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1 Introduction

Our objective: study of the semilinear SPDE
du(t,x) = (Lu(t,x)+ f (t,x,u(t,x),∇u(t,x)σ(x)))ds+ γtu(t,x)dBt ,

(t,x) ∈ [0,T ]×Rd , u(0,x) = Φ(x), x ∈ Rd ,
where

1. L :=
1
2
tr

(
σσ

∗(x)D2)+b(x)∇;

2. B is a fractional Brownian motion with Hurst parameter H ∈
(0,1/2);

3. γ ∈ L2(0,T ) + some additional assumptions;

4.
Z t

0
γsu(s,x)dBs := δ(γu(.,x)I[0,t]) - Skorohod integral (=extended

divergence);

5. study of the solution in viscosity sense.
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Main idea of our approach: if B were a Brownian motion, the viscosity

solution u(t,x) = Y t,x
t of the SPDE would be given by the

backward doubly SDE:

Y t,x
s = Φ(X t,x

0 )+
Z s

0
f (r,X t,x

r ,Y t,x
r ,Zt,x

r )dr−
Z s

0
Zt,x

r ↓ dWr +
Z s

0
γrY t,x

r dBr,

s ∈ [0, t]

(W - Brownian motion independent of B), associated with the
Forward SDE:

dX t,x
s =−σ(X t,x

s ) ↓ dWs−b(X t,x
s )ds, s ∈ [0, t], X t,x

t = x.

The difficulty for us: B is a fractional Brownian motion with Hurst
parameter H ∈ (0,1/2); the integral in the BDSDE is in Skorohod’s
sense ⇒ we can’t use the approach of Pardoux, Peng for the study of
BDSDEs.

Preparing steps: special case of the above backward doubly SDE: if Φ∈
R and f independent of x it’s a semilinear SDE driven by a fractional
Brownian motion.
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Our approach:

• Study of (anticipating) semilinear SDEs driven by a frac-
tional Brownian motion with H ∈ (0,1/2) by associating them with
the help of the Girsanov transformation with pathwise ordinary
differential equations (Jien and Ma[2009]);

• Application of the same technique to associate our back-
ward doubly SDE with a pathwise BSDE (without integral w.r.t. B);

• Study of the associated SPDE with the same techniques;
association:

semilinear SPDE
Gt⇔ pathwise PDE ⇔ pathwise BSDE

Gt⇔ BDSDE

Gt - Girsanov transformation.
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2 Some basics on frac. Brownian motion

(Ω,F ,P) - the canonical Wiener space with time horizon T > 0:
+ Ω = C0([0,T ];R) endowed with the supremum norm;
+ P - the Wiener measure on (Ω,B(Ω));
+ W 0 = (W 0

t )t∈[0,T ] - the coordinate process on Ω; Brownian motion
under P;
+ F = B(Ω)∨NP.

For H ∈ (0,1/2), our fBm with Hurst parameter H:

Bt =
Z t

0
KH(t,s)dW 0

s , t ∈ [0,T ],

with the integral kernel

KH(t,s)=CH

[( t
s

)H− 1
2
(t− s)H−1

2 −
(

H− 1
2

)
s

1
2−H

Z t

s
uH− 3

2 (u− s)H− 1
2 du

]
,

where CH =

√
2H

(1−2H)β(1−2H,H + 1
2 )

.
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As an fBm with Hurst parameter H the process B is Gaussian with

E[Bt ] = 0;

RH(t,s) := E[BtBs] =
1
2

(
t2H + s2H −|t− s|2H)

, t,s ∈ [0,T ].

HH - the Hilbert space defined as completion of the space Le(0,T )
of step functions on [0,T ] w.r.t. the norm associated with the scalar
product

〈I[0,t], I[0,s]〉HH
= RH(t,s) = E[BtBs], t,s ∈ [0,T ].

• HH = Λ
1/2−H
T = { f : [0,T ]→ R |∃ϕ f ∈ L2(0,T ),

s.t. f (u) = u1/2−H I1/2−H
T− (sH−1/2ϕ f (s))(u)}, where

Iα
T−( f )(x) :=

1
Γ(α)

Z T

x

f (u)
(u− x)1−α

du, x ∈ [0,T ], f ∈ L1(0,T ),

is the right-sided fractional integral of f ; Λ
1/2−H
T is a Hilbert space

w.r.t. the scalar product

〈 f ,g〉
Λ

1/2−H
T

= CHΓ(H +
1
2
)〈ϕ f ,ϕg〉L2(0,T ).
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• Extension of I[0,t] → Bt to an isometry Λ
1/2−H
T 3 f → B( f ) ∈

L2(Ω,F ,P). By the transfer principle:

B( f ) =
Z T

0
(K f )(s)dW 0

s , where

(K f )(s) = CHΓ(H +
1
2
)s1/2−H(D1/2−H

T− uH−1/2 f (u))(s), s ∈ [0,T ],

(Dα
T− f )(s) =

1
Γ(1−α)

(
f (s)

(T − s)α
+α

Z T

s

f (s)− f (u)
(u− s)1+α

du
)

(right-sided

fractional derivative); in particular: K I[0,t] = KH(t, .)I[0,t], t ∈ [0,T ].

The operator K : Λ
1/2−H
T → L2(0,T ) and its dual operator K ∗ are

crucial for the definition of the stochastic integral δ (Skorohod integral)
w.r.t. B (see: Nualart; Cheridito, Nualart; León, Nualart):

7 / 29



I . . .

S . . .

F . . .

F . . .

T . . .

• Smooth random variables: F ∈ SK if
F = f (B(ϕ1), . . . ,B(ϕn)), ϕ1, . . . ,ϕn ∈ Dom(K ∗K ), f ∈ C∞

p (R);

(Dom(K ∗K ) is dense in Λ
1/2−H
T , see: León, Nualart;)

DF =
n

∑
i=1

∂ fxi(B(ϕ1), . . . ,B(ϕn))ϕi.

• Skorohod integral:
Let u ∈ L2(Ω× [0,T ]); u ∈ Dom(δ) if ∃δ(u) ∈ L2(Ω) s.t.

E[〈K ∗K DF,u〉L2(0,T )] = E[Fδ(u)], ∀F ∈ SK .

In this case: δ(u) =: Skorohod integral (extended divergence of u);Z t

0
usdBs := δ(uI[0,t]), for uI[0,t] ∈ Dom(δ).

• Girsanov transformation: Tt(ω) = ω+
Z .

0
(K γI[0,t])(r)dr, ω ∈ Ω,

At(ω) = ω−
Z .

0
(K γI[0,t])(r)dr, T−1

t = At , t ∈ [0,T ].
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Assumption (H1): γ ∈ L2(0,T ) s.t. γI[0,t] ∈ Λ
1/2−H
T , for all t ∈ [0,T ].

We have:

+ B(ϕ)(Tt) = B(ϕ)+
Z T

0
(K γI[0,t])(r)(K ϕ)(r)dr

= B(ϕ)+
Z t

0
γr(K ∗K ϕ)(r)dr, ϕ ∈ Dom(K ∗K );

+ E[F ] = E[F(At)εt ], with εt = exp
{Z t

0
γrdBr −

1
2

Z t

0
((K γI[0,t])(r))

2dr
}

.

Lemma. Suppose that, for some q > 1
H , γ ∈ Lq(0,T ) andZ T

0

(Z T

x

|γ(t)− γ(x)|
(t− x)3/2−H dt

)q

dx < +∞.

Then, for all p ≥ 1,

E

[
exp

{
p sup

t∈[0,T ]

∣∣∣∣Z t

0
γsdBs

∣∣∣∣
}]

≤CH,p,q,γ < ∞.
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3 Fract. anticipating semilinear SDEs

Let b : Ω× [0,T ]×R → R be measurable,
+ Lipschitz in x ∈ R, uniformly w.r.t. (ω, t), and
+ b(., .,0) be bounded.

Xt = ξ+
Z t

0
b(s,Xs)ds+

Z t

0
γsXsdBs, t ∈ [0,T ],

where ξ ∈ Lp(Ω), for some p > 2.

Theorem (Jien and Ma [2009]). Under assumption (H) (γ ∈ L2(0,T )
s.t. γI[0,t] ∈ Dom(δ), for all t ∈ [0,T ]):

Xt = εtζt(At ,ξ(At)), t ∈ [0,T ],

is the unique solution in L2(Ω× [0,T ]) with γXI[0,t] ∈ Dom(δ), for all
t ∈ [0,T ]; (ζt(x)) is the unique pathwise solution of the equation

ζt(x) = x+
Z t

0
ε
−1
s (Ts)b(Ts,s,εs(Ts)ζs(x))ds, t ∈ [0,T ].
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4 Fractional backward doubly SDEs

+ B - fractional Brownian motion with Hurst parameter H ∈ (0,1/2)
defined on the classical Wiener space (Ω′,F ′,P′) in the same manner
as before; Ω′ = C0([0,T ];R);
+ W = (W 1, . . . ,W d) - coordinate process on the classical Wiener space
(Ω′′,F ′′,P′′), where Ω′′ = C0([0,T ];Rd); W is a d-dimensional Brown-
ian motion
+ (Ω,F 0,P) := (Ω′,F ′,P′)⊗ (Ω′′,F ′′,P′′), F = F 0∨NP.

Objective: study of the (fractional) backward doubly SDE (BDSDE)

Yt = ξ+
Z t

0
f (s,Ys,Zs)ds−

Z t

0
Zs ↓ dWs +

Z t

0
γsYsdBs, t ∈ [0,T ],

where:
+ ξ ∈ L2(Ω,F W

0,T ,P); here: F W
t,s = σ{Wr −Wt , r ∈ [t,s]}∨NP, t ≤ s;

+ f : Ω′′× [0,T ]×R×Rd → R is measurable s.t.

- f (., t,y,z) ∈ F W
t,T , for all (t,y,z),
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- f (., .,0,0) ∈ L2(Ω× [0,T ]),
- f (ω, t, ., .) is Lipschitz, uniformly in (ω, t).

Let G = (Gt = F W
t,T ∨F B

t )t∈[0,T ], H = (Ht = F W
t,T ∨F B

T )t∈[0,T ].

Solution (Y,Z) ∈ L2
G(0,T ;R×Rd) s.t.

Yt = ξ+
Z t

0
f (s,Ys,Zs)ds−

Z t

0
Zs ↓ dWs︸ ︷︷ ︸+

Z t

0
γsYsdBs︸ ︷︷ ︸, t ∈ [0,T ],

Itô backw. integral of Z ∈ L2
H(0,T ;Rd) Skorohod integral δ(γY I[0,t])

(= a Skorohod integral w.r.t. W )
⇒ use of the Malliavin calculus w.r.t. (B,W ).

Some basic elements of Malliavin calculus for our case:

• Smooth functionals over Ω: F ∈ S of the form
F = f (B(ϕ1), . . . ,B(ϕn),W (ψ1), . . . ,W (ψm)),

ϕi ∈ Dom(K ∗K ),ψ j ∈C([0,T ];Rd), f ∈C∞
p ([0,T ];Rn+m);

• Malliavin derivative w.r.t. B: the Λ
1/2−H
T -valued random variable

DBF =
n

∑
i=1

∂xi f (B(ϕ1), . . . ,B(ϕn),W (ψ1), . . . ,W (ψm))ϕi,
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• Malliavin derivative w.r.t. W :

DW F =
m

∑
i=1

∂xi+n f (B(ϕ1), . . . ,B(ϕn),W (ψ1), . . . ,W (ψm))ψi.

• Skorohod integral w.r.t. B (extension of our definition from Ω′ to
Ω = Ω′×Ω′′) :
u ∈ L2(Ω× [0,T ]) belongs to Dom(δB) if ∃δB(u) ∈ L2(Ω) s.t.

E
[Z T

0
(K ∗K DBF)(s)usds

]
= E[Fδ

B(u)], F ∈ S ;

δB(u) - the Skorohod integral of u;
• Skorohod integral w.r.t. W : u ∈ L2(Ω× [0,T ]) belongs to Dom(δW )
if ∃δW (u) ∈ L2(Ω) s.t.

E
[Z T

0
DW

s F(s)usds
]

= E[Fδ
W (u)], F ∈ S ;

δW (u) - the Skorohod integral of u.
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Lemma. Let u∈ L2
H(0,T ;Rd). Then u∈Dom(δW ) and the Itô backward

integral coincides with the Skorohod integral:Z T

0
us ↓ dWs = δ

W (u).

• Girsanov transformation on Ω = Ω′×Ω′′ w.r.t. to B: canonical ex-
tension from Ω′ to Ω:

Tt(ω′,ω′′) = (Ttω
′,ω′′), ω = (ω′,ω′′) ∈ Ω = Ω

′×Ω
′′,

At(ω′,ω′′) = (Atω
′,ω′′); T−1

t = At , t ∈ [0,T ].

• A subspace of L2
G(0,T ;R×Rd) stemming its importance from the

invariance w.r.t. Girsanov transformation:

I∗T = sup
t∈[0,T ]

∣∣∣∣Z t

0
γsdBs

∣∣∣∣; recall: E[exp{pI∗T}] < +∞, p ≥ 1.

L2,∗
G (0,T ;R×Rd) :=

{
(Y,Z) ∈ L2

G(0,T ;R×Rd) :

E
[

exp{pI∗T}
Z T

0
(|Yt |2 + |Zt |2)dt

]
< ∞, for all p ≥ 1

}
.
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For the above space the following invariance property holds:
Lemma. For any (Y,Z) ∈ L2,∗

G (0,T ;R×Rd) :
+ ((Yt(Tt)ε−1

t (Tt),Zt(Tt)ε−1
t (Tt))) ∈ L2,∗

G (0,T ;R×Rd);
+ ((Yt(At)εt ,Zt(At)εt)) ∈ L2,∗

G (0,T ;R×Rd).
Theorem. The backward doubly SDE has a unique solution (Y,Z) ∈
L2,∗

G (0,T ;R×Rd).

Idea of the proof: Reduction of the BDSDE with the help of the Gir-
sanov transformation to the pathwise BSDE

Ŷt = ξ+
Z t

0
f (s,Ŷsεs(Ts), Ẑsεs(Ts))ε−1

s (Ts)ds−
Z t

0
Ẑs ↓ dWs

= ξ+
Z t

0
Fs(Ŷs, Ẑs)ds−

Z t

0
Ẑs ↓ dWs, t ∈ [0,T ],

where Fs(y,z) := f (s,yεs(Ts),zεs(Ts))ε−1
s (Ts).

Proposition: The above BSDE has a solution (Ŷ , Ẑ) ∈ L2,∗
G (0,T ;R×

Rd)(⊂ L2
H(0,T ;R×Rd)) which is unique in L2

H(0,T ;R×Rd).
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Theorem. 1) Let (Ŷ , Ẑ) ∈ L2,∗
G (0,T ;R × Rd) be a solution of the

preceding BSDE. Then

(Yt ,Zt)t∈[0,T ] = (Ŷt(At)εt , Ẑt(At)εt)t∈[0,T ] ∈ L2,∗
G (0,T ;R×Rd)

is a solution of the backward doubly SDE

Yt = ξ+
Z t

0
f (s,Ys,Zs)ds−

Z t

0
Zs ↓ dWs +

Z t

0
γsYsdBs, t ∈ [0,T ];

in particular, γY I[0,t] ∈ Dom(δB), for all t ∈ [0,T ].

2) Conversely, if (Y,Z) ∈ L2,∗
G (0,T ;R × Rd) is a solution of the

backward doubly SDE then

(Ŷt , Ẑt)t∈[0,T ] = (Yt(Tt)ε−1
t (Tt),Zt(Tt)ε−1

t (Tt))t∈[0,T ] ∈ L2,∗
G (0,T ;R×Rd)

is a solution of the BSDE

Ŷt = ξ+
Z t

0
f (s,Ŷsεs(Ts), Ẑsεs(Ts))ε−1

s (Ts)ds−
Z t

0
Ẑs ↓ dWs, t ∈ [0,T ].
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Idea of the proof (for 1)): Let (Ŷ , Ẑ) ∈ L2,∗
G (0,T ;R×Rd) be a solution

of the preceding BSDE; (Y,Z) is defined in 1); from a lemma we

know that (Y,Z) ∈ L2,∗
G (0,T ;R×Rd).

Recall: (Yt ,Zt) = (Ŷt(At)εt , Ẑt(At)εt), t ∈ [0,T ].
For F ∈ S :

E[F(Yt −ξ)] = E[FYt ]−E[FY0] = E[F(Tt)Ŷt ]−E[FŶ0]

= E
[

F(Tt)
(

Ŷ0 +
Z t

0
Fs(Ŷs, Ẑs)ds−

Z t

0
Ẑs ↓ dWs

)
−FŶ0

]
;

Recall:

+
d
dt

F(Tt) = γt(K ∗K DBF)(t,Tt);

+ E
[

F(Tt)
Z t

0
Ẑs ↓ dWs

]
= E

[Z t

0
DW

s F(Tt)Ẑsds
]
.
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Thus,

E
[

F(Tt)
Z t

0
Ẑs ↓ dWs

]
= E

[Z t

0
DW

s F(Tt)Ẑsds
]

= E
[Z t

0
DW

s F(Ts)Ẑsds
]
+E

[Z t

0

Z t

s
DW

s
{

γr(K ∗K DBF)(r,Tr)
}

drẐsds
]

;

but, from the Fubini theorem,

E
[Z t

0

Z t

s
DW

s
{

γr(K ∗K DBF)(r,Tr)
}

drẐsds
]

=
Z t

0
γr E

[Z r

0
DW

s
(
(K ∗K DBF)(r,Tr)

)
Ẑsds

]
︸ ︷︷ ︸dr

=
Z t

0
γrE

[
(K ∗K DBF)(r,Tr)

Z r

0
Ẑs ↓ dWs

]
dr.

Consequently, using
d
dt

F(Tt) = γt(K ∗K DBF)(t,Tt) also for the term

E
[

F(Tt)
(

Ŷ0 +
Z t

0
Fs(Ŷs, Ẑs)ds

)]
, we get:

18 / 29



I . . .

S . . .

F . . .

F . . .

T . . .

E[F(Yt −ξ)] = E
[Z t

0
F(Ts)Fs(Ŷs, Ẑs)ds−

Z t

0
DW

s F(Ts)Ẑsds
]

+E

Z t

0
γr(K ∗K DBF)(r,Tr)

(
Ŷ0 +

Z t

0
Fs(Ŷs, Ẑs)ds−

Z r

0
Ẑs ↓ dWs

)
︸ ︷︷ ︸dr


= Ŷr

Consequently, from the Girsanov transformation and the definition of
Fs(y,z) and of (Y,Z):

E[F(Yt −ξ)] =

E
[Z t

0
F f (s,Ys,Zs)ds

]
−E

[Z t

0
DW

s FZsds
]

︸ ︷︷ ︸+E
[Z t

0
γs(K ∗K DBF)(s)Ysds

]
(

since Z ∈ L2
H(0,T ;Rd) := E

[
F

Z t

0
Zs ↓ dWs

])
= E

[
F

(Z t

0
f (s,Ys,Zs)ds−

Z t

0
Zs ↓ dWs

)]
+E

[Z t

0
γs(K ∗K DBF)(s)Ysds

]
,
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i.e.,

E
[Z t

0
γs(K ∗K DBF)(s)Ysds

]
= E

F
(

Yt −ξ−
Z t

0
f (s,Ys,Zs)ds+

Z t

0
Zs ↓ dWs

)
︸ ︷︷ ︸

 , F ∈ S ,

∈ L2(Ω),
from where: γY I[0,t] ∈ Dom(δB) andZ t

0
γsYsdBs = Yt −ξ−

Z t

0
f (s,Ys,Zs)ds+

Z t

0
Zs ↓ dWs, t ∈ [0,T ].
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5 The associated SPDE

SPDE
du(t,x) = (Lu(t,x)+ f (t,x,u(t,x),∇u(t,x)σ(x)))ds+ γtu(t,x)dBt ,

(t,x) ∈ [0,T ]×Rd , u(0,x) = Φ(x), x ∈ Rd ,

where L :=
1
2
tr

(
σσ

∗(x)D2)+b(x)∇.

Our objective: study of the existence and uniqueness of a solution in
the viscosity sense for the above SPDE.
Key in our approach: the before studied backward doubly SDE which
is a Feynman-Kac type formula for the solution u(t,x).
For this end, study of the BDSDE in a “Markovian” framework:

σ : Rd → Rd×d , b : Rd → Rd Lipschitz;

Forward SDE: Given (t,x) ∈ [0,T ]×Rd , we consider
dX t,x

s =−σ(X t,x
s ) ↓ dWs−b(X t,x

s )ds, s ∈ [0, t], X t,x
t = x;

which has a unique solution X t,x ∈ S 2
(F W

s,t )s∈[0,t])
.
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With the forward SDE we associate a BDSDE with driving coefficient
f : [0,T ]×Rd ×R×Rd → R continuous, and f (t, ., ., .) Lipschitz, uni-
formly w.r.t. t; Φ : Rd → R Lipschitz;

Backward doubly SDE:

Y t,x
s = Φ(X t,x

0 )+
Z s

0
f (r,X t,x

r ,Y t,x
r ,Zt,x

r )dr−
Z s

0
Zt,x

r ↓ dWr +
Z s

0
γrY t,x

r dBr,

s ∈ [0, t];
existence of a unique solution (Y t,x,Zt,x) given by

(Y t,x
s ,Zt,x

s ) = (Ŷ t,x
s (As)εs, Ẑt,x

s (As)εs), s ∈ [0, t],

where, for s ∈ [0, t],

Ŷ t,x
s =Φ(X t,x

0 )+
Z s

0
f
(
r,X t,x

r ,Ŷ t,x
r εr(Tr), Ẑt,x

r εr(Tr)
)

ε
−1
r (Tr)dr−

Z s

0
Ẑt,x

r ↓dWr.

Pardoux, Peng (1990, 1992): study of BSDEs in a Markovian context
in which the driver Fr(x,y,z) is deterministic; here, in our framework:

Fr(x,y,z) := f (r,x,yεr(Tr),zεr(Tr))ε−1
r (Tr),

(r,x,y,z) ∈ [0,T ]×Rd ×R×Rd .
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• Standard estimates for the solution

For all q ≥ 1 there is some Cq ∈ R+ s.t., for all (t,x),(t ′,x′) ∈ [0,T ]×
Rd , P-a.s.,

+ E

[
sup

s∈[0,t]
|Ŷ t,x

s |q +
(Z t

0
|Ẑt,x

s |2ds
)q/2 ∣∣F B

T

]
≤Cq(1+ |x|q)exp{qI∗T};

+ E
[

sup
s∈[0,t∧t ′]

|Ŷ t,x
s − Ŷ t ′,x′

s |q +
(Z t∧t ′

0
|Ẑt,x

s − Ẑt ′,x′
s |2ds

)q/2 ∣∣F B
T

]
≤Cq(1+ |x|q)+ |x′|q)exp{qI∗T}(|t− t ′|q/2 + |x− x′|q).

• We introduce the stochastic field:
û(t,x) := Ŷ t,x

t ∈ F B
t , (t,x) ∈ [0,T ]×Rd ;

Lemma: û possesses a continuous version. Moreover:
|û(t,x)| ≤C exp{I∗T}(1+ |x|).
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Our objective: characterization of û as viscosity solution of the PDE
with stochastic coefficient F
(recall Fr(x,y,z) := f (r,x,yεr(Tr),zεr(Tr))ε−1

r (Tr)),
∂

∂t
û(t,x) = Lû(t,x)+Ft(x, û(t,x),∇û(t,x)σ(x)), (t,x) ∈ [0,T ]×Rd ,

û(0,x) = Φ(x), x ∈ Rd .
(1)

Definition: A real valued continuous random field û : Ω′× [0,T ]×Rd 7→
R is called a pathwise viscosity solution of equation (1) if there exists
a subset Ω′ of Ω′ with P′(Ω′) = 1, such that for all ω′ ∈ Ω′, û(ω′, ·, ·)
is a viscosity solution for the PDE.
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Proposition: û = Ŷ t,x
t is a pathwise viscosity solution of the PDE

∂

∂t
u(t,x) = Lu(t,x)+Ft(x,u(t,x),∇u(t,x)σ(x)), (t,x) ∈ [0,T ]×Rd ,

u(0,x) = Φ(x), x ∈ Rd ;

this solution is unique in the class of continuous stochastic fields ũ :
Ω′× [0,T ]×Rd → R such that, for some r.v. η ∈ L0(F B

T ) and some
q ≥ 1, P-a.s.,

|ũ(t,x)| ≤ η(1+ |x|q), for all (t,x) ∈ [0,T ]×Rd .

Idea of the proof: + Existence: adaption of the version of the proof
given in El Karoui, Peng, Quenez (1997) to our framework, in the set

Ω̂′ := {ω′ ∈ Ω′|I∗T (ω′) < +∞ and û(ω′, ·, ·) is continuous} which satis-

fies P′(Ω̂′) = 1.
+ Uniqueness: because we work on pathwise viscosity solution, we
could adapt the proof given by Pardoux (1998) to our framework path-
wisely.
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We come now back to our SPDE:
du(t,x) = (Lu(t,x)+ f (t,x,u(t,x),∇u(t,x)σ(x)))dt + γtu(t,x)dBt ,

t ∈ [0,T ]×Rd , u(0,x) = Φ(x), x ∈ Rd ,

where L :=
1
2
tr

(
σσ

∗(x)D2)+b(x)∇.

In analogy to the relation between the solutions (Y,Z) and (Ŷ , Ẑ) of
the associated BDSDE and the BSDE, resp., we shall expect that

u(t,x) := û(At , t,x)εt , (t,x) ∈ [0,T ]×Rd ,

is a solution of the above SPDE.

This conjecture is confirmed by

Proposition: Suppose that u, û are C0,2-stochastic fields over Ω′ ×
[0,T ]×Rd s.t. there are some δ > 0 and some Cδ,x (only depending on
δ,x) with:

E
[
|v(t,x)|2+δ +

Z t

0

(
|∇v(s,x)|2+δ + |D2v(s,x)|2+δ

)
ds

]
≤Cδ,x,

t ∈ [0,T ], v = u, û.
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Then u is a classical solution of the above SPDE iff û is a classical
solution of the PDE with stochastic coefficient.

Idea of the proof: the proof is based of an argument similar to that
used for the proof of the relation between BDSDE and pathwise BSDE,
with the help of Girsanov transformation.

Remark: Difficulty to get the regularity of û under not too restrictive
assumptions (like coefficients of class C3

`,b, linearity of f in z).

However, we have:

Lemma: The random field u(t,x) := û(At , t,x)εt , (t,x) ∈ [0,T ]×Rd has
a continuous version.

The above proposition motivates the following definition:
Definition: A continuous random field u : Ω′ × [0,T ]× Rd → R is a
(stochastic) viscosity solution of our SPDE iff

û(t,x) = u(Tt , t,x)ε−1
t (Tt), (t,x) ∈ [0,T ]×Rd

is a (pathwise) viscosity solution of our PDE with stochastic coefficient.
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From our preceding discussion:

Theorem. The continuous stochastic field

u(t,x) := û(t,x)(At)εt = Ŷ t,x
t (At)εt = Y t,x

t , (t,x) ∈ [0,T ]×Rd ,

+ is a viscosity solution of our semilinear SPDE;
+ the unique viscosity solution inside the class C B

p of continuous

stochastic fields ũ : Ω′× [0,T ]×Rd → R s.t.

∃C ∈ R+, s.t., for all (t,x) ∈ [0,T ]×Rd ,
|ũ(t,x)| ≤C exp{I∗T}(1+ |x|).

Remark: 1) ũ ∈ C B
p ⇔ (ũ(At , t,x)εt) ∈ C B

p ⇔ (ũ(Tt , t,x)ε−1
t (Tt)) ∈ C B

p .

2) BDSDE with solution Y t,x - Feynman-Kac type formula for u(t,x):
u(t,x) = Y t,x

t .
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Merci de votre attention!

Thank you for your attention!

���[�
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