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Abstract

In the dynamical theory of granular matter the so-called table prob-
lem comnsists in studying the evolution of a heap of matter poured
continuously onto a bounded domain 2 C R2. The mathematical de-
scription of the table problem, at an equilibrium configuration, can be
reduced to a boundary value problem for a system of partial differential
equations. The analysis of such a system, also connected with other
mathematical models such as the Monge-Kantorovich problem, is the
object of this paper. Our main result is an integral representation for-
mula for the solution, in terms of the boundary curvature and of the
normal distance to the cut locus of (2.
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1 Introduction

In recent years, the attention of many authors has been focussed on the
system of partial differential equations

—div(vDu) = f inQ
{ |[Dul —1=0 in {v > 0} (1)

in a given domain 2 C R".

For instance, system (1) arises in the Monge-Kantorovich theory as nec-
essary conditions to be satisfied by an optimal mass transfer plan, see [13],
[2] and [16]. In a related framework, system (1) characterizes the limit, as
p — oo, of the p-Laplace equation —div (|Du[P=2Du) = f, see [10], [20], [6]
and [15]. Furthermore, the above system has been applied to an idealized
model for compression molding in [5], and to shape optimization in [8].

Another interesting example of application of (1) stems from granular
matter theory, see [4], [23], [6] and [15]. Recently, Hadeler and Kuttler [18]
proposed a new model to study the evolution of a sandpile created by pouring
dry matter onto a ‘table’. In such a model, built on previous work by
Boutreux and de Gennes [9], the table is represented by a bounded domain
Q C R?, and the matter source by a function f(t,z) > 0. The physical
description of the growing heap is based on the introduction of the so-called
standing and rolling layers. The former collects the amount of matter that
remains at rest, the latter represents matter moving down along the surface
of the standing layer—eventually falling down when the base of the heap
touches the boundary of the table.

As pointed out in [18], system (1) is related to equilibrium configurations
that may occur in physical models with constant source. To explain this
connection, let us denote by u(x) and v(x), respectively, the heights of the
standing and rolling layers at a point « € €, for an equilibrium configuration.
For physical reasons, the slope of the standing layer cannot exceed a given
constant—typical of the matter under consideration—that we normalize to
1. Consequently, the standing layer must vanish on the boundary of the
table. So, |Du| < 1in ©Q and u = 0 on 99Q. Also, in the region where v is
positive, the standing layer has to be ‘maximal’; for otherwise more matter
would roll down there to rest. On the other hand, the rolling layer results
from transporting matter, poured by the source, along the surface of the
standing layer at a speed that is assumed proportional to the slope Du,
with constant equal to 1. The above considerations lead to the boundary



value problem
—div (vDu) = f in Q
|Du| —1=0 in {v > 0} (2)
|Du| <1 w,v>0 in®Q
u=20 on 02

An interesting representation formula for the solution of (2), in 1 space
dimension, was presented in [18]. The main purpose of the present work is
to obtain a similar formula in two space dimensions.

To describe our results more precisely, let us denote by d : O — R the
distance function from the boundary of 2 and by 3 the singular set of d,
that is, the set of points x € ) at which d is not differentiable. Such a set
is also called the cut locus of 2. Introducing the projection II(z) of x onto
00 in the usual way, X is also the set of points x at which II(x) is not a
singleton. Since d is Lipschitz continuous, > has Lebesgue measure zero. In
our analysis, a major role will be played by the normal distance to 3, that
is the function

7(x) = min {t >0 : z+tDd(z) € f} Vr e Q\X.

It is well-known that the eikonal equation |Du| = 1 does not pos-
sess global smooth solutions in general, neither does the conservation law
—div (vDu) = f. Thus, before stating our main result, we must explain
what we mean by a solution of (2). We say that a pair (u,v) of continuous
functions in 2 is a solution of problem (2) if

e u=0o0n0dQ, |[Dul|wn <1, and u is a viscosity solution of

|[Dul=1 in {xe€Q : v(z)>0}

e v >0in Q and, for every test function ¢ € C°(2),
| w@)Dut@), Do) = [ F)oards.
Q Q

Notice that the maximality of the standing layer, justified above by physical
considerations, is now ensured by typical properties of viscosity solutions.
Our main result is the following.

Theorem 1.1 Let Q C R? be a bounded domain with boundary of class C?
and f >0 be a continuous function in Q. Then, a solution of system (2) is
given by the pair (u,v), whereu=d in Q, v=0 on ¥ and

1 —(d(z) + t)k(z)

T donte) ¢ VeeM\E. (3)

(z)
v(x) = /0 f(z +tDd(x))
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Here, k(x) denotes the curvature of O at the point I1(x).
Moreover, the above solution is unique in the following sense: if (u',v")
is another solution of (2), then v =v in Q and v’ =d in {x € Q:v > 0}.

In the proof of the above theorem, we will first show that the pair (d,v)
is indeed a solution of the boundary value problem. This will also provide
an existence result for (2). Incidentally, we note that an existence result for
problem (2) is obtained in [8] in any space dimension (see also [23], [13] and
[2] for existence results concerning system (1)).

Then, we will show that the solution of (2) is unique. We recall that
uniqueness results for system (1), with Neuman boundary conditions for u,
are known in the literature (see [2] and [16]). However, the boundary value
problem (2) has never been addressed explicitly.

As it has already been pointed out, the main novelty of the present
paper is, in our opinion, the representation formula (3) for the solution of
problem (2). In fact, we are not aware of any similar representation formula
for solutions of the Monge-Kantorovich system (1). Another noteworthy
aspect of our result is that we do provide a continuous solution, instead of
just a measure or a function in L'(Q) as is generally expected for v. So,
Theorem 1.1 could also be viewed as a regularity result.

The main technical tools we use in this paper, are the results of [3] and [1]
that describe the propagation of singularities of semi-concave functions. We
also need a Lipschitz regularity result for the normal distance to ¥ proved
in [19] (see also [21]). To help the reader, we have provided a simple proof
of such a result for the 2-dimensional case in the Appendix.

Except for the Appendix that we have just summarized, the rest of the
paper is devoted to the proof of Theorem 1.1: preliminary properties of the
distance function are collected in section 2, the proof that the pair (d,v) is
a solution of (2) is given in section 3, uniqueness is shown in section 4.

ACKNOWLEDGEMENT: the authors are grateful to Italo Capuzzo-Dolcetta
for attracting their attention to reference [18].

2 Preliminaries

In this section we collect our notations and some properties of the distance
function.

For any s € R, we set [s]y+ = max{s,0} and [s]- = max{—s,0}. We
denote by (-,-) and | - | the Euclidean scalar product and norm in R?, re-
spectively. For any x € R? and r > 0, B,(x) stands for the open ball with



center x and radius 7. For any pair x,y € R? we denote by |x,y[ and [z, ],
respectively, the open and closed line segment of extreme points = and y.

For any given set K C R? we define diam K = sup{|y — x| : z,y € K}.

If K Cc R? is closed, we set, for any point = € R?,
dg(z) = ?IJIélII(Hy —z| and Hg(z)={ye K : dx(z)=|y —z|}.

For any measurable set A C R?, we denote by |A| the Lebesgue measure
of A. Ifu : A — R is a bounded measurable function, then ||u| s, 4 stands for
the essential supremum of u in A. If A is open and w is Lipschitz continuous,
then, by Rademacher’s Theorem, u is differentiable a. e. in A. In this case,
we denote by [[Dulloc,4 the number sup{|Du(z)| : = € A, 3Du(z)}, and
by D*u(zx) the set of limiting gradients of u at x defined as

D*u(z) = {lim Du(zy,) : A >z, — x, IDu(z,)} .

As usual, the superdifferential of u at a point x € A is the set

(1 ) — u(x) — (p.)
] = 0} ’

Dtu(z) = {p € R" | limsup 4
h—0

while the subdifferential D~ u is given by the formula D~ u(z) = —D™ (—u)(z).

Definition 2.1 We say that u is a viscosity solution of the eikonal equation
|Du| =1 in an open set Q C R? if, for any x € Q C R?, we have
pe D ulzx) = |p>1
peDu(x) = |p/<1
The results we give below are standard for the eikonal equation. For

their proof, we refer the reader to [7], and precisely to Theorem 5.9 and
Remark 5.10 in Chapter II, as well as to Proposition 3.12 in Chapter IV .

Proposition 2.2 Let u be a Lipschitz continuous viscosity solution of the
eikonal equation |Du| =1 in Q. Then, the following statements hold true.

(a) For every x € §)

u(z) = ;re%%{ u(y) + ly — z| } = yemr’n]lxr}y[m{ u(y) + ly — z| }

(b) Let x € Q and let y € O be such that u(x) = u(y) + |z —y|. Then, for
any z €|x,yl, u is differentiable at z and Du(z) = (x — y)/|x — y|.



(c) Let u be differentiable at a point x € Q@ and set
t=inf{t >0 : x—tDu(z) ¢ Q} .
Then, y := o — tDu(z) € 9Q and u(x) = u(y) + |z — y|.

Remark 2.3 The representation formula in (a) implies, as is well-known,
that u is locally semi-concave in €2, i.e., for any convex set Q' CC  there is
a constant C' € R such that x — u(x)—C|z|? is concave in . Consequently,

Dt u(x) = co D*u(x) Vx € Q (4)

and the set-valued map x — DT u(z) is upper semicontinuous in 2, that is,
for every = € (),

Q>z, »x, Diul@,)dp,—p (n—o0) = pecDlu(z).

Moreover, Du is a vector-valued function of locally bounded variation in 2,
see, e. g., [14, p. 240]. Thus, Du is also approximately differentiable a.e.
in Q (see [14, p. 233]), that is, for a. e. = € § there exists a linear map
L : R? — R? such that, for each ¢ > 0,

o1 . [Duly) = Du(z) = L(y — )| _
E?&TZIBT(J:)ﬂ{yGQ. v — ] >€H—O.

Throughout the paper we assume that
Q) is a connected bounded open subset of R? with C? boundary. (5)

For simplicity, we will abbreviate d for dyq and II for Ilyg. Whenever z
has a unique projection onto 0f2, with a minor abuse of notation, we will
identify the set II(x) with its unique element.

Remark 2.4 We recall that the distance function d is the unique viscosity
solution of the eikonal equation |Du| = 1 in 2, with boundary condition
u =0 in 09Q. Equivalently, d is the largest function such that || Du|s0 <1
and u = 0 on 0f.

We will denote by Y the singular set of the distance from 92 or—briefly,
the singular set of 2—that is, the set of all points = € 2 at which d fails to
be differentiable. Equivalently, ¥ is also the set of points = at which II(x) is
not a singleton. Since d is Lipschitz continuous, X has Lebesgue measure 0.

A standard—yet important—consequence of assumption (5) is that d is
C? in Q\X. The result we recall below can be proved using the classical
method of characteristics.



Proposition 2.5 Let x € Q\Y and let t > 0 be such that x + sDd(z) ¢ ¥
for every s € [0,t). Then, for every s € [0,t),

(a) d(x + sDd(z)) = d(z) + s
(b) Dd(z + sDd(x)) = Dd(x)
(c) II(z + sDd(x)) = (x)

In view of points (a) or (c) in the above proposition, z + sDd(z) € 3 for
some s > 0. So, the map 7 : Q — [0, diam /2]

min {t >0 : x+tDd(z) € i} Vz € O\
7(z) = (6)
0 Ve €X

is well defined. Such a map measures the distance of a point x to the set &
along the direction of Dd(z) (which differs from the distance of x to X, in
general). In this paper, it will be called the normal distance to .. In the
literature, 7 is often referred to as the distance to the cut locus of €.

Hereafter, for any x € 02, we denote by x(x) the curvature of 9 at z,
with the sign convention that x > 0 if € is convex. Also, we will label in
the same way the extension of x to Q \ ¥ given by

k(z) = k(II(x)) Ve Q\ 3. (7)

In the result below, p ® ¢ stands for the tensor product of two vectors
p,q € R?, defined as (p® q)(z) = p(g,z), Vx € R

Proposition 2.6 For any x € Q and any y € I(z) we have k(y)d(x) < 1.
If, in addition, v € Q\X, then

k(z)

k(z)d(z) < 1 and D?d(z) = T h@)d@)

q®q

where q is any unit vector such that (g, Dd(z)) = 0.

Remark 2.7 Owing to assumption (5), we have

Dd(z) — Dd
p  IDAE) DA _ 5
Y,2€00 | y#z |Z - y|

So, in view of Proposition 2.6, we will denote the above supremum by Lip(k).



Proof—Let x € Q and y € II(x). Then the disk of center x and radius d(x)
is tangent to 02 at y. Therefore, we have either x(y) < 0 or 1/k(y) > d(z).
So, k(y)d(z) < 1.

If we assume, next, that * ¢ X, then y belongs to the projection of
x + sDd(z) for s > 0 sufficiently small. Thus x(y)d(z + sDd(z)) < 1.
Since d(x + sDd(z)) = d(z) + s and k(z) = k(y) by definition, we have
k(z)d(z) < 1. For the last assertion see [17, Lemma 14.17]. O

We will need a more detailed description of the singular set ¥. Let us
recall that ¥ = 2! U X2, where X7 (i = 1,2) is the set of points € ¥ with
magnitude i, that is, such that the dimension of (the convex set) D*d(z) is
equal to i. Let us also define the set of (regular) conjugate points I' as

F={zecQ\X : dx)k(z)=1} .

Notice that a point x € Q\X belongs to I' if and only if

M(z) = {z - K(lx)pd(x)}.

Proposition 2.8 Under assumption (5), we have ¥ C Q and X =S UT .
Proof— Let z € ¥ and y, z be two distinct elements of II(x). Then
x=y+d(x)Dd(y) =z + d(x)Dd(z) . 9)
Therefore, recalling Remark 2.7,
|y — 2| = d(@)|Dd(y) — Dd(2)| < d(x) K]y — |

for some constant K > 0 independent of z. We have thus proved that
d(z) > 1/K for every z € ¥. So, ¥ C €. Furthermore, the inclusion I' ¢ &
is a straightforward consequence of the strict inequality in Proposition 2.6.

In order to prove the inclusion ¥ C Y UT, let {z,} be a sequence of
singular points converging to a point z € Q\X. We claim that d(z)r(x) = 1.
To see this, let y, and z, be two distinct points in II(z,). Then, both {y,}
and {z,} must converge to II(x) as n — oo. Also, passing to a subsequence,

lim 2% _ 0
n—00 |y, — zp|
for some unit vector # € R?. From identity (9) applied to x,,y, and z,, we
have
Yn — Zn

|yn _Zn|

Dd(yn) = Did(zn)

O p—
’yn _Zn‘

+ d(zy)



Hence, taking the limit as n — oo we conclude that 0 = 0+d(z) D?d(I1(x)).
Therefore, —1/d(x) is a nonzero eigenvalue of D?d(Il(x)), a matrix of the
form —k(x)g ® g by Proposition 2.6. So, —1/d(x) = —k(z), as claimed. O

The following result ensures that segments of minimal length joining a
point to 0f2, contain no singular or conjugate points in their interior.

Proposition 2.9 Let v € Q and y € II(z). Then YNy, x[= 0.

Proof—We already know that YNy, z[= () by Proposition 2.2(b), and that
k(y)d(z) < 1 by Proposition 2.6. Since k(y)d(z) < 1 for every z €]y, z[, we
conclude that z ¢ T'. O

The following proposition, that will be crucial to our analysis, is an
adaptation of some of the results of [1] describing propagation of singularities
for semiconcave functions.

Proposition 2.10 Let g € 3, and let po, qo be two distinct limiting gradi-
ents at xo such that the segment [po, qo] is a face of DT d(xg). Let ng be a
nonzero vector satisfying

(p,no) < {po,n0) = (qo,n0)  Vp € DTd(xo) .

Then, there exist a number n > 0 and a Lipschitz arc x : [0,n] — Q such
that
x(0) = ¢, z(0) = —ny, x(s)eX Vse[0,n]. (10)

Moreover, x(s,) € Xt for some sequence s, | 0, and
D d(x(sn)) = [Pr.qn] ¥R >0 (11)
where pn, — po and g, — qo as N — Q.

Proof—The existence of a singular arc « satisfying (10) follows from Lemma
4.5 and Theorem 4.2 of [1], where a bound of the form diam D*d(x(s)) > §
is also deduced for some ¢ > 0 and every s € [0, 7).

To prove the last part of the conclusion, we note that, for any ¢ > 0,
H(x(]0,¢€])) > 0 because ©(0) # 0 and « is Lipschitz continuous. Since Y2
is at most countable (see, e.g., [12]), we conclude that H!(x([0,€])NEt) > 0
for any ¢ > 0. Consequently, there exists a sequence s, | 0 such that
x(sn) € X! for every n € N. Let us set DV d(x(s,)) = [pn,qn), choosing
pn so that (pn,po) > (qn,po). Notice that, in particular, |p, — ¢,| > 0.
Now, let us consider converging subsequences of {p,} and {g,} (labelled



like the original sequences) and denote by p* and ¢*, respectively, their
limits. Applying [3, Theorem 2.1], we deduce that

*,q" € arg max ,n0) = [po, qo] -

b,q gpeDer(xO)(P 0) = [po, o]

Since p* and ¢* belong to D*d(x(), we conclude that p*, ¢* € {po, go}. More-
over, [p* —¢*| > § and (p*, po) > (¢*,po). This forces (p,q) = (po, qo). U

Remark 2.11 Elementary geometric arguments show that D%d(xg) pos-
sesses a l-dimensional exposed face—and so, owing to Proposition 2.10,
x¢ is the inital point of a nonconstant Lipschitz singular arc—if and only if
D d(z) fails to cover the closed unit ball By. On the other hand, in view of
(4), we have that DVd(z¢) = By if and only if 9D d(z) = D*d(x). By [1,
Theorem 6.2], the last identity is necessary and sufficient for X to be a single-
ton or, equivalently, for © to coincide with Br(xg), where R = d(x¢). In fact,
the equivalence between ¥ being a singleton and the identity Q = Bgr(xq)
follows from a classical result of Motzkin’s [22].

In conclusion, either = Bgr(xg) or every singularity propagates along
Lipschitz arcs. Moreover, by the last part of Proposition 2.10, ! is dense
in X in the latter case.

We conclude this section with a regularity result for the normal distance 7.

Theorem 2.12 Let  be a bounded domain in R? with boundary of class
C%1. Then the map 7 defined in (6) is Lipschitz continuous on OS).

The first author became aware of the above property from [21]. A proof of
this result for C*° smooth submanifolds of an n-dimensional smooth mani-
fold is given in [19]. In the Appendix, we provide an independent proof of
Theorem 2.12, based on Proposition 2.10.

Hereafter, we will denote by Lip(7) the Lipschitz seminorm of 7 on 0.
Since x + x + 7(x)Dd(z) maps O onto ¥, a straightforward application of
Theorem 2.12 is that the 1-dimensional Hausdorff measure of ¥ is finite:

Corollary 2.13 Let Q be a bounded domain in R? with boundary of class
C>t. Then,

HYUE) < kg HYH(09) < 0
where kg > 0 is a constant depending on Lip(7) and on the seminorm Lip(k)
defined in Remark 2.7.

For less regular domains the Lipschitz continuity of 7 may fail, but continuity
is preserved as we show below.
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Lemma 2.14 Assume (5). Then the map 7, extended to 0 on X, is contin-
uous in 1.

Proof—We only need to show that 7 is upper semicontinuous in €, lower
semicontinuity being a direct consequence of ¥ is closed. For this purpose,
consider a sequence {x,} in Q \ 3, converging to some point z € €2, and
suppose by contradiction ¢* := lim,, 7(z,,) > 7(x). In particular, this implies
that t* is positive. We can also assume, without loss of generality, that
{Dd(xy)} converges, say to p. Let t € (7(x),t*). Then, d is differentiable at
Ty, + tDd(xy,) by definition. Thus, for n large enough,

(zy, + tDd(xy,)) = I(2y) = {zn — d(xn)Dd(z,)}

Taking the limit as n — oo, we obtain x — d(x)p € II(x +{p). So, x + 7(z)p
belongs to the interior of the segment [z —d(x)p, x+1p]. Since z+7(z)p € X,
this contradicts Proposition 2.9. [J

We conclude this section with an approximation result. Roughly speak-
ing, we need to make sure that both the singular set and the normal dis-
tance are stable for convergence in the C? topology. We begin by defining
the signed distance from 0f2 as

doo(z) if 2€Q
dQ(x):{ —5§Q(x) if xecR?\Q.

We say that a sequence of sets {2, }, satisfying (5), converges to € in the
C? topology if the boundary of the , converge to the boundary of Q for
the Hausdorff distance and if dq,, Ddq, and Dden converge to dg, Ddg
and D?dg, uniformly in a neighbourhood of 5.

Proposition 2.15 Let {Q,} be a sequence of sets satisfying (5). For any
n € N, denote by X, and T1,, respectively, the singular set of 1, and the
normal distance to %,. If {Q,} converges to Q0 in the C? topology, then
{3,} converges to ¥ in the Hausdorff topology, and {m,} converges to T
uniformly on all compact subsets of €.

Proof—Let us prove, first, that the upper limit of {3,} is contained in X.
For this it suffices to show that, if a sequence {z,} in ¥, converges to a
point z € Q, then z belongs to X. Indeed, let y, and z, be two distinct
projections of x, onto 9€,. Without loss of generality we can assume that
both {y,} and {z,} converge to points of II(x), say y and z respectively. If

11



y # z, then x belongs to ¥ and our claim follows. So, suppose x € 2\ ¥
and y = z. Since y, +dq, (zn)Ddq, (yn) = zn +dq, (x,)Ddq,, (2), we have

Ddg,, (Yn) — Ddg,, (2n)
’yn — 2|

Yn — Zn
[Yn — zn|

= —dq, () (12)
The sequence in the left-hand side above will converge, up to replacement
with a subsequence, to some unit vector # € R?. Then, passing to the limit
in (12) we obtain § = —dg(x)D?dq(y)f. Hence, recalling the structure
of the hessian matrix D?d(y), we conclude that d(z)k(x) = d(z)k(y) = 1.
Therefore, = belongs to 3.

Now, let us prove that the lower limit of the sequence {%,} contains 3.
For this, it suffices to show that ¥ C liminf¥,. Let x € Q\ liminf¥,,.
Then, there exists a subsequence {%,, } of {3,} such that, for some ¢ > 0,
B.(z) C Q\ E,,. We claim that B, y(x) NY = (). For let z € B,5(z) and
set y, = laq,, (z). Since

2= Yk

Z+eE——
2dg,,, (2)

€ B.ja(z) C Be(z) CQ\ Xy,

Yk is also the unique projection of z +£(z — yx)/2dq,, () onto 98y,,. Now,
a subsequence of {yy} will converge to some point y € 992 belonging to both
[(z) and TI(z + (2 — y)/2dq(z)). Therefore, z ¢ owing to Proposition
2.9, and our claim is proved as well as the convergence of ¥,, to X.

We omit the proof that {7,} converges to 7, because the reasoning has
much in common with the proof Lemma 2.14. [J

3 Existence
In this section we prove that the pair (d,v), where

7(2) — (d(x k(T =
o(@) = /0 f(@ + tDd(x))> 1(f(d();)“;()$)( it veeo\T  (13)

and v = 0 on %, is a solution of system (2). We begin with two preliminary
results, the former describing continuity and differentiability properties of
v, the latter providing an approximatimation result for the characteristic
function of a compact set, in the spirit of capacity theory.

Proposition 3.1 Let Q C R? be a bounded domain with boundary of class
C% and f > 0 be a continuous function in Q. Then, v is a locally bounded
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continuous function in Q. Moreover, in any set Q. := {x € Q : d(z) > e},
e > 0, v satisfies the bound

0 < v(2) < [ flloo,0 [1 + [lls]-lleoeydiam Q| 7(x) Ve e, (14)

where ||[k]-|lc(a0) = maxzepalr(z)]-.
If, in addition, 0N is of class C** and [ is Lipschitz continuous in 2,
then v is locally Lipschitz continuous in Q\X and satisfies

~div (v(2) Dd(x)) = [ (x) (15)
at each point x € Q\Y at which v is differentiable.
Remark 3.2 Since d is C? in 2\, equality (15) reads
(Dv(z), Dd(x)) + v(z)Ad(z) + f(z) = 0. (16)

Moreover, a straightforward consequence of Proposition 3.1 is that the equal-
ity —div (vDd) = f holds in the sense of distributions in Q\X as soon as f
is Lipschitz and 99 of class C*!.

Proof—We note, first, that the maps Dd, 7 and x are continuous in Q\%
since € has a C2 boundary. Hence, when f is continuous, so is v in Q\X.

Let us now prove that v is continuous on ¥. Observe that, for any = ¢ X,
the term

1 — (d(z) +t)k(z) _1-d@+ tDd(x))k(x)
1 —d(z)k(x) 1 —d(x)kr(x)

0<t<7(x)

is nonnegative by Proposition 2.6. A simple computation shows that it
is also bounded by 1 + ||[s]-[lc(aq)7(x). This proves (14) recalling that
x+tDd(x) € Q. whenever z € ), and 0 < ¢ < 7(x). The continuity of v on
3} an immediate consequence of (14).

Next, let 9Q be of class C*! and f be Lipschitz. Then, Theorem 2.12
ensures that 7 is Lipschitz on 0€2. Therefore, 7 = 7oll—d is locally Lipschitz
in Q\Y, as well as v.

Finally, let us check the validity of (15) at every differentiability point =
for v in the open set Q\X. We note that, at any such point z,

(Do(2), Dd(z)) = %U(x +ADd(x))

[x=0 °

13



But 7(x + ADd(x)) = 7(x) — A and d(z + ADd(x)) = d(z) + A for A > 0
sufficiently small. So,

dt

T - x KT
vz + ADd(z)) = /0 f(ff+(t+)\)Dd(x))1 d(( )+ A+ t)r(x)

1 — (d(z) + N)k(x)

@ 1— (d(z) +
= /)\ f($+th(x))1—(d(:z:)—}—)\)/{(:z:) t.

Therefore,

. o B 7(x) D t
(Dv(z), Dd(z)) = —f(z) +/0 fla +tDd(z)) (1 —d(x)k(z))?
= —f(z) —v(z)Ad(x)

where we have taken into account the identity

Ad(z) = —1_6’;((% Vo e O\E,

that follows from Proposition 2.6. We have thus obtained (16)—an equiva-
lent version of (15)—and completed the proof. [

Proposition 3.3 Let K be a compact subset of R? such that H'(K) < oc.
Then, there exists a sequence {&.} of functions in W(R?) with compact
support, such that

a) 0<& <1 forevery k € N;
b)  dist(spt(&k), K) — 0 as k — oo

(
(
(c) K Cint{x € R?: &(x) > 1} for every k € N;
(d) & — 0 in LY(R?) as k — oo;

(

e)  Jpo |DE|dx < C for every k € N and some constant C > 0.

The standard notations dist, sptand int stand for distance (between two
sets), support (of a function) and interior (of a set), respectively. We give a
proof of the proposition for the reader’s convenience.

Proof—Since H!(K) < oo, for any fixed k € N there exists a sequence of
points {xz(k)}ieN in K and a sequence of radii {rgk)}ieN such that
o 0<rM< 1 and Zirl(k) < C (HYK)+ 1);

%
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e KC int(Ui B (xg’f))).

for some constant C' > 0. Now, define, for any x € R?,

&) = [1- g5 1z = 2?1 -1Y)

i

Js

ér(z) = sup & (2)

and observe that

spt(e”) = B, (M)

spt(DEM) = B, o (@l)\B, oo ()

)

Then, & € L'(R?) since 0 < &, < 1 and & has compact support. Moreover,
(k)

an easy computation shows that [p, ]D§§k)|d:v = 3nr; . So, applying [13,

Lemma 2, p.148], we have

(k) (k) 1 1
< ) < ) <
/2 | D& |dx sgp/2 ]DﬁZ |dz EZ /2 |D§Z |dz C’(’H (K) + k‘)

for some constant C' > 0. Therefore, & € W1H1(R?) and (e) holds true.
Properties (b) and (c) are true by construction. Finally, (d) follows by
Lebesgue’s Theorem because 0 < & < 1 and & (x) = 0 for any point z ¢ K
and k large enough. [J

Proof of Theorem 1.1[Part 1: Existence]—We will prove that the pair
(d,v), with v defined by (13), is a solution of system (2). Let us point out,
to begin with, that d is a viscosity solution of the eikonal equation in €2, and
so, a fortiori, in the open set {z € Q : v(z) > 0}. Therefore, what actually
remains to be shown is that

/ fodr = / v(Dd, Do)dz Vo € C°(Q). (17)
Q Q

Let us assume, first, that f is Lipschitz and € has a C*! boundary. Since
H!(X) < oo by Proposition 2.13, we can apply Proposition 3.3 with K =%
to construct a sequence {{x} enjoying properties (a), (b), (c¢) and (d). Let
¢ € C* () be a test function, and set ¢ = ¢(1 — &). Notice that, for k
large enough, spt(¢y) CC Q\X. This follows from (a), (b) and from the fact
that 3 C Q (see Proposition 2.8). Then, Proposition 3.1 and Rademacher’s

15



Theorem imply that —div (vDd) = f a. e. in Q\X. So, multiplying this
equation by ¢ and integrating by parts, we obtain

/ Fopds / o(1 = £.)(Dd, D)dar — / vé(Dd, D&Yz . (18)
Q Q Q

We claim that the rightmost term above goes to 0 as k — oo. Indeed,

| [ votDa.Deas| < ol [vlapice) | D8I

Cll#lloo.0 [[0]lo0,spt(er)

IN

where C' is the constant provided by Proposition 3.3 (d). Now, using prop-
erty (a) of the proposition and the fact that v is a continuous function
vanishing on 3, we conclude that ]l spt(g) — O as k — oo. This proves
our claim. The conclusion (17) immediately follows since, in view of (a) and
(c), the integrals [, fordz and [, v(1—&)(Dd, D¢)dx converge to [, fodx
and [, v(Dd, D¢)dz—respectively—as k — co.

Finally, the extra assumptions that 99 be of class C*! and f be Lipschitz
in 2, can be easily removed by an approximation argument based on the
lemma below. [J

Let {€2,} be a sequence of open domains, with C>! boundary, converging to
Q in the C? topology, and let {f,} be a sequence of Lipschitz functions in
), converging to f, uniformly on all compact subsets of 2. Denote by X,
and 7, respectively, the singular set of €, and the normal distance to %,,.
Define v, (x) = 0 for every z € 3,, and

1—(dq, (z) + t)kn(x)
1 —dq, (z)kn(z)

where k() stands for the curvature of 9, at the projection of z.

Tn () _
vp(z) = /0 fn(z +tDdgq, (x)) dt Vo eQ,\X,,

Lemma 3.4 {v,} converges to v in L} ().

Proof—Since, owing to (14), the sequence {v, } is locally uniformly bounded
in €, it suffices to prove that it converges uniformly to v on every compact
subset of . For this, recall that, on account of Proposition 2.15, {¥,}
converges to ¥ in the Hausdorff topology and {7,,} converges to 7 uniformly
on all compact subsets of . Then, our assumptions imply that {x,} con-
verges to x uniformly on every compact subset of Q\Y, and so does {v,}
to v. To complete the proof it suffices to combine the above local uniform
convergence in Q\Y with the estimate

0 < vn(2) < | fnlloc.g. (14 [En]-lle@n,)diam Qn) 7 () Vo € Q,

16



that allows to estimate v,, on any neighborhood of ¥. [J

4 Uniqueness

In this section we will prove that, if (u/,v") is a solution of system (2), then
v" is given by (3) and ' = d in Q, = {x € Q : v'(x) > 0}. We begin by
showing the last statement.

Proposition 4.1 If (u/,v') is a solution of system (2), then v’ = d in Q..

Proof—Since ||Du/||c,0 < 1 and o' = 0 on 052, we have that ' < d
in Q because, in view of Remark 2.4 , d is the largest function with such
properties. Moreover, since u’ solves the eikonal equation in €2,/, Proposition
2.2 ensures that
/ : /
u'(x) = min U + —ZL‘} Vo € Q.
()= _omin  { )+l .

We will argue by contradiction, supposing u/(z¢) < d(zp) for some point
xo € Q. Without loss of generality, x¢o may be assumed to be a point
of differentiability of u/, and of approximate differentiability of Du’ (see
Remark 2.3). Let then L : R? — R? be a linear map such that, for any
e >0,

|Du'(x) — Du/(z0) — L(x — )|
|z — x|

1
I;fgﬁ‘Br(xo) N {3: €N

> 5}‘ —0. (19)
Moreover, let yo € 0€2, be such that
Jzo,y0[C Qv and  u'(x0) = u'(yo) + |yo — 2ol -

Notice that yo ¢ 09 because, otherwise, one would have u/(yp) = 0, and so
u'(x0) = |yo — xo|, in contrast with u'(zo) < d(zo).
Next, let us fix

- v'(20)
0<e<min{l, TR A T ) - (20)

We claim that there exists p > 0 such that the balls B,(z¢) and B,(yo) are
both contained in €2, and

lp — Du'(x0)| < 1/2 Vp € DY/ (z), Vo € B,(z0) (21)
v'(x) > ' (20)/2 Va € Bp(zo) (22)
V(y) <e Vy € By(yo) (23)

17



Indeed, (21) follows from the upper semicontinuity of Dtu' (see Remark
2.3), while (22) and (23) can be obtained by a simple continuity argument
since v'(x¢) > 0 and v'(yo) = 0.

Let us set, for the sake of brevity, e = Du'(xg) and let e; € R? be such
that {ej, ez} is a direct orthonormal basis of R2.

From (19) it follows that, for every sufficiently small r > 0, there exists
a point z, € B,(xg) of differentiability for u such that

(7) | D/ (z,) — Du'(x) — L(z, — 0)| < &7
(17) (e2,2p —x0) < 0 (24)
(#i7) (e1,my —x0) > 1/2.

Now, fix y1 €]z0,y0[NB,/2(y0), and let 7 > 0 and be so small that
Yr = xy — |vo — y1| DU/ () € By(yo) and co{xo,zr, y1,yr} C Q.
Such a number r exists because [zg,y1] C 2, and

lim ¥, = x¢ — |xo — y1|Dv (z0) = 1,
r|0
since z, — 9 and Du'(z,) — Du/(xg) asr | 0.

Finally, let us set x1 = I, ) () and C = co{x1,y1, 2,y }. We point
out that, because of (24)(ii), x; belongs to the open segment |z, yi[. The
convex set C is a quadrilateral with sides [x1, z,], [y, Yr], [yr,y1] and [y1, z1].
Moreover, u' is differentiable at any point x € [y1, z1] and Du/(x) = Du'(xp),
as guaranteed by Proposition 2.2(b). Similarly, combining properties (c)
and (b) of the same proposition, shows that u is differentiable at any point
x € [z, yr] and Du/(z) = Du' ().

Our next step would be to integrate the equation —div (v'Du) = f over
C and apply the Divergence Theorem. This reasoning needs the following
approximation argument to be made rigorous. For any o > 0, consider the
test function

bo(z) = [1 . idc(x)L zeR?,

an element of W1°(R?) with support C, := {z € R? : d¢(x) < o}. Observe
that, for o sufficiently small, 1o, € Wa>°(). Also, spt(Dthy) = C,\C. Thus,

/Qflbgda::/gv%Du/,Dd)ﬁdx:/ V' (D', Dy )dz (25)

Co\C

18



In the right-hand side of the above equality, we split the integration domain
as C,\C = E1(0) U Ez(0) U E3(0) U E4(0), where

Ei(o) ={x € E: ll¢(x) €]z1,n1[}
Esy(0) ={x € E : ll¢(x) €|z, yr[}
Es(o) ={x € E: l¢(x) € [y1,y]}
Ey (o) ={x € E :1l¢(x) € [z1,2,]}

and proceed to estimate the integrals
Ei(o) == / V' (D', Dy )dx i=1,...,4.
E;(0o)

To find an upper bound for & (o), observe that |E1(0)| < o|y; —x1| and
D1, = —ey/o on Ei(o). Therefore, recalling that Du'(xg) = eq,

1 1
&)l =—| / o (Dul, ex)dar| =~ | / V' (Du/ — D (20), e1)da
g Ei(0) o Ei(0)

1
< — B0 [V'lloo ¢, [1Pu’ = D' (20) oo, 1)
< lyr = 21| [V |0 ¢, | DU’ = D' (20) |00, (o) (26)

Moreover, since u’ is continuously differentiable at every point = €]yg, x|
and satisfies Du/(x) = Du/(z¢), we have

w1(0) = D4 — D (w0) lsopr(o) — 0 a5 o L 0.
Similarly,
[E2(0)] < |yr — @ [|[V']] 0,0, w2(0) (27)
where wy(0) := || Du' — Du/(x0) |0, my(0) — 0 as o | 0.

Next, to bound &3(0) we note that E3(0) C By(yo) for ¢ > 0 small
enough. So, in view of (23), |E3(0)| < ¢|E3(0)|/o because | D, | < 1/0 and
|Du'| < 1. Since |E3(0)| < 20(|y1 — yr| + 20) , we finally get the estimate

E3(0)| < 2e(Jyr — yr| + 20). (28)

The reasoning we need to estimate £4(0) is just slightly longer than the
previous ones. Let us split E4(o) in two parts, Ej(c) and E} (o), where

E\(0) ={x € Ey(o) : Ue(z) €)1, 2, [}
El(c) ={x € E4(o) : Ue(x) € {x1,22}}.
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By choosing o > 0 so small that E4(0) C B,(x¢), we have |Du’ — e < 1/2
a.e. in Ey(o) owing to (21). Therefore,

1 1
(DU, Dipg) < (e2,Dpg) + — < —=— a. e. in Ej(0)
20 20

because, on such a set, DY, = —ea/o. Now, by (22),

E/I
E4(o) < / DU, Dy d+ ELO o
E} (o)

o
1 v'(xo)

= 2 2
v'(20)
4

|E{(0)] + 2700 [loo,c,

< - |21 — | + 270V | 0., (29)

Now, plugging estimates (26), (27), (28) and (29) into (25), we obtain

v’ (o)
4

Og/fzpodx§25(|y1—yr|+20) — |x1 — x|
Q

0 oo | Iy = @1k (0) + lyr = @rlwa(r) + 270 |
Hence, letting o | 0,

v’ (o)
4

0 < 2ly1 —yr| — |z — xr] . (30)
Since, owing to (24)(i), |Du'(x,) — Du/(z0)| < er + || L|||x, — 20|, we have

1wl = | @~ 20— 1IDW (@) = (w0 = |0 — 1| Du (w0) ) |

IN

w0 — vu| (7 + | L[| — wol) + |ar — ol
But |z, — zo| <r and, by (24(iii)), |z1 — .| > r/2. So,
er + ||L||lzr — zo| < 2(e + ||L]])|z1 — /]

and
ly1 —yrl <2 [T+ |20 — w1l (e + 1 LID] |21 — 2] - (31)

Combining (30) and (31), we obtain

0< {45 [1 + o — u1 (e + ||LH)} - “/(j(’) }|g;1 — x|,

20



which is in contrast with (20). We have reached a contradiction assuming
u'(z9) < d(xg). So, u' = d and the proof is complete. [J

Our next task is to show that v’ is given by the representation formula
(3). We will do this in the next two propositions: the first one computes v’
away from the singular set, the second one on X..

Proposition 4.2 Let (d, V') be a solution of system (2). Then, for any
20 € Q\ X and 0 € (0,7(20)), we have

1 — (d(z0) + 0)k(20)

o ea) = L L O] 1 )
o 1 - (d(z0) + O (z0)
_/0 o D) S S O

Proof—Let zp € Q\X, 0 € (0,7(20)) and set 29 = zo+60Dd(z). Notice that
[20,20] C O\ and Dd(z) = Dd(z) for z € [z9, 0] by Proposition 2.2(b).

Let us use—once again—a coordinate system that simplifies the nota-
tion: we set e = Dd(zp) and choose e; such that {e1,es} is a direct or-
thonormal basis of R2. Also, fix r > 0 so small that z, := zg + rey ¢ ¥ and
(Dd(x,),ez) > 0. Let then ¢ > 0 be such that the point z, := z, — tDd(x;)
satisfies (2, — 20, €2) = 0. We note that ¢ is given by

(T — 20, €2) w0 — 2o

b= (Dd(z,),e2)  (Dd(z,),e) (32)

Finally, let us possibly reduce » > 0 in order to ensure that the domain
D, := co{xg, 2,2, 2} be contained in Q\¥ and d be of class C? in a
neighbourhood of D,.

Integrating by parts the equation —div (v'Dd) = f on D,., we obtain

/ | fdz = — /a ; v (Dd, v)dH? (33)

where v is the outward unit normal to dD,. The above right-hand side
amounts to

/ v (Dd, v)dH? :/ v'(Dd, 62>d’H1+/ v'(Dd, —e)dH'  (34)
D, [z0,2r] [20,2r]

because

/ v'(Dd,v)dH' = / v (e, —e1)dH! =0
[z0,0]

[z0,0]
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and, similarly, (Dd,v) =0 on [z, z,]. Moreover, we have

|z0—z0| It
fdx = / dt f(z0 + tea + sey)ds (35)
D, 0 0

where

t
I, = (1 7’)\20—27«"1' |xo — ]

20 — 20 |20 — xo|

Our next step will be to compute lim,.|o % I} D, fdx. Aiming at this, let

us recall that, in view of Proposition 2.6,

k(o)

D?d(zo) = h = 1= w(wo)d(zo)
(xo) 70(51 o2y 61) where 7o 1— ,tg;(q:o)d(:l:'o)

Hence,

(Dd(x),e1) 1 (Dd(xo) + rD?d(xg)er + o(r), e1) _ o+t e(r)
(Dd(xy),e2) 1 (Dd(xo) +rD%d(zg)e1 +o(r),e2) 1+ ¢€(r)

S

where €(r) — 0 as r | 0. Since

1 (Dd(x,),e1)
[0 = 20l 7 (Dd(z,), e2) [0 =20l

Yo + €(r)

|20 — 2r|
1+e(r)

, (36)

we obtain

t

t
lim — = (1—7)(1—70|x0—z0|)+7
|20 — Zo |20 — o

= 1—lzo — 20| +t0

Therefore, in view of (35), we conclude that

1
lim —
rl0r

|z0—o]
/ fdx = / f(z0 + tea) (1 — Yolxo — 20| + t'yo)dt . (37)
D, 0

We now turn to the evaluation of lim,|q 1 faDr v'(Dd,v). Since Dd is
continuous at xg and Dd(xg) = ez, we have

1
lim — v (Dd, ea)dH' = ' (20) .

rl0 T [z0,r]

A similar continuity argument and (36) show that

1
lim — v'(Dd, —ea)dH' = —v'(20)(1 — yo|mo — 20]) -

rl0 T [z0,2r]
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Then, recalling (33), (34) and (37), we conclude that

1
lim —/ v (Dd, v)ydH' = v'(20)(1 — Yolzo — 20]) — v/ (o)
rl0 T JaD,

|z0—o|
=/ f(zo+t62)<1—70|300—20!+t70>dt,
0

whence, since |zg — xg| = 6,

/ 0
/ v'(20) ( i )
- = t 1 dt . 38
Vo) = 2 = [ o+ ten) (14 722 (39)
Finally, recalling the definition of 7 and using the equality d(z¢) = d(zo)+0,
we have

K(z0)0 1 —d(20)k(x0)

1—90=1+ 1 — d(zo)r(x0) - d(o)r (o)

and
oo r(xo)
1—70  1—d(z0)k(xo)
In view of the above identities and of the fact that x(z¢) = k(z0), (38) can
be recasted as

1 — (d(z0) + t)K(20)
1 — d(z0)k(20)

v'(20) — dt .

1 —d(zo)r(20) _ [ 2o + te
Tt ) =, ot

The last formula yields the conclusion. [J
The following result is reminiscent of [13, Proposition 7.1].
Proposition 4.3 If (d,v') is a solution of system (2), then v/ =0 on X.

Proof—Let us assume, first, that ¥ is a singleton, say {zo}. Then, by a
classical result of Motzkin’s [22] (see also Remark 2.11), €2 is the disk Br(zo)
with R = d(zg). Integrating the equation —div (v'Dd) = f on B,(xg), for
0 <r <R, gives

/ fdr = — / v'(Dd,v)dH' |
By (o) OB (x0)

where v is the outward unit normal to 9B, (zg). Since (Dd,v) = —1, we
have
. 1 . 1 / 1 !
0 =lim — fdx =lim — v'dH' =271’ (x0) -
rl0 T B.(z0) rl0 T 9B (z0)
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Thus, v'(zg) = 0.

Suppose, next, that > is not a singleton. Then, again by Remark 2.11,
the set X! of singular points with magnitude 1 is dense in ¥. Since v’ is
continuous, it suffices to prove that v’ vanishes on X!. So, let g € £! and
D*d(z0) = [po, qo0] with pg # qo. Then, by Proposition 2.10, there exists a
Lipschitz arc « : [0,n] — X such that (0) = zo, (0) # 0, and

(2(0),po — o) = 0. (39)
Moreover, x(s,) € X! for some sequence s, | 0, and
DY d(x(sn)) = [pn.qn)  With  pn — po, @n — qo- (40)
Since ¥ has Lebesgue measure zero, we have, by Fubini’s Theorem,
HE ([xo — aSpPo, T(Sn) — aSppn] N Z) =0 fora. e a€ll,2],
provided n is sufficiently large. Let «,, € [1,2] be such that
HE ([xo — QpSpPo, (Sn) — apSppr] N E) =0.
In the same way, let 3, € [1,2] be such that
H! <[:E0 — BnsSnqo, (Sn) — BnSngn] N Z) =0.
Let us set, for every n € N,
I} =]z — ansnpo, ®(sn) — ansnpul, 1 :=]r0 — Bnsnqo, T(sn) — Bnsnanl,

and let us denote by TZ (resp. TZ) the closure of I} (resp. I').
Now, for n € N large enough define the domain

D, := co ([zo, (sn)] UT;) U co ([zo, x(sn)] UTZ)
and consider, for o > 0, the function

upa) = [1- 2dp, @] wen.

Notice that, for n large enough, ¢} € Wk (©). Therefore, using ¥ as test
function for the equation —div (v'Dd) = f, we have

/Q fogdr = /Q v (Dd, Dy dx .
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In order to estimate the right-hand side, observe that the support of D2
is given by the closure of the set A"(0) := {z € Q\D,, : dp, () < o}. This

set can be represented as the disjoint union A7 (o) U Ay (o) U A™(0), where
Aj(o) ={z € A(o) : lip,(z) € I}, Aj(o)={x € A(o) :lp,(v) € I}}.

Then, the gradient of dp,, is constant on A} (o), say Ddp, = v,. Similarily,
Ddp,, = vy on Ag (o). Now, observe that

_ /Q Fibpdz (41)

/ /
- / Z(Dd, vy de + / L(Dd, vy de + / ' (Dd, Dy™)dx
(o) A3(0) "(0)

g (o2

We will pass to the limit as o | 0 in the above identity. We have

lim/fwgda::/ fdx .
al0 Jo D,

Moreover, arguing as in the proof of Proposition 4.1, we find

lim v (Dd, Dy2)dz =0 .
al0 An (o)

In order to estimate the term

/ 1 (e
/ v—(Dd, vy )de = — / dH (y) / v (y + tvy )(Dd(y + tvy), v,)dt
AR (o) Iy 0

g o

recall that H'(I? N'X) = 0, and so Dd is continuous at H'-almost every
point of I}). Therefore,

/
im [ (Dd,vdr = / o () (Dd(y), ) AH ()
ol0 Jan(o) O In
Similarly,
/
i [ S Ddpde = [ V)i, ).
ol0 Jan(o) O n

Thus, passing to the limit as ¢ | 0 in (41), we conclude that

- / f= / ) v (y)(Dd(y), vy dH (y) + / V(y){Dd(y), vg)dH' (y) . (42)

13
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Our final step will be to divide both sides of (42) by s, and to take the
limit as n — oo. For this we need two preliminary remarks. The first one is
that, for every sequence {y,}, such that y, € I} and d is differentiable at
Yn, Dd(y,) converges to pg as n — oco. For let A, € [0, 1] be such that

Un = M@0 — ansnpo) + (1 — Ap)(x(sn) — ansnpn)
= (0o — ansnpo) + (1 — ) (20 + 5, 2(0) + 0(5n) — AnSnPn)

and suppose A\, — A\* € [0,1] and o, — o* € [1,2] as n — oo (which always
holds, up to subsequences). Then,

lim Jn— 70 _ —a*N'po + (1 = X\")x(0) =: 6* .

n—oo Sn

But min{(p,0*) : p € DTd(xg)} is attained at po, since, in view of (39),
(x(0),p) = (x(0),po) for every p € [po,qo]. Thus, by [3, Theorem 2.1],
Dd(yn) — po as claimed.

The second remark we need, to proceed with our computation, is that

_Po— 490

= g — o] )
Indeed, by definition,
(v, 2(sn) — ansppn — (10 — ansnpo)) = 0
where
x(Sn) — o + anSn(Po — pn) = sp&(0) + 0o(syp) (44)

in view of (40). Thus, v, is nearly orthogonal to &(0), and so

n

. . 1
vy, = po(po — qo) + &, with  lim ¢, =0 and |po| = —.
n—00 IPo — qol

Moreover, (v, po) < 0 for n large enough, because v, is an outward normal

to the set co ([xg, x(sy)] U TZ) at the point z¢g — ays,po and xg belongs to
such a set. Therefore, py < 0 and (43) follows.

We are now ready for our final step. Dividing both sides of (42) by s,
and taking the limit as n — 0o, we obtain

0= tim —{ [ vwiw.pate + [

13

o (y)(Dd(y), vy)dH (y) }
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Since HI(I}’; = |®(sn) — ansnpPn — (To — ansnpo)| = sn|x(0)| + o(s,) on
account of (44), we have

Jm [ ) D). ) - /(a0 (o )

By a similar argument,

! / . o, ) Po — 4o
i - [ DA ) = o )20 (e =)

Thus,

0 = V(@) @O = (po. o)+ (a0, o) |

0
IPo — qo [P0 — qo
= —v'(xo)|2(0)] |po — qo|

Since &(0) # 0 and py # qo, we have finally obtained that v'(x¢) = 0. O

We are now ready to complete the proof of our main result.

Proof of Theorem 1.1[Part 2: Uniqueness]—Let (v/,v') is a solution
of system (2). Then, ' = d in Q, = {x € Q : v/(z) > 0} by Proposition
4.1. In particular, (d,v") is also a solution of (2). So, owing to Proposition
4.3, v =0 on 3. Now, let z € Q\ X. In view of Proposition 4.2, we have

1 — (d(z) + 0)k(x)

@) = d(z)r(z)

v'(x + 0Dd(x))

_ [’ 1 — (d(x) + t)r(z)
—/0 f(z +tDd(x)) = d()n() dt

for each § € (0,7(z)). Since v’ is continuous and vanishes on X, the left-
hand side above converges to v'(z) as 6 1T 7(x). So, v'(x) coincides with
v(x), given by (3), and the proof is complete. [

A Appendix: Proof of Theorem 2.12

We already know that the normal distance 7, defined in (6), is continuous
in €, see Proposition 2.14. In this section we will prove that, if  has a C*!
boundary, then 7 is also Lipschitz continuous on 9 (Theorem 2.12). The
main step of the proof is the following preliminary result.
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Lemma A.1 Let Q be a bounded domain in R? with boundary of class C**.
Then, every x € 02 has a neighborhood, U, such that

7(y) < 7(z) + K (diam Q)?|y — z| VyeoQnU, (45)
where
K= sup max { \ff(@r) - w(2)| [Dd(y) - Dd(x)_— lzzd(x)(y — )] } |
2,y € 00 y — | ly — |

T Fy

Proof—Let =z € 00 be fixed. We will analyse, first, the simpler case
7(z)k(z) = 1. Recalling that 7(z) < diamQ/2, we have k(z) > 2/diam (.
Let U be an open neighborhood of x such that x(y) > 1/diam 2 for every
y € U. Then, for every y € 0Q N U,

K
+ < 7(x)+ E(diam 0%y — z|

and (45) is proved.

Now, suppose 7(z)x(x) < 1 and define z = z + 7(x)Dd(z). We claim
that Dd(z) must be isolated in D*d(z). For suppose Dd(z) = limy, py for
some sequence {py} in D*d(Z) satisfying pr # Dd(x) for every k. Then,
pr = Dd(zy) , where x, = T — d(Z)py, # & — d(z)Dd(x) = z is a sequence of
boundary points {xy} converging to z. We can also assume, without loss of
generality, that (z — x)/|xy — x| converges to some unit vector 6. Hence,
Dd(xy,) — Dd(x)

= —d(z) li = —d(z)D?d(z)0.
o e (z) lim P— (z)D"d(x)

Therefore, recalling that the nonzero eigenvalue of D?d(x) is given by —r(z),
we obtain —k(x) = —1/d(z) = —1/7(x) in contrast with 7(x)k(z) < 1. So,
our claim is proved.

Hereafter, we denote by R the rotation matrix

0 -1
== (1 70)
and by {e1, e2} the orthonormal basis of R? given by
e1 = R™1Dd(x) es = Dd(x).

We split the reasoning into several steps.
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Step 1: constructing a singular arc.
We want to construct a Lipschitz arc « : [0,7] — €2 such that

x(0)=z, |x(0)=1, (x(0),e1)>0, =(s)e>X Vse|0,n]. (46)

Suppose, first, Z € ¥2. Since ey is isolated in D*d(Z), there are two dis-
tinct vectors py, pe € D*d(Z) such that the segments [p1, e2] and [pe, es] are
contained in DT d(z). Let ny and ny be outward unit normals to D" d(z)
exposing the faces [p1, es] and [pa, e2] respectively, i.e.

pe%lfif(j)@, n;) = (i, ni) = (€2, M) i=1,2.
We claim that
eg = A\ini1 + Aang (47)

for suitable numbers A1, Ay > 0. Indeed, the normal cone to D" d(z) at ey
is generated by {ni,n2}. Since ez belongs to such a cone, ea = A\inj + Aang
with A;, A2 > 0. If A\; =0, then Ay = 1 and ez = ny. Therefore, (p2,n2) =
(e2,m2) = 1, which implies po = no = e in contrast with the definition of
p2. So, A1 > 0. Similarly, Ay > 0; our claim is thus proved.

Now, observe that, on account of (47), 0 = Ai(n1,e1) + Aa2(na,e1). So,
either (ni,e1) < 0 or (ng,e1) < 0. Suppose (ni,e;) < 0, and apply Propo-
sition 2.10 to the face [pi,es] of Dtd(Z), with normal nj, to construct a
Lipschitz arc @ : [0,n7] — € such that

z(0) =1z, z(0) = —nq, x(s) eX Vse|0,n].

Since (n1,e1) < 0, we have (£(0),e1) > 0, which proves (46).
To complete the proof of this step it suffices to note that the case z € £!
can be treated by a similar—yet simpler—argument.

Step 2: intersecting the singular arc.
We want to construct a neighborhood of x, U, such that, for any boundary
point y € 00 N U satisfying (y — z,e1) > 0, there exist s, p, > 0 with

x(sy) =y + pyDd(y) (48)
lim s, = 0 (49)

(where the limit is taken for y € 9Q N U such that (y — x,e1) > 0).
Let V be an open neighborhood of x such that 92 NV is the trace of
a regular curve h — y(h), —r < h < r, with y(0) = = and ¢(0) = e;.
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Then, y(h) = x + he; + o(h), where the standard notation o(h) denotes—
hereafter—a (scalar- or vector-valued) map such that o(h)/h — 0 as h — 0.
Moreover, for every y € 92 NV satisfying (y — z,e1) > 0,

' hy € (0,r) suchthat y=y(hy). (50)
Now, for 0 < h < r, consider the map ¢y : [0,7] — R

¢n(s) = (x(s) —y(h),RDd(y(h))) Vs e[0,n],

where z is the singular arc of Step 1. Since D?d(z) = —k(x)e; ®e1, we have
¢n(0) = (7 — y(h), RDd(y(h)))
= (x4 7(x)eg — (x + hey + he(h)), —e1 + hRD?d(z)e1) + o(h)

= h(1l — 7(x)k(z)) + o(h) .

But 1 — 7(z)k(x) > 0. So, ¢5(0) > 0 for h small enough, say 0 < h < ro.
Moreover,

Pn(s) =
= (1(x)eq + s&(0) — he1, —e1 + hRD?d(z)e1) + o(h) + o(s)
= —s(@(0), e1) + h(1 = 7(2)r(x)) + o(h) + o(s) (51)

Since (#(0),e1) > 0, there exists § € (0,7n] such that

Pn(s) < 72@(0),60 +h(l = 7(z)r(x)) +o(h)  Vsel0,5]  (52)

So, there exists 7 € (0,rg] such that ¢,(5) < 0 for every h € [0,7]. This
proves that, for any h € [0, 7], there exists s(h) € (0, 5) such that

on(s(h)) = (@(s(h)) — y(h), RDd(y(h))) = 0. (53)

Furthermore, recalling (52),

2
0<s(h) <——
R RE R
so that s(h) — 0 as h | 0.
Next, observe that, in view of (50), equality (53) can be expressed in
intrinsic terms saying that for any point y € 992 of a suitable neighborhood
of x, say U C V, satisfying (y — z,e1) > 0, there exists s, := s(hy) > 0 such

h(1 —7(z)k(z)) + o(h) Vh € [0,7], (54)
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that (x(sy) —y, RDd(y)) = 0. Consequently, x(s,) = y + p,Dd(y) for some
py € R, and (48) will be proved if we show p, > 0. To this end, observe that

hy = ly — x|+ o(ly — z|) (55)

as 0N NU > y — x satisfying (y — x,e1) > 0. Also, in view of the above
formula and (54),
0<sy <Cly—x| (56)

for some constant C' > 0. So, (49) is proved. Furthermore,

lim x(sy) =2 = + 7(x)Dd(z),

y—a
so that p, — 7(x) as y — z. Hence, p, > 0 for y sufficiently close to z,
which completes the proof of this step.

Step 3: an estimate for s,,.

We claim that | r(2)n(z)
Sy = W\y*wHO(Iyﬂvl) (57)

as 0N NU 3y — z satisfying (y — x,e1) > 0. Indeed, (51) yields
0= —sy(x(0), e1) + hy(1 = 7(z)k(x)) + o(hy) + 0(sy) -

The above identity yields the desired result thanks to (55) and (56).

Step 4: an upper bound for p,.

We claim that

1 —7(x)k(x)
((0), e1)

as N NU > y — x satisfying (y — z,e1) > 0. Indeed, returning to the

parametric representation of 02 introduced in Step 2, we have, for every
h € 0,7,

pyn) = |2(s(h)) —y(h)| = (x(s(h)) — y(h), Dd(y(h)))
= (r(z)eg + s(h)&(0) — hey + o(h), e + hD?*d(z)(e1) + o(h))
= 7(z) + s(h)(x(0), e2) + o(h)

py < 7(x) + |y — x|+ o(ly — =[) (58)

since 0 < s(h) < Ch. In intrinsic notation, p, = 7(x) + s, (x(0), e2) + o(hy)
for every y € 0Q N U satisfying (y — x,e1) > 0. Since [(€(0),e2)| < 1, our
claim follows in view of (55) and (57).
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Step 5: a global bound.
We will now derive the estimate

1—7(x)k(z) K, . 9
— 2 < —(diam®2 59
EORTEE R o
that is a delicate one, since #(0) = —n; and e; = R~ Dd(z) also depend on

x. Let p; and ng be as in Stepl. Then, the point z := & — 7(z)p; belongs
to II(z). Moreover, Dd(z) = p;. So,

z—x=—7(x)(Dd(z) — Dd(z)) = 7(x)(e2 — p1)

Also,
|Dd(z) — (Dd(z) + D*d(z)(z — x))| < K|z — z|* .

Therefore, recalling that D?d(z) = —k(z)e; ® e1,
(T = m(z)R(x)er @ e1)(p1 — e2)| < K72(@)|p1 — e
K
< R (@iam )lpy — eaf?

Since the matrix I — 7(x)k(x)e; @ ey is positive definite with eigenvalues 1
and 1 — 7(z)k(x) > 0, this proves that

K ..
(1= 7(@)r(@)lpr = ea] < - (diam Q)*[pr — ea]” .
Now, recall that p; # es to conclude
K . 2
1—7(2)k(x) < Z(dlam O)*|p1 — ez . (60)

Next, the identity (z(0),p1 — e2) = 0 implies that £(0) = AR(p1 — e2) for
some X € R satisfying |A| = 1/|p1 — ez|. Therefore,

|(p1 — ez, e2)] _ 1= (p1,e2)
|P1 - 62! \pl - €2|

(#(0),e1) = [MR(p1 — e2),e1)| =

Since |p1 —ea|? = 2(1—(p1, e2)), we have (&(0), e1) = |p1 —e2|/2. Combining
the last equality and (60) proves our claim (59).

Step 6: conclusion.

Possibly reducing the neighborhood U of x that we found in the previous
steps, the above construction shows that, for every y € U N 0f) satisfying
(y —x,e1) >0,

7(y) < py < 7(z) + K(diam Q)Q\y — .
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By a similar reasoning, there exists another neighborhood U’ of x such that,
for every y € U’ N 9N satisfying (y — z,e1) <0,

7(y) < 7(z) + K(diam Q)2|y —x|.

Putting these estimates together completes the proof of the lemma. [J
We are now ready to prove the Lipschitz continuity of 7.

Proof of Theorem 2.12—The conclusion will follow by known results in
nonsmooth analysis, once we will have extended estimate (45) to the e-
neighborhood Q° :={z € @ : 0 < d(z) < €} of 9N. In fact, let € > 0 be
such that d € C>!(Qf). We claim that a constant C' > 0 exists so that every
x € Q° has a ball B,(x) C € such that

T(y) <7(x) +Cly—z|  Vy€ By(z). (61)

To show this, observe that for every y € Q° such that II(y) is in the neigh-
borhood U of II(x) provided by Lemma A.1, we have, in view of (45),

7(y) = 7(Il(y)) — d(y)
(I(z)) + K (diam )*TI(y) — II(z)| — d(y)
7(z) + K(diam Q)| DII||oe,0¢ |y — x| + d(x) — d(y).

T

IAINA

Our claim (61) follows with C' = K (diam )| DII||o0.0< + 1.
Next, we will derive the bound

Ip| < C Vp € OpT(x) VreQ, (62)

where Op7(x) denotes the proximal subgradient of 7 at  and C is the
constant that appears in (61). Then, by [11, Theorem 7.3, p. 52], such an
estimate will imply that 7 is Lipschitz in ¢, and so on 02 as well. To check
(62), recall that a vector p € R? belongs to dp7(z) if and only if there exist
numbers o,7 > 0 such that

T(y) > 7(x) + (py—x) —oly—a>  VyeBy(x),

see [11, Theorem 2.5, p. 33]. Now, combine the above inequality with (61)
to obtain
(p,y — ) < Cly —z| +oly — zf

whenever |y —z| < min{p, n}. This implies (62) and completes the proof. [J
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