RN
o V" (t,x) =infyco(x Jgn M (2)7 ([t T], RV, U, dz)
° O(t, x) compact:
Vo(t,x) = [gw b (2) 7" ([t. T}, RN, U, dz)
o V" (t,x)=

n€eR:3pe Cp? ([0, T] xRV) st.
sup V(s,y,v,z) € [t, T| x RV x V x RV,
N<(T=t)LY(sy)+ (h (2) =¢(T.2)) + ¢ (t.x).
VT (t,x) <n*(t,x) < Vj(t,x)

W = sup, V" is the smallest |.s.c. supersolution
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ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

o inf-convolution h, (x) = inf, cgn (h(y) An+nly —x|),
o h,(x) / h(x), Vx € RN
o V" (t,x) =infyco(x Jgn M (2)7 ([t T], RV, U, dz)

° O(t, x) compact:

Vo(t,x) = [gw b (2) 7" ([t. T}, RN, U, dz)
o V" (t,x)=

n€eR:3pe Cp? ([0, T] xRV) st.
sup V(s,y,v,z) € [t, T| x RV x V x RV,
n<(T—=0) L (s.y)+ (ha(2) =¢(T.2)) + ¢ (t.x).

o V" (t,x) <ny*(t,x)<V,(tx)
o W =sup, V" is the smallest |.s.c. supersolution
em>n, V"(t,x) > f]R,\, hn (z) Y™ ([t T],RN, v, dz) :

m — 00, n — ©0.
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Stochastic framework

Upper semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t.x) €10, T) xRV,
Vi (T,-) =h(-).
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Stochastic framework

Upper semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t,x) €10, T) x RV,
Vi (T, ) = h ().

@ h:RY — R is an upper semicontinuous function.

Dan Goreac On Some Discontinuous Control Problems



Stochastic framework

Upper semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t,x) €10, T) x RV,
Vi (T, ) = h ().

@ h:RY — R is an upper semicontinuous function.

e Jdc € R such that -c (\x|2 + 1) < h(x) <c,
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ation in Lipschitz case

P settin
Stochastic framework " : g
VWea formulation

Upper semicontinuous case

o Vi (t,x) =infrcox) Jrwh(2)7 ([t. T].RY, U, dz),
(t,x) €10, T) x RV,
Vi (T, )=h(").

@ h:RY — R is an upper semicontinuous function.

e Jdc € R such that -c (\x|2 + 1) < h(x) <c,

Vi, is the largest upper semicontinuous viscosity subsolution of

(HJB).
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Linear formulation in Lipschitz case
Discontinuous setting
V

Stochastic framework
control formulation

Idea of the proof

@ sup-convolution h, (x) = sup,cgn (h(y) V (=n) —nly —x|)
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ation in Lipschitz case
setting

Stochastic framework 3 .
formulation

Idea of the proof

@ sup-convolution h, (x) = sup,cgn (h(y) V (=n) —nly —x|)
o V" (t,x) =inf,ey E [hn (X3*")], (t.x) € [0, T) x RV.

Dan Goreac On Some Discontinuous Control Problems



ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

@ sup-convolution hj (x) = sup,cgn (h
o V' (t,x)=inf,e E [hy (X””)] (
o V" (t,x)=inf co(x) gy hn v (

)V (=n) —nly —x])
t,x) €[0, T) x RV,
[t, T}, RN, U, dz) ,
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ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

@ sup-convolution hj (x) = sup,cgn (h
o V' (t,x)=inf,e E [hy (X””)] (
7 (

o V" (t,x)= inf%@(t,x f]RN
o W =inf, V">V,

)V (=n) —nly —x])
t,x) €[0, T) x RV,
[t, T}, RN, U, dz) ,
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ulation in Lipschitz case
us setting

Stochastic framework 3 .
V ol formulation

Idea of the proof

sup-convolution hy (x) = sup,cgn (h
V" (t,x) = inf,ey E [hy (X””)] (
V7 (t,x) = infyco(ix) Jrw b (2) 7 (
W = inf, V" > V.

y€E€O(tx), V'(t x) < flR’V hn (z) 7y ([t, T] RN U, dz) ,

pass n — 0o,

)V (=n) —nly —x])
t,x) €[0, T) x RV,
[t, T}, RN, U, dz) ,
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Discontinuous setti

Stochastic framework v 3 .
Weak control formulation

What about the dual formulation? 1

dX}* =0, for0<t<s<T=1, -
°{><:-X=xeu<. () =10 ()
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Linear fi ation in Lipschitz case
Disc setting

Stochastic framework " o S
Wea formulation

What about the dual formulation? 1

dX}* =0, for0<t<s<T=1, -
°{><:-X=xeu<. () =10 ()

@ V), is the largest u.s.c. subsolution of
—0:Vj (t,x) =0, forall (t,x) € (0,T) xR,
Vi (1,-) =h(-) on R.
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Stochastic framework

What about the dual formulation? 1

dX}* =0, for0<t<s<T=1,
{XtX—XeR Yh(‘):]'{o}(')

@ V), is the largest u.s.c. subsolution of

{ —0: Vi (t, x) =0, forall (t,x) € (0, T) xR,
Vi (1,-) = h(:) on R.
o V, (t,-)=h(), forevery t € (0, T]
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Linear formulation in Lipschitz case
Discontinuous setting
V

Stochastic framework
control formulation

What about the dual formulation? 2

@ In particular, V} (%0) =1.
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Stochastic framework

What about the dual formulation? 2

@ In particular, V} (%0) =1.
° 17" (3.0)
neR:3pc C12([ 1] x R)

= sup st. V(s,y z) € [% 1]><]R2,
<30 (s.y) +h(2) =9 (12)+¢(3.0)
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@ In particular, V} (%0) =1.
° 17" (3.0)

n€R:3¢p e C?([0,1] x R)

= sup st. V(s,y,z) € [5,1] xR?,
1< 30 (s,y) +h(2) =9 (12)+¢(3,0)

oz=¢¢e—0togetn* (10) <0< V,(3,0).
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ntin ting

hastic framework
Stochastic framewo Weak control formulation

Weak control formulation. U.s.c. case

o m=(QF (Ft)so, P, W, u),
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Discontinuc ting

hastic framework
Stochastic framewo Weak control formulation

Weak control formulation. U.s.c. case

o m=(Q,F, (Ft) 0. P, W, u),
o UV,
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0 n in Lipschitz case
Discontinuou ting

hastic framework =
Stochastic framewo Weak control formulation

Weak control formulation. U.s.c. case

o = (0 F, (Fi)psg . P, W, u),
o UV,
° Vi (t:3) = infrau B [0 (0X4")].
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Linear
Discontin

Stochastic framework Weak con

Weak control formulation. U.s.c. case

o = (0 F, (Fi)psg . P, W, u),
o UV,
o Vi (t:3) = infreu B [0 ()]

Proposition

If his us.c., then V}, (t,x) = V3" (t,x), (t,x) € [0, T] X RNV,
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Linear
Discontin

Stochastic framework Weak con

Weak control formulation. U.s.c. case

o = (0 F, (Fi)psg . P, W, u),
o UV,
o Vi (t:3) = infreu B [0 ()]

Proposition

If his us.c., then V}, (t,x) = V3" (t,x), (t,x) € [0, T] X RNV,

o ldea of the proof: v: . (AXx B x C x D)
= FE [ Lacsc (s, X0, u5)) ds| P7 (X5 € D)
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Linear
Discontin

Stochastic framework Weak con

Weak control formulation. U.s.c. case

o = (0 F, (Fi)psg . P, W, u),
o UV,
o Vi (t:3) = infreu B [0 ()]

Proposition

If his us.c., then V}, (t,x) = V3" (t,x), (t,x) € [0, T] X RNV,

o ldea of the proof: v: . (AXx B x C x D)
= FE [ Lacsc (s, X0, u5)) ds| P7 (X5 € D)

o V" (t,X) = infﬂGZ/{W E™ [hn (X;-’X’u)] >

infreyw B [A(X7)] > Vi (2, %)
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ntin ting

hastic framework
Stochastic framewo Weak control formulation

Weak control formulation. L.s.c. case

o VhW (th) = inf reyw E™ [h (X7t_xu)]
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0 n in Lipschitz case
Discontinuou ting

Stochastic framework 2
°! Weak control formulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.
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ion in Lipschitz case
tting

Stochastic framework .
mulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.

Proposition

If convexity and h is Ls.c., then V, (t,x) = V" (t,x).
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ion in Lipschitz case
tting

Stochastic framework .
mulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.

Proposition

If convexity and h is Ls.c., then V, (t,x) = V" (t,x).

o Idea of the proof: use inf-convolution,
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ion in Lipschitz case
tting

Stochastic framework .
mulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.

Proposition
If convexity and h is Ls.c., then V, (t,x) = V" (t,x).

o Idea of the proof: use inf-convolution,

o V7 (t,x) = infrcy ET [y (XE¥0)] =
J% ha (y1) R" (dydq),
for some control rule R" on X = C (IRJF;]RN) XV, Vis the
set of positive Radon measures on R x U whose projection
on IRy is the Lebesque measure.
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Stochastic framework

Weak control formulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.

Proposition

If convexity and h is Ls.c., then V, (t,x) = V" (t,x).

o Idea of the proof: use inf-convolution,

o V7 (t,x) = infrcy ET [y (XE¥0)] =
[ ha (yr) R" (dydq)
for some control rule R" on X = C (IRJF;]RN) XV, Vis the
set of positive Radon measures on R x U whose projection
on IRy is the Lebesque measure.

o V" (t,x) > [y ha(yr) R™ (dydq) if m> n;
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ion in Lipschitz case
tting

hastic framework - i
Stochastic framewol Weak it mulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.

Proposition

If convexity and h is Ls.c., then V, (t,x) = V" (t,x).

o Idea of the proof: use inf-convolution,

o V" (t,x) = infreyw E™ [hy (X3Y)] =
S5 bn (y7) R" (dydq),
for some control rule R" on X = C (IRJF;]RN) XV, Vis the
set of positive Radon measures on R x U whose projection
on IRy is the Lebesque measure.

o V" (t,x) > [y ha(yr) R™ (dydq) if m> n;

@ m— 00,nN— 00,
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Stochastic framework

Weak control formulation

Weak control formulation. L.s.c. case

o V" (t,x) =infreyw E™ [h(X7*")]
o {o0* (t,x,u),b(t,x,u):u€ U} is convex.

Proposition

If convexity and h is Ls.c., then V, (t,x) = V" (t,x).

o Idea of the proof: use inf-convolution,

o V" (t,x) = infreyw E™ [hy (X3Y)] =
J% hn (y7) R" (dydq)
for some control rule R" on X = C (IRJF;]RN) XV, Vis the
set of positive Radon measures on R x U whose projection
on IRy is the Lebesque measure.

o V" (t,x) > [y ha(yr) R™ (dydq) if m> n;

@ m— 0o, n— 00,

@ use |.s.c. of h and convexity to get V}, (t,x) > V¥ (t, x)



ntin ting

Stochastic framework 2
Weak control formulation

L.s.c., nonconvex case 1

o R, U={-1,1}, T=1
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0 n in Lipschitz case
Discontinuou ting

Stochastic framework 2
°! Weak control formulation

L.s.c., nonconvex case 1

o R, U={-1,1}, T=1
e b:R3 x U—>]R2,b(t,x,y,u) = (u,x2/\1),
t,x,y e Ruel.
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n in Lipschitz case
e Discontinuou ting
Stochastic framework 2
Weak control formulation

L.s.c., nonconvex case 1

o R, U={-1,1}, T=1

e b:R3x U—R2b(t,x,y u)= (u,x2/\1),
t,x,y e Ruel.
e 0 =0.
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Linear formulation in Lipschitz case
Discontinuo

hastic fi
Stochastic framework Weak contr

L.s.c., nonconvex case 1

o R, U={-1,1}, T=1

e b:R3 x U—>]R2,b(t,x,y,u): (u,x2/\1),
t,x,y e Ruel.

e 0 =0.

dxfo,Xovyo,U(‘) — utdt,

2
dyomao) _ (thO-XO'YO'“(')> A ldt,
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ear fo
Discontinu

hastic framework
Stochastic framewo Weak control formulation

L.s.c., nonconvex case 1

R, U={-11},T=1

b:R3x U — ]R2,b(t,x,y, u) = (u,x2/\1) ,
t,x,y e Ruel.

e 0 =0.

dX:o,Xov)/o,U(‘) — utdt,

2
dyomao) _ (thO-XO'YO'“(')> A ldt,

. _ [ 1, (x,y) #(0,0),
h:R* — R, h(X,y)—{ 0, if (X,}y/):(o,o).
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in Lipschitz c
ting

hastic framework =
Stochastic framewo Weak control formulation

L.s.c., nonconvex case 2

@ V} is the smallest |.s..c viscosity supersolution
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Linear formulation in Lipschitz case
Discontin tting

hastic framework =
Stochastic framewo Weak control formulation

L.s.c., nonconvex case 2

@ V} is the smallest |.s..c viscosity supersolution
o Vi (to,x0,y0) =inf{h(x):x € cl(R(1to)(x0,%))},
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n in Lipschitz case

Stochastic framework Dl ting
Weak control formulation

L.s.c., nonconvex case 2

@ V} is the smallest |.s..c viscosity supersolution
o Vi (to,x0,y0) =inf{h(x):x € cl(R(1to)(x0,%))},
o R(1,t) (x0,y0) = {x""" :ueU},
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Linear formul Lipschitz case
Discontin

Stochastic framework Weak con

L.s.c., nonconvex case 2

V), is the smallest I.s..c viscosity supersolution
Vi (to, X0, yo) = inf{h(x): x € c/ (R(1,to) (x0,¥0))},
R (1 to) (x0,%0) = {3 :ue U},

(0,0) € cl (R(1, 1) (0,0)),
For toe[O,l),{ (0,0)QéREl,go)((())),é) )
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Linear formul Lipschitz case

Stochastic framework Dy
Weak con

L.s.c., nonconvex case 2

V), is the smallest I.s..c viscosity supersolution
Vi (to, X0, yo) = inf{h(x): x € c/ (R(1,to) (x0,¥0))},
R (1 to) (x0,%0) = {3 :ue U},
0,0) e cl(R(1,t)(0,0)),
For tp € [0,1), { E0,0; p Rgl, 50) ((())) (()) )
@ Thus,
infue h (xlto’o'o'u(‘),ylto'o'o'u(.)) =1>0=V}"(%,0,0),
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Linear formulat in Lipschitz case
Discontinuous setting

hastic framework .
Stochastic framewo Weak control formulation
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Linear formulation in Lipschitz case
Discontinuous setting

hastic framework .
Stochastic framewo Weak control formulation
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Linear formulation in Lipschitz case
Discontinuou tting

Stochastic framework 2
Weak control formulation

Thank you !
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