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Introduction

Our objective: study of the semilinear SPDE
du(t,x) = (Lu(t,x) + f(t,x,u(t,x), Vu(t,x)o(x)))ds +yu(t,x)dB;,
(t,x) €[0,T] x R, u(0,x) = ®(x), x € R¢,

where
1
1. L:= Etr (GG*()C)DZ) +b(x)V;
2. B is a fractional Brownian motion with Hurst parameter H €
(0,1/2);
3. Y€ L?*(0,T) + some additional assumptions;
!
4. / Ysu(s,x)dBy 1= 8(yu(.,x)ljp) - Skorohod integral (=extended
0 :
divergence);
5. study of the solution in viscosity sense.
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Main idea of our approach: if B were a Brownian motion, the viscosity

solution u(t,x) = ¥/ of the SPDE would be given by the
backward doubly SDE:

S S S
V= o) + [ XYz = [ Law,+ [ yyias,,
s €[0,7]

(W - Brownian motion independent of B), associated with the
Forward SDE:
dXy* = —o(Xi) | dWs — b(Xy )ds, s € [0,1], X, = x.

The difficulty for us: B is a fractional Brownian motion with Hurst
parameter H € (0,1/2); the integral in the BDSDE is in Skorohod’s
sense = we can't use the approach of Pardoux, Peng for the study of
BDSDEs.

Preparing steps: special case of the above backward doubly SDE: if & €
R and f independent of x it's a semilinear SDE driven by a fractional
Brownian motion.
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Our approach:

e Study of (anticipating) semilinear SDEs driven by a frac-
tional Brownian motion with H € (0,1/2) by associating them with
the help of the Girsanov transformation with pathwise ordinary
differential equations (Jien and Ma[2009]);

e Application of the same technique to associate our back-
ward doubly SDE with a pathwise BSDE (without integral w.r.t. B);

e Study of the associated SPDE with the same techniques;
association:

semilinear SPDE G@t pathwise PDE < pathwise BSDE G<:>t BDSDE

Gt - Girsanov transformation.

T'."‘?‘F”l
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Some basics on frac. Brownian motion

(Q, F,P) - the canonical Wiener space with time horizon T > 0:

+ Q=Cy([0,T];R) endowed with the supremum norm;

+ P - the Wiener measure on (Q,B(Q));

+ Wl = (W,O),E[Oﬂ - the coordinate process on Q; Brownian motion
under P;

+ F =B(Q)V Ap.

For H € (0,1/2), our fBm with Hurst parameter H:
t
B, :/ Ky (t,5)dW0 1 € [0,T],
0
with the integral kernel
N3 1 t
Ky (t,s)=Cy <7) 2(t —s)H'; - (H - 2> s%_H/ uH_%(u—s)H_édu] ,
N s
2H
where Cy = -
(1—2H)B(1 —2H,H+1)
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As an fBm with Hurst parameter H the process B is Gaussian with
E[B/]=0;
1
Ry(t,s) := E[B;B,] = 3 (t2H + 52— |t—s|2H) ,t,s€[0,T].
Hy - the Hilbert space defined as completion of the space L¢(0,T)

of step functions on [0,T] w.r.t. the norm associated with the scalar
product

{Tjo4:10.5)) 94, = Rur (t,5) = E[B,Bs], t,5 € [0, T].
o Hy =N = {f:[0,T] — R|3os € L*(0,T),
st f(u) = ul 2 H L2 (112 1(5)) ()}, where
2 (f)(x) = — | /xT : FW g xe0.7), fe L) 0,1),

(o u—x)l-o

is the right-sided fractional integral of f; AIT/sz is a Hilbert space

w.r.t. the scalar product

1
<fa8>A1T/2—H =Cyl'(H + §)<(Pf7(Pg>L2(O,T)'

N\

.".“1?‘.:‘
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e Extension of I — B; to an isometry AIT/2_H > f— B(f) €

L*(Q, F,P). By the transfer principle:
T
B = [ (KS))awY, where
0

(K£)(s) = CuT(H + )s" > (DY =12 £ () s), s € 0,7,

(DF_f)(s) = F(ll—oc) <(Tf£S))a +OL/ST Mdu) (right-sided

fractional derivative); in particular: K/jo, = Ku(t,.)ljo,,t € [0, T].

The operator X : AIT/Z_H — L*(0,T) and its dual operator X* are

crucial for the definition of the stochastic integral & (Skorohod integral)
w.r.t. B (see: Nualart; Cheridito, Nualart; Ledn, Nualart):

7/29J
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e Smooth random variables: F € Sg if

F = f(B((p1)7'-'7B((pn))7(plv"'v(pn € Dom(K*K)7f€ C;o(R)’

(Dom(XK*X) is dense in AlT/z_H, see: Ledn, Nualart;)
DF:Zafxi(B((pl)v"'7B((pﬂ))(Pi'

i=1
e Skorohod integral:

Let u € L2(Q x [0,T]); u € Dom(8) if 38(u) € L*(Q) s.t.
E[(K"KDF,u)2(0,r)) = E[F8(u)], VF € Sx.

In this case: 8(u) =: Skorohod integral (extended divergence of u);
!

/ usdBy := &(uljy ), for ulj,) € Dom(3).
0

e Girsanov transformation: T;(®) = (o—i—/'(‘](yl[o‘,])(r)dr, weQ,
0 :

At(w) :m—/o‘(KYI[O,t])(V)dVa Tt_l :Al‘ate [OaT}

N

.".“1?‘.:‘
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Assumption (H1): ye L*(0,T) s.t. Yo, € AlT/Z_H, for all r € [0,T].
We have:

+ BT =BO)+ [ (Kl ()(Ko)(rr

— B(¢) + /0 (K KQ)(r)dr, ¢ € Dom(K"K);

+ EIF|=ElF el withe, —exp { [ B, 5 [ (Ko (0)Par .

Lemma. Suppose that, for some g > i , YELI(0,T) and

/oT (/T W‘”) dx < +eo.

Then, for all p > 1,
/ YsdBg }

E |exp< p sup
t€[0,T]

.".“1?‘.:‘

S CH pgy <o
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Fract. anticipating semilinear SDEs

Let b: Qx [0,T] X R — R be measurable,
+ Lipschitz in x € R, uniformly w.r.t. (®,?), and
+ b(.,.,0) be bounded.

t t
X, =&+ / b(s,X,)ds + / VXsdBy, 1 € [0,T),
0 0

where § € LP(Q), for some p > 2.
Theorem (Jien and Ma [2009]). Under assumption (H) (y € L?(0,T)
s.t. Yl € Dom(8), for all € [0,T]):
X =& (ALE(A)), 1 €[0,T],
is the unique solution in L*(Q x [0,T]) with yXIj,; € Dom(8), for all
t €10,T]; (§(x)) is the unique pathwise solution of the equation
1
G =t [ & (Tb(Ths,8 (TG (0)ds. 1 € 0,71,
\_ 10 / 29 )
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Fractional backward doubly SDEs

+ B - fractional Brownian motion with Hurst parameter H € (0,1/2)
defined on the classical Wiener space (Q/, ', P') in the same manner
as before; Q' = Cy([0,T];R);

+ W= (W!,...,W%) - coordinate process on the classical Wiener space
Q" F" P"), where Q" = Cy([0,T];R?); W is a d-dimensional Brown-
ian motion

+(Q,F%P) = (Q, F P& (Q", F",P"), F = FOVN\p.

Objective: study of the (fractional) backward doubly SDE (BDSDE)

."l.’*?”:‘

1 t t
Y,=t+ /0 F(5,Y,.Z,)ds — /0 Z, | dW, + /O WYsdBs, 1 € [0,T],

where:
+ e L*(Q, %7, P); here: FN =o{W, =W, re[t,s]}VAp, 1 <s;
+ f:Q"x[0,T] x Rx RY — R is measurable s.t.

- f(-,t7y7Z) € ’r]:tV’l]/_’ for a” (%)@Z)v
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,-,0,0) € L2(Q x [0, T]),
;Em, . g is LiE)schit[z upiformly in ((0 t).
Let G = (G -r};Tv-{]-; Jeelo,r), H= (H = \/77?),6[0,7].

Solution (Y,Z) € L2(0,T;R x R%) s.t.
t t t
Yt :&—’_/ f(s;YS;ZS)dS_/ Z&ldW§+/ 'Y‘yytydBﬁ t 6 [07’T]7
0 0 0

té backw. integral of Z € L%(0,T;R?) Skorohod integral (Y1)
(= a Skorohod integral w.r.t. W)
= use of the Malliavin calculus w.r.t. (B,W).

Some basic elements of Malliavin calculus for our case:

e Smooth functionals over Q: F € S of the form
F:f(B((Pl),*,B((Pn) (\Vl) ¥ ( )) - i
¢'€ Dom(K* ). € C(10, T1:RY), '€ € (0, 7]:R™m);

1/2-H

e Malliavin derivative w.r.t. B: the A;/” " -valued random variable
n

DPF =Y 0. f(B(@1),---,B(9u), W(W1),....,W (V) :,
i=1

."l.’*.‘”:‘
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° Malliavin"gerivative w.r.t. W:

DWF = Zaxi+nf(B((P1)a cee vB((pn)aw(‘lfl)v"'aW(Wm))Wi'
i=1

e Skorohod integral w.r.t. B (extension of our definition from Q' to

Q=0 xQ"):

u€ L*(Qx[0,T]) belongs to Dom(8?) if 38 (u) € L*(Q) s.t.

z{AQxﬂmﬁm@m@ﬁEwwmee&

82 (u) - the Skorohod integral of u;
e Skorohod integral w.r.t. W: u € L*(Q x [0,T]) belongs to Dom(8")
if 38" (u) € L2(Q) s.t.
T
E{AlﬂF@W@ﬁzEV@WMLFG&
8% (u) - the Skorohod integral of u.
13 /29 )
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Lemma. Let u € L%(0,T;R?). Then u € Dom(8") and the It5 backward
integral coincides with the Skorohod integral:

/OTusldWS:SW(u).

e Girsanov transformation on Q = Q' x Q” w.r.t. to B: canonical ex-
tension from Q' to Q:
T(0,0") = (To, " ), 0= (0,0")eQ=0Q'xQ"
A0, 0") = (A0,0"); T, V_ Al e [0,7].
e A subspace of Lé(O,T;R x R?) stemming its importance from the
invariance w.r.t. Girsanov transformation:

I; = sup / YsdBs|; recall: Elexp{pl;}] < 4o, p > 1.
t€[0,7]
LE*(0,T;Rx RY) := {(Y,Z) € L%(0,T:RxRY):

T
E [exopti} [ (P + 2P| <o for a1},
0

N\

."l.’*?”:‘
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For the above space the following invariance property holds:

Lemma. For any (¥,Z) € Lé’*(O,T;R x RY):

+ ((4(T)e (1), Z2(T)e () € L (0, TR x R);

+ ((Y(A)e, Zi(A))g;)) € L (0,T; R x RY).

Theorem. The backward doubly SDE has a unique solution (Y,Z) €
LE(0,T;R x RY).

Idea of the proof: Reduction of the BDSDE with the help of the Gir-

sanov transformation to the pathwise BSDE
~ 1 ~ ~ t
Vo=t [ £ Zed T (Tds— [ Zo Law,
! PN t
—&+ [ R(.Z)ds— [ Z Law,teo.T)
0 0
where Fy(y,2) := f(s,y&(Ty), z8(Ty) &5 ' (T;).-
Proposition: The above BSDE has a solution (Y,Z) € Lé‘*(O,T;R X
RY)(C L%(0,T;R x RY)) which is unique in L%(0,T;R x R?).
15 /29 )

."l.’*.‘”:‘




-

N

Theorem. 1) Let (Y,Z) € LZ*(0,T;R x R?) be a solution of the
preceding BSDE. Then

(YesZt)ieo,r) = (Z(At)&,z(Az)gt)re[oﬂ € LE'(0,T;Rx RY)
is a solution of the backward doubly SDE
t t t
Y, = ?;—|—/0 f(s,YS,ZS)ds—/O Zs | dWs+/0 YsYsdBs, t € [0,T];

in particular, YY Iy, € Dom(8%), for all 7 € [0, T].

2) Conversely, if (Y,Z) € LZ*(0,T;R x RY) is a solution of the
backward doubly SDE then

(V. Z)iepo.ry = (V(T)e, (1), Z(T)er (T))repo,r) € LE*(0,T;R x RY)

is a solution of the BSDE

."l.’*.‘”:‘

h=t+ [ (s, B0 (1), Zies(T))es (T3 ds — / 'Z, L aw,,1 € [0.7).
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Idea of the proof (for 1)): Let (Y,Z) € Lé’*(O,T;R x R?) be a solution
of the preceding BSDE; (Y,Z) is defined in 1); from a lemma we
know that (Y,Z) € L%*(0,T;R x R%).

Recall: (%,7Z) = (Yi(A)er, Z:(A))er), t € [0,T).
For Fe§:

E[F (Y, —&)| = E[FY,] — E[FYo| = E[F (T,)Y;| — E[FY]
=E {F(Y;) <?0+/0th(??;29)‘15/Ot/Z\sldWs-) F,Y\O] 5

Recgll:
+ T F() =% (K KD°F)(t, T);

+E [F(T,)/OIZS ldWS} =E {/OIDZVF(T;)st].

."l.’*.‘”:‘
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Thus,

t t /\
E [F(T,) |71 dws} oy [ / DEVF(T,)sts]
0 0
t =N t ot ~
:E[/ DL’VF(TS)ZSds}—i-E{/ / DY {v.(K*KDPF)(r,T,) } drZds| ;
0 0 Js
but, from the Fubini theorem,

E { [ [ oY e KDBF)(r,Tr)}erds]

."l.’*?”:‘

= /tYrE UrDXV ((K*KDPF)(r, Tr))ngs} dr

0 0

t r
= / YE [(K*KDBF)(r,T,) / ZsldWS] dr.

0 0
Consequently, using i =v(K*KDPF)(t,T;) also for the term
E[F(E) </);0—|—/ F, ? Zy)d )} we get:

0
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EF(Y, )] = E [ [ @R 200 [ 'DXVFm)zds]

+E

/ (K KDPF)(r T,) (?o+ / 'F(3,,Z,)ds — / 7 dws> dr
0 0 0

=Y

Consequently, from the Girsanov transformation and the definition of

F;(y,z) and of (Y,Z):
E[F(Y,-§)] =

E { /0 t Ff(s,Ys,Zods} ~E [ /O DY szds} +E { /0 t%(?C*KDBF)(S)deS}
2

!
(since Ze14(0,T;RY) :=E [F/ A dm])
0

- E[F ( [rerzas-[ 21 dws)]ﬂz [ [uex KDBF)(S)stS] ,

."l.’*?”:‘
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ie.,

E [ [ fchBF><s)sts}

=FE |:F <YtE)/()tf(s’YHZ\)ds{»/OtZ‘ldW\):| 7F€57

e L}(Q),

."l.’*.‘”:‘

from where: YYIjo, € Dom(8%) and
° g °t
[wras =v—e- [ rs.v.z)ds+ [z Law,re (0.7,
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The associated SPDE

SPDE
du(t,x) = (Lu(t,x) + f(t,x,u(t,x), Vu(t,x)o(x)))ds + You(t,x)dB;,
(t,x) €[0,T] x R, u(0,x) = ®(x), x € R¢,
where L := %tr (66" (x)D?) + b(x)V.

Our objective: study of the existence and uniqueness of a solution in

l.“.“.‘”:‘

the viscosity sense for the above SPDE.
Key in our approach: the before studied backward doubly SDE which
is a Feynman-Kac type formula for the solution u(z,x).
For this end, study of the BDSDE in a “Markovian" framework:
6:R? — R p:R? — R? Lipschitz;
Forward SDE: Given (,x) € [0,T] x R?, we consider
dXy* = —o(Xi¥) | dW, —b(Xy)ds, s € [0,1], X;™ = x;

. . . X 2

which has a unique solution X"* € S(ZV},)SE[OJ]).
21/ 29J




With the forward SDE we associate a BDSDE with driving coefficient
f:]0,T] x R x R x RY — R continuous, and f(t,.,.,.) Lipschitz, uni-
formly w.r.t. t; & R R Lipschitz;

Backward doubly SDE:
S S S
Y = (X)) + / Fn XY,z ) dr — / Z* | dw,+ / Y. Y *dB,,
0 0 0
s €[0,1];

existence of a unique solution (Y',Z") given by
(Y%, 20%) = (Y (A)es, 27 (AsJey), s € [0,1],
where, for s € [0,7],

/\ S/\
,x tx +/f ,X;X,Yt’x )th (T)) ;I(Tr)dr—/o Zi’xldWr.

Pardoux, Peng (1990, 1992): study of BSDEs in a Markovian context
in which the driver F,(x,y,z) is deterministic; here, in our framework:

Fr(x,y,2) ::f(r7x,y8,(7}),zsr(7}))8;] (T,),
(r,x,y,2) €[0,T] x R* x Rx R?.

N\
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e Standard estimates for the solution

For all ¢ > 1 there is some C, € Ry s.t., for all (¢,x),(¢',x') € [0,T] x
RY P-as.,

sup 1710+ (| z’“ds) 78| <
s€[0,t]

=N =N e N a/2
—i—E{ sup Y;»X—Y;“X'u(/o |Z§”“—Z§l’xl|2ds> \TTB}

s€[0,tAt]

+E < Cy(1+ |x|") exp{qlr };

< Cy(14 xl) + [ exp{glr } (It =14 + |x —|9).

e We introduce the stochAastic field:
ut,x) =Y € £, (t,x) € 0,T] x R?;

Lemma: & possesses a continuous version. Moreover:
ju(t,x)| < Cexp{I7 }(1+[x]).

23/29J
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Our objective: characterization of & as viscosity solution of the PDE
with stochastic coefficient F

(recall Fy(x,y,2) := f (r,x,ve.(T}),26,(T;)) &, (T})),

2 0.2 = Lit.x) + F (e (0.0). Vil 0)o(). (1.0) € 0.7] xR,

u(0,x) = ®(x), xeR?.
(1)

Definition: A real valued continuous random field i: Q' x [0, T] x R%
R is called a pathwise viscosity solution of equation (1) if there exists
a subset Q' of Q' with P/(Q) = 1, such that for all ® € Q', u(®',-,-)
is a viscosity solution for the PDE.

24/29J
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Proposition: & = f/\f’x is a pathwise viscosity solution of the PDE

%u(r,x) = Lu(t,x) 4 F(x,u(t,x), Vu(t,x)5(x)), (t,x) € [0,T] xR,

u(0,x) = ®(x), x€RY;

this solution is unique in the class of continuous stochastic fields u :
Q' x [0,T] x R? — R such that, for some r.v. 1 € L°(FF) and some
qg>1, P-as.,

|i(t,x)| <M(1+ |x|), for all (¢,x) € [0,T] x R.

Idea of the proof: 4+ Existence: adaption of the version of the proof
given in El Karoui, Peng, Quenez (1997) to our framework, in the set
Q = {0 € Q|I;(0) < +oo and @(a',,-) is continuous} which satis-
fies P'(Q) = 1.

+ Uniqueness: because we work on pathwise viscosity solution, we
could adapt the proof given by Pardoux (1998) to our framework path-
wisely.

l.“.“?”:‘
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We come now back to our SPD
du(t,x) = (Lu(t, x)+f(txu( ) u(t,x)o(x)))dt +vru(t,x)dB,
t€[0,T] x R4, u(0,x) = ®(x), x € RY,

where L := %tr (00" (x )Dz) +b(x)V.

In analogy to the relation between the solutions (¥,Z) and (Y,Z) of

the associated BDSDE and the BSDE, resp., we shall expect that
u(t,x) == (A, 1,x)g, (t,x) € [0,T] x R?,

is a solution of the above SPDE.

This conjecture is confirmed by

Proposition: Suppose that u,i# are C%2-stochastic fields over Q' x

[0, 7] x R s.t. there are some & > 0 and some Cs, (only depending on
8, x) with:

t
E et [ (190(5.0 S+ [DP0(5.0 ) | < G
€1[0,T],v=u,u.

l.“.“?”:‘
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Then u is a classical solution of the above SPDE iff & is a classical
solution of the PDE with stochastic coefficient.

Idea of the proof: the proof is based of an argument similar to that
used for the proof of the relation between BDSDE and pathwise BSDE,
with the help of Girsanov transformation.

Remark: Difficulty to get the regularity of & under not too restrictive
assumptions (like coefficients of class C?,b, linearity of f in z).
However, we have:

Lemma: The random field u(z,x) := i(A,,t,x)g, (t,x) € [0,T] x R? has
a continuous version.

The above proposition motivates the following definition:
Definition: A continuous random field u: Q' x [0,7] x R? — R is a
(stochastic) viscosity solution of our SPDE iff

a(t,x) = u(T;,t,x)e, (), (t,x) € [0,T] x R?

is a (pathwise) viscosity solution of our PDE with stochastic coefficient.

l.“.“.‘”:‘
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From our preceding discussion:

Theorem. The continuous stochastic field

M(t,x) = L?(t,x)(At)S, = 2t’x<A[)€t = Ytt.'x7 (t,x) S [O, T] X Rd,

+ is a viscosity solution of our semilinear SPDE;

+ the unique viscosity solution inside the class Cff of continuous

stochastic fields u: Q' x [0,T] x R — R s.t.
C € R, s.t., forall (t,x) €[0,T] x R?,
jult, x)| < Cexp{I7 }(1+|x]).

Remark: 1) & € C8 < (ii(A;,1,x)e;) € CB & (u(T;,t,x)e, ' (T;)) € CE.
2) BDSDE with solution Y** - Feynman-Kac type formula for u(z,x):

u(t,x) =Y.

28/29J
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Merci de votre attention!
Thank you for your attention!

AR
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