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Heat equations with boundary noise

Neumann boundary conditions

0 0°

8—2(8,5) = 8—;(875) —|— f(S,y(S,f)), CAS [taT]a f S (077T)7
V¢ Y&, &) = z(8),

(5,0 = Wil Usm) = WP+

{W}}i>0, 4= 1,2 independent real Wiener processes;
{ué}tzo, 1 = 1,2 predictable real valued processes modelling the control;
y(t, €, w) state of the system;

x € L?(0, 7).

Nno noise as a forcing term!



Heat equations with boundary noise

Reformulation in H = L?(0, )

{ dX¥ = AX%ds + F(s,X%)ds + (A — A)busds + (A — A)bdW, s € [t,T],
X' =z,

where
Feta) = Fea), W= (g2 )ou= (1 ) ana sy = ( 1of) ).

b'(-) € dom(\ — A)* 0< a<3/4, b(:) ¢ dom(A— A)*, 3/4<a<1.



Heat equations with boundary noise

We can give sense to the mild formulation

XU =

e(s—D A, 1 / eAR(r, XY dr + / eAN — A)bu,dr + / e AN — A)bdW,
t ¢ t
= (D4 / eTIAR(r, X dr
t

+ / (A — A1 BeG=AN — A)bu,dr + / (A — A Pel=mAN — A)Pb dW,.
t t



Heat equations with boundary noise

Dirichlet boundary conditions

5, 02
a_?;(s,@ = 8—;@,@ + f(s,9(s,8)), s € [t,T), € € (0,+00),

y(t,§) = xz(8),
L y(s,0) = us + W,

(1)

o y(t,&,w) state of the system; o {W;};>0 real Wiener process;
e {u;}>0 predictable real valued process modelling the control.

References

1
e Da Prato-Zabczyk (1995): y(s,-) well defined in H®, for a < 7

e Alos-Bonaccorsi (2002) and Bonaccorsi-Guatteri (2002): wy(s,-) takes
values in the weighted space L?((0, +o00); é1194¢).



Heat equations with boundary noise

In Fabbri-Goldys (2009) equation (1) (with f = 0) is reformulated as an
evolution equation in H = L2((0,400); p(€)d¢) with p(€) = €119 or p(¢) =
min(¢17% 1) using results in Krylov (1999) and (2001).

e The heat semigroup in L?((0,4+00)) extends to a bounded Cy semigroup
(e!4)i>0 in H with generator still denoted by A : dom(A4) C H — H. The
semigroup (ef4);>o is analytic: for every 8 > 0,

(A — A)Petd|| < Cat™ for all t > 0.
e Dirichlet map: A > 0, ¥\(€) = e VX, Dy : R — H, Dy(a) = apy.
o B = ()\ — A)D)\
X

{ dX" = AX%ds + Busds + BdW, s € [t,T],
X/ =z,



Heat equations with boundary noise

e B:R — H*»1! bounded

o i, € dom(A— A)* and (A — A)etADA = (A — A)l—ae“‘(A —A)*D, R —-H
bounded.

° OzE(%,%—I—%).

We can give sense to

XU =504, / e ABu,dr + / eIABAW,
t t



Heat equations with boundary noise

\

Our framework

o 0°
(s, = 8—;@,@ +f(s,9(5,€),  seltT], €€ (0,400),

y(t,8) = x(§),
y(s,0) = us + W,

\
Hypothesis 1

1) f:]0,T] x R — R measurable, Vt € [0,T] f(t,-) : R — R continuously
differentiable and 3Cf > O s.t.

1o +1Zeni<c,  tepmrer

2) z(-) € H.

3) admissible control u: predictable process with values in a compact U C R.

8



Heat equations with boundary noise

Set F'(s,X)(&) = f(s,X(&)): F:[0,T] xH— H measurable and
|F(t,0)| + |F(t,x1) — F(t,x2)| < Cf(l + |$1 — 2132|), t e [0,T], z1,20 € H.

vVt € [0,T], F(t,-) has a Gateaux derivative V F(t,x) and |V,F(t,z)| < Cy.
(z,h) — V. F(t,z)h continuous as a map H x H — R.

{ dX" = AX%ds + F(s, X“)ds + Busds + BdW, s € [t,T],

u —
X, =z,

By the Picard approximation scheme we find a mild solution

XU = b0z / eCTIAR(r, X dr 4 / e ABy,dr + / esTABAW,. (2)
t t t

X € L2(; C([t,T],H)) ¥p € [1,00), a € [0,0/4), t € [0,T] Jcpa S.t.

E 25%(8 — P X ey < a1+ [z]2)?.



Basic facts on stochastic optimal control

Controlled state equation in H

{ dX" = [AX* 4+ F (1, X*) + u,]dr + G (7, X¥)dW,, 7€ [t,T],
X =z

Cost functional and value function

T
J(t,x,u>=E/ g (s, X7, us) ds + E¢ (XL,
t
J*(t,x) =infJ(t,x,u).

Hamiltonian function: for every 7 € [t,T], x € H, g € H*
Y (1,2,9) = —inf{g(7,2z,u) +qu:uel},

F(mzq) ={veld:g(r,z,u)+qu=—9(7,2,9)}

10



Basic facts on stochastic optimal control

“Analytic’ approach

Find a unique, sufficiently regular, solution of the Hamilton Jacobi Bellman
equation (HJB) associated

{ St ) = —A[v(t,)] (@) + ¢ (t,z, Vo (t,2))
’U(T, CU) - Qb (aj) )

where
Auf (@) = ST (G (4,2 G (6,2) V2 (@) + (e, Vf () + (F (1,2), ¥ (&)

For every admissible control u, J (t,z,u) > v (t,x) and equality holds iff P-a.e.
and for a.e. 7 € [t,T]

ur € (r, X7, Vo (1, X)) .

11



Basic facts on stochastic optimal control

u*s. t. J(t,z,u*) = J* (t,x) is called optimal control,
X*(-) associated is called optimal trajectory;
(X*,u*) is called optimal pair.

Closed loop equation

Assume that I is not empty. Closed loop equation:

dX, = [AX; + F (1, X;) + T (1, X7, Vv (1, X;))] dr + G (7, X;) dW;,
X =z, T€e[t, T], =€ H.

If there exists a solution, the pair (X, I (1, X,, Vv (r,X,))) is an optimal pair.

12



Basic facts on stochastic optimal control

References

V. Barbu, G. Da Prato, Hamilton-Jacobi equations in Hilbert spaces, Research
Notes in Mathematics, 86. Pitman (1983).

P. Cannarsa, G. Da Prato, Second order Hamilton-Jacobi equations in infinite
dimensions, SIAM J. Control Optim, 29, 2, (1991).

P. Cannarsa, G. Da Prato, Direct solution of a second order Hamilton-Jacobi
equations in Hilbert spaces, Stochastic Partial Differential Equations and Ap-
plications, (1992).

F. Gozzi, Regularity of solutions of second order Hamilton-Jacobi equations
in Hilbert spaces and applications to a control problem, (1995) Comm Partial
Differential Equations 20.
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Basic facts on stochastic optimal control

BSDE approach

Controlled state equation in H

dXY=[AX!+ F(r, X))+ G (1, XY us]dr + G (7, X¥) dW-,
X =z, Tet,T], =€ H.

Forward-Backward system

dX, = AX.dr+ F (1, X;)dr + G (7, X;) dW,, T € [t,T]
dYr =Y (1, X+, Z;) dr + Z.dW-, T € [t,T]

Xt — T,

Yr = ¢ (X7).
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Basic facts on stochastic optimal control

BSDE in integral form

T T
YT—i—/ ngWJ=¢(XT)+/ (0, Xy, Zo) do

There exists a unique adapted solution
(X7, Yr, Z7) = (XL7, V", Z07)
v(t,x) =Y (t,t,x) is deterministic and J (t,x,u) > v (t,z), for every admissible
control w, and equality holds iff P-a.e. and for a.e. 7 € [t,T]
ur €N (r, X-, Vo (1, X;) G(1, X)) .
Identification of Z:* with Vu(r, X2)G(r, X2").
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Basic facts on stochastic optimal control

References

N. El Karoui, S. Peng, M. Quenez, Backward stochastic differential equations
in finance. Math. Finance 7, (1997), no.1.

M. Fuhrman and G. Tessitore, Non linear Kolmogorov equations in infinite
dimensional spaces: the backward stochastic differential equations approach
and applications to optimal control. Ann. Probab. 30 (2002), no. 3.

E. Pardoux and S. Peng, Backward stochastic differential equations and quasi-
linear parabolic partial differential equations. Stochastic Partial Differential
Equations and Their Applications. Lecture Notes in Control Inf.Sci. 176,
(1992) 200-217. Springer, Berlin.
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Stochastic optimal control: boundary case

d 0?
a—?:(s,f) — 8—5@,5) + f(s,9(s,8),  s€t,T], £€(0,m),

X %(t,ﬁ) = z(&), 5
8—Z<s, 0) = Wl +ul, 8—Z<s,w> = W2+ 2.

\
in H = L?(0, )
{ dX' = AX'ds + F(s, X")ds + (A — A)busds + (A — A)bdW, s € [t T,

X, ==,

A. Debussche; M. Fuhrman; G. Tessitore. Optimal control of a stochastic
heat equation with boundary-noise and boundary-control. ESAIM Control
Optim. Calc. Var. 13 (2007).
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Stochastic optimal control: boundary case

o 2
s, = a—;@,@ +f(s,9(5,8),  s€lt,T], €€ (0,+00),

y(t,§) = xz(8),
y(s,0) = us + Ws.

\

Minimize over all admissible controls the cost functional

T o0 400
J(t,2,u()) = E / /O ((s,6,y(s,€),u(s)) dé ds + E /O b6, y(T, ) de.

18



Stochastic optimal control: boundary case

Set
+o0 +o0
L(s, a,u) = /O U(s,6,2(6),u) di, D) = /O b€, 2()) de,

Abstract formulation of the control problem

Given X" solution of
{ dX" = AX%ds + F(s, X“)ds + Busds + BdW, s € [t,T],

X! =z,

in H, minimize over all admissible controls

T
Jtwu() =E [ L(s, X! u) ds +ESCXD)

19



Regularity of the FBSDE

We need to study solvability and regularity with respect to the initial datum
x Of the forward-backward stochastic differential system

[ dXL" = AXYPds + F(s, X")ds + BdW, s € [¢,T],
< Xf’x = z,
dYP" = —W (s, X5*, Z8%) ds + Z5% dW, s € [0,T],
| Yy = (X5

20



Reqgularity of the FBSDE

e continuity and differentiability: (¢,2) — X"* continuous [0,7] x H +—
L,($2; C([0,T]; H)).

VeX0"h = 04 4+ / eIV F (o, X))V, X5 do, s e [t,T],
t
and (t,z,h) — V,X""h continuous [0,T] x H x H — L5(S2; C([0,T]; H)).
e ‘“differentiability” in the direction (A — A)%h:

O%(s,t,x)h = (VmX?m — e(s_tM) (A—A)*h if s € [t,T].

(t,z,h) — ©%(-,t,x)h continuous [0,T] x H x H — L¥(£2; C([0,T]; H));
309,04 S.t.

©%(, t, )k = (.co,m:1)) < Coalh| for all t € [0,T], z,h € H.

21



Regularity of the FBSDE

e X admits the Malliavin derivative.

U

Let w € C([0,T) x H;R) Gateaux differentiable. Assume Vt € [0,T), = € 'H,
B € (0,34%), the linear operator k — Vw(t, z)(A—A)*~Pk extends to a bounded

linear operator H — R, denoted by [Vw(\ — A)P](t, z).

Then the process {w(s, X:"), s € [t,T]} admits a joint quadratic variation
process with W, on every interval [t,s] C [t,T), given by

/S[V’w(A — A0, XpT) (A = A)PDy dr

22



Regularity of the FBSDE

dYP" = —W (s, X\*, Z4%) ds + Z0* dWs, s € [0,T].
Yr = & (X5,

BSDE in integral form
T T
Yo' + / ZH dW, = & (X5") + / W (r, XL", Z57) dr, s € [0,T7.
Hypothesis 2 on W and &
1) |<D(331) — ¢($2)|H S Ccp(l —|— |:C1| —I— |332|)|£U2 — 561| for all 1, T2 in H.
2) [W(s,z1,2)—W(s,22,2)| < Cy(1+|za|+|z2])|ma—m1], [W(s,2,21)—W(s,x,22)| <

Cylz1 — 22|, SUPg o |W(s,0,0)] < Cp Vo,z1,220 € H, 2,21,22 € R and
s € [0,T].
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Regularity of the FBSDE

3) & Gateaux differentiable, W(s,-,-) Gateaux differentiable and (z,h,z) —
V.:WV(s,z,z)h and (z,z,{) — V,W(s,x,2)¢ continuous on ‘H x H x R and
H x R x R respectively.

differentiability: z — (Y**, Z"%)
“differentiability” in the direction (A — A)%k
Va € [0,1/2), p € [2,00) I two families of processes

{P*(s,t,z)k : s € [0,T]} and {Q%(s,t,z)k:s€[0,T]}; tel[0,T), x€H, keH

with P(-, ¢, z)k € LE(Q2,C([0,T],R)) and Q*(:,t,z)k) € L%L(2, L?([0,T],R)) s.
t. if k€ dom(A— A)*, te€[0,T), x € H, then P-a.s.

V.Y (A — Ak for all s € [t,T],

P~ —
(s, t,x)k { V.Y (A — A)*k  for all s € [0,1),

o | v.ZY(\N— Ak for a.e. s € [t,T],
@ (S’t’m)k_{ 0 if s € [0,1).

24



Regularity of the FBSDE

Corollary v(t,z) := Y. v e C([0,T] x H;R) and 3C s. t. |v(t,z)| < C(1+
1z|)2, t € [0,T], € H. v Gateaux differentiable and (t,z,h) — Vu(t,z)h is
continuous.

Va € [0,1/2), t € [0,T) and z € H k — Vu(t,z)(A— A)*k extends to a bounded
linear operator H — R, denoted [Vv(\ — A)%](¢, ).

(t,z, k) — [Vu(A — A)?](t,z)k continuous [0,T) x H X H — R and 3Cvyyq

[[Vo(A — A)?](t, 2)k| < Cvpo(T — 1) (1 + |z|x)|k|#, te[0,T), =,k € H.
Moreover
Zb® = [Vo(A — A)17P](s, X%) (A — A)PDy, for almost all s € [¢, T1].

25



Solution of the related HIB

Hamilton-Jacobi-Bellman equation

{ W) | pro(e (@) = —W (¢, 2, Volt, 2)B), te[0,T], z € H,
v(T,z) = d(x).
transition semigroup:
P s[6](x) = Ep(X(7), zeH, 0<t<s<T,
L: generator of P, formally:
LG ) = (V26(@)B, B) + (Az + F(t,2), V(o))

mild formulation

T
o(t,2) = Po[®](z) — /t PV (s, Vo(s, )Bl(x) ds,  te[0,T], z €N,

26



Solution of the related HJB

Definition Let 3 ¢ [O,%). v:[0,T] xH — R is a mild solution of HJB equation
if

(i) ve C(0, T xH;R) IC,m >0 s.t. |v(t,z)|<C 1+ |z|)™ te[0,T], x € H.

(ii) v is Gateaux differentiable and (¢,z,h) — Vu(t,z)h is continuous [0,T) x
H x H — R.

(iii) YVt € [0,T) and z € H k — Vu(t,z)(A— A)1~PL extends to a bounded linear

operator H — R, denoted by [Vo(A — A)YP(t,z). (t,z,k) — [Vo(\ —
A)1B)(t, 2)k continuous [0,T) x HxH — R and 3C,m >0, x € [0,1) s. t.

VoA — D)P1(t, ) |3 < C(T —t)7"(1 + |=])™, te[0,7), = €H.

(iv) vVt € [0,T], = € H:
T
o(t.2) = @)@+ [ P [W (5.0 [900 = (5.0 0= D)) | (@) s

27



Solution of the related HJB

Theorem Assume Hypotheses 1 and 2 hold true. Then there exists a unique
mild solution of the Hamilton-Jacobi-Bellman equation. The solution v is
given by the formula

v(t,x) =Y,
where (X,Y, Z) is the solution of the forward-backward system

(dXD" = AXYPds + F(s, X")ds + BdW, s € [t,T],
< X" =g,

dYP" = —W (s, X1*, Z8%) ds + Z8% dWs, s € [0,T],
| Yy = (X5

28



Synthesis of the optimal control

““‘concrete” cost functional:
T o0 o0
J(twu() =E [ /O (5,6, y(s,€), us)) de ds + E /O o€,y (T, £)) d.
t

1) 3C1,C5 s.t., for some € >0, V€ [0,400), y1,y2 € R

[9(&y1) — ¢(&, y2)| < 01(1 _I_' Z@HE ly1 —y2| + C2 p(&) (ly1] + |y2]) |y1 — v2l,

2) Vte[0,T] and € € [0,4+c0), £(t,&,-,-) : R? — R continuous and 3 C1,C5 s.
t. forsomee>0,Vte[0,T], £€€[0,400), y1,y2 € R, u €U,

1€(t, &5y, u)—L(¢, &, Y2, u)| < Cl(l _I_” zgizﬂe [y1—y2| + C2 p(E) (|y1]+]y2]) ly1—y2|,

o0 oo
3) / |9(€,0)[d§ < oo and V ¢ € [0,T] / Sup £(¢,&,0,u)| d§ < Ch.
0 0 ue

29



Synthesis of the optimal control

+o0 too
L(s,,u) = /O s, 6,2(8),u) de,  D(z) = /0 b€, 2()) de,

“Abstract” cost

T
J(t,z,u(-)) = E/ L(s, X% us) ds + EP(X}).
t
Hamiltonian

WV(s,x,z) = IQI{{zu + L(s,z,u)}.

M(s,z,z2) ={uelU:zu+ L(s,xz,u) = V(s,z,2)}

30



Synthesis of the optimal control

Optimal control problem (strong formulation): minimize, for arbitrary t €
[0,T] and z € H, the cost J(t,z,u), over all admissible controls, where {X¥ :
s € [t, T]} solves P-a.s.

Xt = el 0Ag 4 / eCTIAR(r, X dr + / (A — A1 Beb=mAN — 4D, dW,
t t

+ / (A — A1 Bel=mAN — A)PD, w, dr, s € [t,T].
t
Theorem Under the previous assumptions V¢t € [0,T], x € ‘H and V admissible
control v we have J(t,z,u(-)) > v(t,z), and J(t,z,u(-)) = v(t,z) holds if and

only if
us € I (8, X207 [Vo(A — AP (s, XubT) (X — A)BDA)
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FBSDE in the infinite horizon case

Heat equation

0 0?
(s, = 8—5?;(3,&) — My(s,6) + f(y(5,6)),  s>0&€ (0,+00),

y(0,8) = =(¢),
y(s,0) = u(s) + Wi,

reformulated in ‘H as

{ dX" = (A — MI)X%s + F(X“)ds + Busds + BdW; s> 0,
Xg = =,

Uncontrolled version in mild form,

X, = sA-MD g 4 /8 e(s_r)(A_MI)F(Xf) dr + /S els—)(A-MID) p AW, s > 0.
0 0

32



FBSDE in the infinite horizon case

We know:

e VT >0, 3 a unique mild solution s.t. Vp e [l,4+c0), a € [0,0/4),

E sup sP*X7|F < cpa(l 4 |x|x)P.
e (0.1 | s ldom(A—A) p | |

e X7 is continuous and Gateaux differentiable with respect to the initial
datum z).

e J ©%(.,x)h (“differentiability” in the direction (A — A)%h).
e X7 admits the Malliavin derivative in every interval [0, T].

If Hypothesis 1 holds true and if M is sufficiently large
Vo X?| 4 |©°(t, 2)h| < C|h|
Vit>0and x,h € H.
33



FBSDE in the infinite horizon case

Infinite horizon BSDE
dYF = —W (X7, Z7) ds + pYr ds + Z7 dWs, s >0,

S i

i.e. P-a.s., for every T > 0O,
T T
v [ zraw=vi+ [ 6Oz -wdn s>o0

Hypothesis 3
i) W:H xR — R continuous and |W(z,2z1) — W(z,22)| < Kl|z1 — 22
i) supgen |W(x,0)] := M < 400

i) > 0.

iv) W is Gateaux differentiable and V,W(z,z) <c¢cV z € H, z € R, and for
some ¢ > 0.
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FBSDE in the infinite horizon case

Theorem Let Hypotheses 1 and 2 hold true. z — Y is Gateaux differentiable
as a map H,R) and |Y§| + |VYF| < C.

Va € [0,1/2), p € [2,00) T P*(x)k and Q*(x)k, x € H, k € H s.t. if k €
dom(A — A)%, =z € H, then

PY(x)k =V, YA — A)*k  Q%(x)k =V Zi(\ — A)%.
(z,k) — PY(x)k continuous H — R. Moreover 3 Cyy, S-t.
P(2)k| < Coyalkln.
Corollary Let v(z) = Y*: v € C(H;R) and |v(z)| < C(1 + |z])?, = € H.
Moreover v is Gateaux differentiable and (x,h) — Vwu(x)h is continuous. V

a € [0,1/2) and x € 'H the linear operator k — Vu(z)(A — A)*k extends to a
bounded linear operator H — R, denoted by [Vu(\ — A)%](x).

(z, k) — [Vo(\ — A)%](x)k is continuous H x H — R and
[[Vo(A = A)(z)k| < Clkln, z,k € H.
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Stationary HJB and optimal control

Hamilton-Jacobi-Bellman equation
Lv](z) = pv(x) — V(z, Vo(t,z)B).
transition semigroup:

Ps[¢](z) = Eo(X7), rcH, s>0,
L the generator of P,, formally:

LI1(2) = 5(V26(@)B, B) + (Av + F(2), V()
mild formulation
T
v(z) = e M Prlu](x) — /o e WP [W(-,Vu(-)B](x) ds,z € H,

Theorem Let Hypotheses 1 and 3 hold true, let M sufficiently large. Then
there exists a unigue mild solution of the stationary HJB given by v(z) = Y{.
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Stationary HJB and optimal control

“‘concrete’” cost functional

+oo +o0
J(z,u) = E / et / (s, €, y(s,€), us) de ds.
0 0

Hypothesis 7 : [0,4c0) x R x Y — R continuous and 3 C > 0,e¢ > 0 and
g € L1([0, +00)) s.t.

1€, z,u)] < Cg(&), forevery £€[0,400),ze€Rucl.
|z1 — 22
(1467

Reformulation of the cost functional

|l(€,&71,U)—l(€,iB2,U)| S C \/p(g) v 66 [O>+OO)7ZC17332 ER,’U,EM

+00 Foo
L(z,u) = /0 0(s,6,2(8),u) dé,  J(z,u()) =E /O e L(XY, 1) ds,

37



Stationary HJB and optimal control

hamiltonian
V(x,z) = in{{{zu + L(x,u)},
ue

M(z,z) ={uelU:zu+ L(zx,u) = V(zx,2)}

Theorem Under the previous assumptions V x € ‘'H and V admissible control
u we have J(z,u(-)) > v(x), and J(z,u(-)) = v(x) holds if and only if

us € T (X2, [Vo(A — A PIXE") (A= A)PD))
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