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Heat equations with boundary noise

Neumann boundary conditions
∂y

∂s
(s, ξ) =

∂2y

∂ξ2
(s, ξ) + f(s, y(s, ξ)), s ∈ [t, T ], ξ ∈ (0, π),

y(t, ξ) = x(ξ),
∂y

∂ξ
(s,0) = Ẇ 1

s + u1
s ,

∂y

∂ξ
(s, π) = Ẇ 2

s + u2
s .

• {W i
t }t≥0, i = 1,2 independent real Wiener processes;

• {uit}t≥0, i = 1,2 predictable real valued processes modelling the control;

• y(t, ξ, ω) state of the system;

• x ∈ L2(0, π).

no noise as a forcing term!
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Heat equations with boundary noise

Reformulation in H = L2(0, π){
dXu

s = AXu
s ds+ F (s,Xu

s )ds+ (λ−A)b usds+ (λ−A)b dWs s ∈ [t, T ],
Xu
t = x,

where

F (t, x) = f(t, x(·)), W =

(
W 1

W 2

)
, u =

(
u1

u2

)
and b(·) =

(
b1(·)
b2(·)

)
.

bi(·) ∈ dom(λ−A)α, 0 < α < 3/4, bi(·) /∈ dom(λ−A)α, 3/4 < α < 1.
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Heat equations with boundary noise

We can give sense to the mild formulation

Xu
s =

e(s−t)Ax+

∫ s

t

e(s−r)AF (r,Xu
r ) dr +

∫ s

t

e(s−r)A(λ−A)b urdr +

∫ s

t

e(s−r)A(λ−A)b dWr

= e(s−t)Ax+

∫ s

t

e(s−r)AF (r,Xu
r ) dr

+

∫ s

t

(λ−A)1−βe(s−r)A(λ−A)βb urdr +

∫ s

t

(λ−A)1−βe(s−r)A(λ−A)βb dWr.
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Heat equations with boundary noise

Dirichlet boundary conditions
∂y

∂s
(s, ξ) =

∂2y

∂ξ2
(s, ξ) + f(s, y(s, ξ)), s ∈ [t, T ], ξ ∈ (0,+∞),

y(t, ξ) = x(ξ),
y(s,0) = us + Ẇs,

(1)

• y(t, ξ, ω) state of the system; • {Wt}t≥0 real Wiener process;

• {ut}t≥0 predictable real valued process modelling the control.

References

• Da Prato-Zabczyk (1995): y(s, ·) well defined in Hα, for α < −
1

4
.

• Alos-Bonaccorsi (2002) and Bonaccorsi-Guatteri (2002): y(s, ·) takes
values in the weighted space L2((0,+∞); ξ1+θdξ).
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Heat equations with boundary noise

In Fabbri-Goldys (2009) equation (1) (with f = 0) is reformulated as an
evolution equation in H = L2((0,+∞); ρ(ξ)dξ) with ρ(ξ) = ξ1+θ or ρ(ξ) =
min(ξ1+θ,1) using results in Krylov (1999) and (2001).

• The heat semigroup in L2((0,+∞)) extends to a bounded C0 semigroup
(etA)t≥0 in H with generator still denoted by A : dom(A) ⊂ H → H. The
semigroup (etA)t≥0 is analytic: for every β > 0,

‖(λ−A)βetA‖ ≤ Cβt−β for all t ≥ 0.

• Dirichlet map: λ > 0, ψλ(ξ) = e−
√
λξ, Dλ : R→H, Dλ(a) = aψλ.

• B = (λ−A)Dλ
⇓

{
dXu

s = AXu
s ds+Busds+BdWs s ∈ [t, T ],

Xu
t = x,
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Heat equations with boundary noise

• B : R→Hα−1 bounded

• ψλ ∈ dom(λ − A)α and (λ − A)etADλ = (λ − A)1−αetA(λ − A)αDλ : R → H
bounded.

• α ∈ (1
2
, 1

2
+ θ

4
).

We can give sense to

Xu
s = e(s−t)Ax+

∫ s

t

e(s−r)ABurdr +

∫ s

t

e(s−r)ABdWr
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Heat equations with boundary noise

Our framework


∂y

∂s
(s, ξ) =

∂2y

∂ξ2
(s, ξ) + f(s, y(s, ξ)), s ∈ [t, T ], ξ ∈ (0,+∞),

y(t, ξ) = x(ξ),
y(s,0) = us + Ẇs,

Hypothesis 1

1) f : [0, T ] × R → R measurable, ∀ t ∈ [0, T ] f(t, ·) : R → R continuously
differentiable and ∃Cf > 0 s.t.

| f(t,0) | + |
∂f

∂r
(t, r) |≤ Cf , t ∈ [0, T ], r ∈ R.

2) x(·) ∈ H.

3) admissible control u: predictable process with values in a compact U ⊂ R.
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Heat equations with boundary noise

Set F (s,X)(ξ) = f(s,X(ξ)): F : [0, T ]×H → H measurable and

|F (t,0)|+ |F (t, x1)− F (t, x2)| ≤ Cf(1 + |x1 − x2|), t ∈ [0, T ], x1, x2 ∈ H.
∀t ∈ [0, T ], F (t, ·) has a Gâteaux derivative ∇xF (t, x) and |∇xF (t, x)| ≤ Cf .
(x, h)→ ∇xF (t, x)h continuous as a map H×H → R.

{
dXu

s = AXu
s ds+ F (s,Xu

s )ds+Busds+BdWs s ∈ [t, T ],
Xu
t = x,

By the Picard approximation scheme we find a mild solution

Xu
s = e(s−t)Ax+

∫ s

t

e(s−r)AF (r,Xu
r ) dr +

∫ s

t

e(s−r)ABurdr +

∫ s

t

e(s−r)ABdWr. (2)

X ∈ L2(Ω;C([t, T ],H)) ∀ p ∈ [1,∞), α ∈ [0, θ/4), t ∈ [0, T ] ∃ cp,α s.t.

E sup
s∈(t,T ]

(s− t)pα|Xt,x
s |

p
dom(λ−A)α ≤ cp,α(1 + |x|H)p.
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Basic facts on stochastic optimal control

Controlled state equation in H{
dXu

τ = [AXu
τ + F (τ,Xu

τ ) + uτ ] dτ +G (τ,Xu
τ ) dWτ , τ ∈ [t, T ] ,

Xu
t = x.

Cost functional and value function

J (t, x, u) = E
∫ T

t

g (s,Xu
s , us) ds+ Eφ (Xu

T) ,

J∗ (t, x) = inf
u
J (t, x, u) .

Hamiltonian function: for every τ ∈ [t, T ] , x ∈ H, q ∈ H∗

ψ (τ, x, q) = − inf {g (τ, x, u) + qu : u ∈ U} ,

Γ (τ, x, q) = {u ∈ U : g (τ, x, u) + qu = −ψ (τ, x, q)}
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Basic facts on stochastic optimal control

“Analytic” approach

Find a unique, sufficiently regular, solution of the Hamilton Jacobi Bellman
equation (HJB) associated{

∂v
∂t

(t, x) = −At [v (t, ·)] (x) + ψ (t, x,∇v (t, x))
v(T, x) = φ (x) ,

where

Atf (x) =
1

2
Tr
(
G (t, x)G∗ (t, x)∇2f (x)

)
+ 〈Ax,∇f (x)〉+ 〈F (t, x) ,∇f (x)〉

For every admissible control u, J (t, x, u) ≥ v (t, x) and equality holds iff P-a.e.
and for a.e. τ ∈ [t, T ]

uτ ∈ Γ (τ,Xu
τ ,∇v (τ,Xu

τ )) .
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Basic facts on stochastic optimal control

u∗ s. t. J (t, x, u∗) = J∗ (t, x) is called optimal control;

X∗ (·) associated is called optimal trajectory;

(X∗, u∗) is called optimal pair.

Closed loop equation

Assume that Γ is not empty. Closed loop equation:{
dXτ =

[
AXτ + F

(
τ,Xτ

)
+ Γ

(
τ,Xτ ,∇v

(
τ,Xτ

))]
dτ +G

(
τ,Xτ

)
dWτ ,

Xt = x, τ ∈ [t, T ] , x ∈ H.

If there exists a solution, the pair
(
X,Γ

(
τ,Xτ ,∇v

(
τ,Xτ

)))
is an optimal pair.
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Basic facts on stochastic optimal control
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Basic facts on stochastic optimal control

BSDE approach

Controlled state equation in H{
dXu

τ = [AXu
τ + F (τ,Xu

τ ) +G (τ,Xu
τ )uτ ] dτ +G (τ,Xu

τ ) dWτ ,
Xu
t = x, τ ∈ [t, T ] , x ∈ H.

Forward-Backward system
dXτ = AXτdτ + F (τ,Xτ) dτ +G (τ,Xτ) dWτ , τ ∈ [t, T ]
dYτ = ψ (τ,Xτ , Zτ) dτ + ZτdWτ , τ ∈ [t, T ]
Xt = x,
YT = φ (XT) .
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Basic facts on stochastic optimal control

BSDE in integral form

Yτ +

∫ T

τ

ZσdWσ = φ (XT) +

∫ T

τ

ψ (σ,Xσ, Zσ) dσ

There exists a unique adapted solution

(Xτ , Yτ , Zτ) =
(
Xt,x
τ , Y t,x

τ , Zt,xτ
)
.

v (t, x) = Y (t, t, x) is deterministic and J (t, x, u) ≥ v (t, x), for every admissible
control u, and equality holds iff P-a.e. and for a.e. τ ∈ [t, T ]

uτ ∈ Γ (τ,Xτ ,∇v (τ,Xτ)G(τ,Xτ)) .

Identification of Zt,xτ with ∇v(τ,Xt,x
τ )G(τ,Xt,x

τ ).
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Basic facts on stochastic optimal control
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Stochastic optimal control: boundary case


∂y

∂s
(s, ξ) =

∂2y

∂ξ2
(s, ξ) + f(s, y(s, ξ)), s ∈ [t, T ], ξ ∈ (0, π),

y(t, ξ) = x(ξ),
∂y

∂ξ
(s,0) = Ẇ 1

s + u1
s ,

∂y

∂ξ
(s, π) = Ẇ 2

s + u2
s .

in H = L2(0, π){
dXu

s = AXu
s ds+ F (s,Xu

s )ds+ (λ−A)b usds+ (λ−A)b dWs s ∈ [t, T ],
Xu
t = x,

A. Debussche; M. Fuhrman; G. Tessitore. Optimal control of a stochastic
heat equation with boundary-noise and boundary-control. ESAIM Control
Optim. Calc. Var. 13 (2007).
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Stochastic optimal control: boundary case


∂y

∂s
(s, ξ) =

∂2y

∂ξ2
(s, ξ) + f(s, y(s, ξ)), s ∈ [t, T ], ξ ∈ (0,+∞),

y(t, ξ) = x(ξ),
y(s,0) = us + Ẇs.

Minimize over all admissible controls the cost functional

J(t, x, u(·)) = E
∫ T

t

∫ +∞

0
`(s, ξ, y(s, ξ), u(s)) dξ ds+ E

∫ +∞

0
φ(ξ, y(T, ξ)) dξ.
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Stochastic optimal control: boundary case

Set

L(s, x, u) =

∫ +∞

0
`(s, ξ, x(ξ), u) dξ, Φ(x) =

∫ +∞

0
φ(ξ, x(ξ)) dξ,

Abstract formulation of the control problem

Given Xu solution of{
dXu

s = AXu
s ds+ F (s,Xu

s )ds+Busds+BdWs s ∈ [t, T ],
Xu
t = x,

in H, minimize over all admissible controls

J(t, x, u(·)) = E
∫ T

t

L(s,Xu
s , us) ds+ E Φ(Xu

T).
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Regularity of the FBSDE

We need to study solvability and regularity with respect to the initial datum
x of the forward-backward stochastic differential system


dXt,x

s = AXt,x
s ds+ F (s,Xt,x

s )ds+BdWs s ∈ [t, T ],
Xt,x
t = x,

dY t,x
s = −Ψ(s,Xt,x

s , Zt,xs ) ds+ Zt,xs dWs, s ∈ [0, T ],
YT = Φ(Xt,x

T ).

20



Regularity of the FBSDE

• continuity and differentiability: (t, x) → Xt,x
· continuous [0, T ] × H 7→

LpP(Ω;C([0, T ];H)).

∇xXt,x
s h = e(s−t)Ah+

∫ s

t

e(s−σ)A∇xF (σ,Xt,x
σ )∇xXt,x

σ dσ, s ∈ [t, T ],

and (t, x, h)→ ∇xXt,x
· h continuous [0, T ]×H×H → LpP(Ω;C([0, T ];H)).

• “differentiability” in the direction (λ−A)αh:

Θα(s, t, x)h =
(
∇xXt,x

s − e(s−t)A
)

(λ−A)αh if s ∈ [t, T ].

(t, x, h) → Θα(·, t, x)h continuous [0, T ] × H × H → L∞P (Ω;C([0, T ];H));
∃Cθ,α s.t.

|Θα(·, t, x)h|L∞P (Ω,C([0,T ];H)) ≤ Cθ,α|h| for all t ∈ [0, T ], x, h ∈ H.
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Regularity of the FBSDE

• X admits the Malliavin derivative.

⇓

Let w ∈ C([0, T ) × H; R) Gâteaux differentiable. Assume ∀ t ∈ [0, T ), x ∈ H,
β ∈ (0, 1

2
+ θ

4
), the linear operator k → ∇w(t, x)(λ−A)1−βk extends to a bounded

linear operator H → R, denoted by [∇w(λ−A)1−β](t, x).

Then the process {w(s,Xt,x
s ), s ∈ [t, T ]} admits a joint quadratic variation

process with W , on every interval [t, s] ⊂ [t, T ), given by∫ s

t

[∇w(λ−A)1−β](r,Xt,x
r ) (λ−A)βDλ dr.
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Regularity of the FBSDE

{
dY t,x

s = −Ψ(s,Xt,x
s , Zt,xs ) ds+ Zt,xs dWs, s ∈ [0, T ].

YT = Φ(Xt,x
T ),

BSDE in integral form

Y t,x
s +

∫ T

s

Zt,xr dWr = Φ(Xt,x
T ) +

∫ T

s

Ψ(r,Xt,x
r , Zt,xr ) dr, s ∈ [0, T ].

Hypothesis 2 on Ψ and Φ

1) |Φ(x1)−Φ(x2)|H ≤ CΦ(1 + |x1|+ |x2|)|x2 − x1| for all x1, x2 in H.

2) |Ψ(s, x1, z)−Ψ(s, x2, z)| ≤ Cψ(1+|x1|+|x2|)|x2−x1|, |Ψ(s, x, z1)−Ψ(s, x, z2)| ≤
Cψ|z1 − z2|, sups∈[0,T ] |Ψ(s,0,0)| ≤ C` ∀x, x1, x2 ∈ H, z, z1, z2 ∈ R and
s ∈ [0, T ].
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Regularity of the FBSDE

3) Φ Gâteaux differentiable, Ψ(s, ·, ·) Gâteaux differentiable and (x, h, z) →
∇xΨ(s, x, z)h and (x, z, ζ) → ∇zΨ(s, x, z)ζ continuous on H × H × R and
H× R× R respectively.

differentiability: x→ (Y t,x
· , Zt,x· )

“differentiability” in the direction (λ−A)αk

∀α ∈ [0,1/2), p ∈ [2,∞) ∃ two families of processes

{Pα(s, t, x)k : s ∈ [0, T ]} and {Qα(s, t, x)k : s ∈ [0, T ]} ; t ∈ [0, T ), x ∈ H, k ∈ H
with Pα(·, t, x)k ∈ LpP(Ω, C([0, T ],R)) and Qα(·, t, x)k) ∈ LpP(Ω, L2([0, T ],R)) s.
t. if k ∈ dom(λ−A)α, t ∈ [0, T ), x ∈ H, then P-a.s.

Pα(s, t, x)k =

{
∇xY t,x

s (λ−A)αk for all s ∈ [t, T ],
∇xY t,x

t (λ−A)αk for all s ∈ [0, t),

Qα(s, t, x)k =

{
∇xZt,xs (λ−A)αk for a.e. s ∈ [t, T ],
0 if s ∈ [0, t).
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Regularity of the FBSDE

Corollary v(t, x) := Y t,x
t . v ∈ C([0, T ] ×H; R) and ∃C s. t. |v(t, x)| ≤ C (1 +

|x|)2, t ∈ [0, T ], x ∈ H. v Gâteaux differentiable and (t, x, h) → ∇v(t, x)h is
continuous.

∀α ∈ [0,1/2), t ∈ [0, T ) and x ∈ H k → ∇v(t, x)(λ−A)αk extends to a bounded
linear operator H → R, denoted [∇v(λ−A)α](t, x).

(t, x, k)→ [∇v(λ−A)α](t, x)k continuous [0, T )×H×H → R and ∃C∇v,α

|[∇v(λ−A)α](t, x)k| ≤ C∇v,α(T − t)−α(1 + |x|H)|k|H, t ∈ [0, T ), x, k ∈ H.

Moreover

Zt,xs = [∇v(λ−A)1−β](s,Xt,x
s ) (λ−A)βDλ, for almost all s ∈ [t, T ].
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Solution of the related HJB

Hamilton-Jacobi-Bellman equation{
∂v(t, x)

∂t
+ Lt[v(t, ·)](x) = −Ψ(t, x,∇v(t, x)B), t ∈ [0, T ], x ∈ H,

v(T, x) = Φ(x).

transition semigroup:

Pt,s[φ](x) = Eφ(Xt,x
s ), x ∈ H, 0 ≤ t ≤ s ≤ T,

Lt generator of Pt,s, formally:

Lt[φ](x) =
1

2
〈∇2φ(x)B,B〉+ 〈Ax+ F (t, x),∇φ(x)〉,

mild formulation

v(t, x) = Pt,T [Φ](x)−
∫ T

t

Pt,s[Ψ(s, ·,∇v(s, ·)B](x) ds, t ∈ [0, T ], x ∈ H,
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Solution of the related HJB

Definition Let β ∈ [0, 1
2
). v : [0, T ]×H → R is a mild solution of HJB equation

if

(i) v ∈ C([0, T ]×H; R) ∃C,m ≥ 0 s.t. |v(t, x)| ≤ C (1 + |x|)m, t ∈ [0, T ], x ∈ H.

(ii) v is Gâteaux differentiable and (t, x, h)→ ∇v(t, x)h is continuous [0, T )×
H×H → R.

(iii) ∀t ∈ [0, T ) and x ∈ H k → ∇v(t, x)(λ−A)1−βk extends to a bounded linear
operator H → R, denoted by [∇v(λ − A)1−β](t, x). (t, x, k) → [∇v(λ −
A)1−β](t, x)k continuous [0, T )×H×H → R and ∃C,m ≥ 0, κ ∈ [0,1) s. t.

|[∇v(λ−A)1−β](t, x)|H∗ ≤ C(T − t)−κ(1 + |x|)m, t ∈ [0, T ), x ∈ H.

(iv) ∀t ∈ [0, T ], x ∈ H:

v(t, x) = Pt,T [Φ](x)+

∫ T

t

Pt,s

[
Ψ
(
s, ·, [∇v(λ−A)1−β](s, ·) (λ−A)βDλ

)]
(x) ds.
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Solution of the related HJB

Theorem Assume Hypotheses 1 and 2 hold true. Then there exists a unique
mild solution of the Hamilton-Jacobi-Bellman equation. The solution v is
given by the formula

v(t, x) = Y t,x
t ,

where (X,Y, Z) is the solution of the forward-backward system
dXt,x

s = AXt,x
s ds+ F (s,Xt,x

s )ds+BdWs s ∈ [t, T ],
Xt,x
t = x,

dY t,x
s = −Ψ(s,Xt,x

s , Zt,xs ) ds+ Zt,xs dWs, s ∈ [0, T ],
YT = Φ(Xt,x

T ).
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Synthesis of the optimal control

“concrete” cost functional:

J(t, x, u(·)) = E
∫ T

t

∫ +∞

0
`(s, ξ, y(s, ξ), u(s)) dξ ds+ E

∫ +∞

0
φ(ξ, y(T, ξ)) dξ.

1) ∃C1, C2 s.t., for some ε > 0, ∀ ξ ∈ [0,+∞), y1, y2 ∈ R

|φ(ξ, y1)−φ(ξ, y2)| ≤ C1

√
ρ(ξ)

(1 + ξ)1/2+ε
|y1− y2| + C2 ρ(ξ)(|y1|+ |y2|) |y1− y2|,

2) ∀ t ∈ [0, T ] and ξ ∈ [0,+∞), `(t, ξ, ·, ·) : R2 → R continuous and ∃ C1, C2 s.
t. for some ε > 0, ∀ t ∈ [0, T ], ξ ∈ [0,+∞), y1, y2 ∈ R, u ∈ U,

|`(t, ξ, y1, u)−`(t, ξ, y2, u)| ≤ C1

√
ρ(ξ)

(1 + ξ)1/2+ε
|y1−y2|+C2 ρ(ξ)(|y1|+|y2|) |y1−y2|,

3)

∫ +∞

0
|φ(ξ,0)|dξ <∞ and ∀ t ∈ [0, T ]

∫ +∞

0
sup
u∈U
|`(t, ξ,0, u)| dξ ≤ C`.
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Synthesis of the optimal control

L(s, x, u) =

∫ +∞

0
`(s, ξ, x(ξ), u) dξ, Φ(x) =

∫ +∞

0
φ(ξ, x(ξ)) dξ,

“Abstract” cost

J(t, x, u(·)) = E
∫ T

t

L(s,Xu
s , us) ds+ E Φ(Xu

T).

Hamiltonian

Ψ(s, x, z) = inf
u∈U
{zu+ L(s, x, u)}.

Γ(s, x, z) = {u ∈ U : zu+ L(s, x, u) = Ψ(s, x, z)}
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Synthesis of the optimal control

Optimal control problem (strong formulation): minimize, for arbitrary t ∈
[0, T ] and x ∈ H, the cost J(t, x, u), over all admissible controls, where {Xu

s :
s ∈ [t, T ]} solves P-a.s.

Xu
s = e(s−t)Ax+

∫ s

t

e(s−r)AF (r,Xu
r ) dr +

∫ s

t

(λ−A)1−βe(s−r)A(λ−A)βDλ dWr

+

∫ s

t

(λ−A)1−βe(s−r)A(λ−A)βDλ ur dr, s ∈ [t, T ].

Theorem Under the previous assumptions ∀ t ∈ [0, T ], x ∈ H and ∀ admissible
control u we have J(t, x, u(·)) ≥ v(t, x), and J(t, x, u(·)) = v(t, x) holds if and
only if

us ∈ Γ
(
s,Xu,t,x

s , [∇v(λ−A)1−β](s,Xu,t,x
s ) (λ−A)βDλ

)
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FBSDE in the infinite horizon case

Heat equation
∂y

∂s
(s, ξ) =

∂2y

∂ξ2
(s, ξ)−My(s, ξ) + f(y(s, ξ)), s ≥ 0 ξ ∈ (0,+∞),

y(0, ξ) = x(ξ),
y(s,0) = u(s) + Ẇs,

reformulated in H as{
dXu

s = (A−MI)Xu
s ds+ F (Xu

s )ds+Busds+BdWs s ≥ 0,
Xu

0 = x,

Uncontrolled version in mild form,

Xs = es(A−MI)x+

∫ s

0
e(s−r)(A−MI)F (Xx

r ) dr +

∫ s

0
e(s−r)(A−MI)B dWr, s ≥ 0.
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FBSDE in the infinite horizon case

We know:

• ∀ T > 0, ∃ a unique mild solution s.t. ∀ p ∈ [1,+∞), α ∈ [0, θ/4),

E sup
s∈(0,T ]

spα|Xx
s |
p
dom(λ−A)α ≤ cp,α(1 + |x|H)p.

• Xx is continuous and Gâteaux differentiable with respect to the initial
datum x).

• ∃ Θα(·, x)h (“differentiability” in the direction (λ−A)αh).

• Xx admits the Malliavin derivative in every interval [0, T ].

If Hypothesis 1 holds true and if M is sufficiently large

|∇xXx
t |+ |Θα(t, x)h| ≤ C|h|

∀ t > 0 and x, h ∈ H.
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FBSDE in the infinite horizon case

Infinite horizon BSDE

dY x
s = −Ψ(Xx

s , Z
x
s ) ds+ µY x

s ds+ Zxs dWs, s ≥ 0,

i.e. P-a.s., for every T > 0,

Y x
s +

∫ T

s

Zxr dWr = Y x
T +

∫ T

s

(Ψ(Xx
r , Z

x
r )− µY x

r ) dr, s ≥ 0.

Hypothesis 3

i) Ψ : H× R→ R continuous and |Ψ(x, z1)−Ψ(x, z2)| ≤ K|z1 − z2|

ii) supx∈H |Ψ(x,0)| := M < +∞

iii) µ > 0.

iv) Ψ is Gâteaux differentiable and ∇xΨ(x, z) ≤ c ∀ x ∈ H, z ∈ R, and for
some c > 0.

34



FBSDE in the infinite horizon case

Theorem Let Hypotheses 1 and 2 hold true. x→ Y x
0 is Gâteaux differentiable

as a map H,R) and |Y x
0 |+ |∇Y x

0 | ≤ C.

∀ α ∈ [0,1/2), p ∈ [2,∞) ∃ Pα(x)k and Qα(x)k, x ∈ H, k ∈ H s.t. if k ∈
dom(λ−A)α, x ∈ H, then

Pα(x)k = ∇xY x
0 (λ−A)αk Qα(x)k = ∇xZx0(λ−A)αk.

(x, k)→ Pα(x)k continuous H → R. Moreover ∃ C∇Y,α,p s.t.

|Pα(x)k| ≤ C∇Y,α|k|H.

Corollary Let v(x) = Y x: v ∈ C(H; R) and |v(x)| ≤ C (1 + |x|)2, x ∈ H.
Moreover v is Gâteaux differentiable and (x, h) → ∇v(x)h is continuous. ∀
α ∈ [0,1/2) and x ∈ H the linear operator k → ∇v(x)(λ − A)αk extends to a
bounded linear operator H → R, denoted by [∇v(λ−A)α](x).

(x, k)→ [∇v(λ−A)α](x)k is continuous H×H → R and

|[∇v(λ−A)α](x)k| ≤ C|k|H, x, k ∈ H.
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Stationary HJB and optimal control

Hamilton-Jacobi-Bellman equation

L[v](x) = µv(x)−Ψ(x,∇v(t, x)B).

transition semigroup:

Ps[φ](x) = Eφ(Xx
s ), x ∈ H, s ≥ 0,

L the generator of Ps, formally:

L[φ](x) =
1

2
〈∇2φ(x)B,B〉+ 〈Ax+ F (x),∇φ(x)〉,

mild formulation

v(x) = e−µTPT [u](x)−
∫ T

0
e−µsPs[Ψ(·,∇v(·)B](x) ds, x ∈ H,

Theorem Let Hypotheses 1 and 3 hold true, let M sufficiently large. Then
there exists a unique mild solution of the stationary HJB given by v(x) = Y x

0 .
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Stationary HJB and optimal control

“concrete” cost functional

J(x, u) = E
∫ +∞

0
e−µs

∫ +∞

0
`(s, ξ, y(s, ξ), us) dξ ds.

Hypothesis ` : [0,+∞) × R × U → R continuous and ∃ C > 0, ε > 0 and
g ∈ L1([0,+∞)) s.t.

|l(ξ, x, u)| ≤ Cg(ξ), for every ξ ∈ [0,+∞), x ∈ R, u ∈ U .

|l(ξ, x1, u)− l(ξ, x2, u)| ≤ C
|x1 − x2|
(1 + ξ)

1+ε

2

√
ρ(ξ) ∀ ξ ∈ [0,+∞), x1, x2 ∈ R, u ∈ U .

Reformulation of the cost functional

L(x, u) =

∫ +∞

0
`(s, ξ, x(ξ), u) dξ, J(x, u(·)) = E

∫ +∞

0
e−µsL(Xu

s , us) ds.
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Stationary HJB and optimal control

hamiltonian

Ψ(x, z) = inf
u∈U
{zu+ L(x, u)},

Γ(x, z) = {u ∈ U : zu+ L(x, u) = Ψ(x, z)}

Theorem Under the previous assumptions ∀ x ∈ H and ∀ admissible control
u we have J(x, u(·)) ≥ v(x), and J(x, u(·)) = v(x) holds if and only if

us ∈ Γ
(
Xu,x
s , [∇v(λ−A)1−β](Xu,x

s ) (λ−A)βDλ
)

38



A. Debussche, M. Fuhrman, G. Tessitore. Optimal control of a stochastic
heat equation with boundary-noise and boundary-control. ESAIM Control
Optim. Calc. Var. 13 (2007), no. 1, 178–205.

G.Fabbri, B. Goldys, An LQ problem for the heat equation on the halfline
with Dirichlet boundary control and noise. SIAM J. Control Optim 48 (2009),
no. 3, 1473–1488

Y. Hu, G. Tessitore, BSDE on an infinite horizon and elliptic PDEs in infinite
dimension. NoDEA Nonlinear Differential Equations Appl. 14 (2007), no.
5-6, 825–846.

F. M., A Stochastic Optimal Control Problem for the Heat Equation on the
Halfline with Dirichlet Boundary-noise and Boundary-control,
arxiv:math/0905.3628.

39


