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The Fluctuation Theorem

The Fluctuation Theorem is a simple but remarkable phenomenon
in reversible systems, discovered by Cohen and Gallavotti and
rigorously proved (for hyperbolic maps) by Gallavotti in the mid
1990s.

Rougly speaking, it says that the time-n average of volume
contraction is approximately p with probability e greater than
that it is approximately —p. A more precise statement will appear
later.



Hyperbolic Diffeomorphisms

T : M — M diffeomorphism, X C M closed, T-invariant.

T : X — X hyperbolic if
1. TxM = E®* + EY, continuous DT-invariant splitting, such
that |DT"|E®||,||DT"|EY|| < Ce™ ", for all n > 0, for some
C,c>0;
2. T : XtoX is transitive (i.e. has a dense orbit);
3. periodic orbits are dense in X;
4. there exists an open set U D X such that X =2 T"U.

n—=—0oo

T is mixing if, for all non-empty open subsets V, V'’ of X, there
exists N > 0 such that T""V NV’ #£ & forall n > N.



Anosov diffeomorphisms

T : M — M is an Anosov diffeomorphism if 1 holds with X = M
(in which case, 3 and 4 are automatically satisfied).



Time reversal symmetry

The Fluctuation Theorem concerns hyperbolic diffeomorphisms
T : X — X with time reversal symmetry: there exists an involution
i X — X such that

ioToi=T1

For simplicity, we shall also assume our systems are mixing.



Examples

1. Smale horseshoe (conjugate to a full shift).

i((xn)nZ—c0) = (Yn)nE—oos

where y, = x_,.
Then

i((c. ., x—2, X1, X0, X1, X2, - . -
T(( .., X2y X1, X0, X1, X—2, . - -

I(( ey X1y X0y X1, X2y X3, ...

(- X2, X1, X0, X—1, X2, - - -)
(' <oy X1, X0y X—1, X—2, X3, . . )
(' .. 7X—37X—25X—17X0)X1)

-1
TH(( -y X2y X1, X0, X1, X2, -« -



Examples

2. Given an Anosov diffeomorphism Ty : M — M, define
T:MxM—MxM:(x,y) (Tox, Ty y).
If i(x,y) = (y, x) then

ioToi(x,y)=ioT(y,x)=i(Toy, Ty 'x)
= (Ty'x, Toy) = T H(x,y).



Examples

3. Define a hyperbolic total automorphism T : T2 — T? by

T(x,y) = (v, —x+ ay),

aceZ,|a>2
Set i(x,y) = (v, x). Then

ioToi(x,y)=1ioT(y,x)=i(x,—y+ ax)
= (—y+ax,x) = T x,y).



Examples

4. (Not a diffeomorphism!) Let ¢+ : SM — SM be the geodesic
flow over a manifold M.
Defining i(x, v) = (x, —v), for (x,v) € 5xM, we have

io¢toi:¢_t.



Abstract set up

As before T : X — X hyperbolic diffeormorphism, i : X — X time
reversing involution.

We consider a Holder continuous function ¢ : X — R and define
Yp=p—poioTl.

Let ju, and juy, denote the respective Gibbs measures: the Gibbs
measure pr for a Holder function f is uniquely determined by the
condition

hM(T)+/fduf: sup <h,,(T)—|—/fdu>,

vEMT

where M 7 is the set of all T-invariant probability measures on X.



Abstract set up

We suppose that f,, is not the measure of maximal entropy fq or,
equivalently, that ¢ is not cohomologous to a constant (i.e. 9
cannot be written as uo T — u + ¢, for u continuous and ¢ € R.)



Prototypical example

T : X — X Anosov or, more generally, a C? attractor and
¢ = log |det DT |EY|,

where EY is the unstable (expanding) bundle. Then p,, is the SRB

measure and
1 = log |det DT]|.

This is interesting when T is not volume preserving, so 1 is not
constant.



Fluctuation Theorem

Write 1" for the Birkhoff sum

Y=t +po T+ 4o T L

Theorem (Gallavotti, 1995)
For T,p,v as above, we have

(ii) there exists p* > 0 such that if |p| < p* then

pp{x : Y"(x)/n € (p—0,p+ )} > _
po{x - (x)/n € (=p—06,—p+ )}

1
lim lim Iog<

§—0n—o0 n



Birkhoff averages

By the ergodic theorem,

RN [van,

n—oco N

for pu-a.e. x € X, so, if an interval J does not contain [ ¢ du,,

then .
lim u¢{x: () EJ}zO.

n—o00 n

The Fluctuation Theorem and the Large Deviation Theorem
(below) compare the rates in this convergence.



Large Deviations

The Fluctuation Theorem can be understood through the theory of
large deviations. Let

Ll,:{/wduzue/\/lr}.

Theorem (Kifer, 1990; Orey & Pelikan, 1989)

Suppose 1 : X — R Holder continuous and not cohomologous to a
constant. Then, for o € int(Zy),

jim lim = log (Nw {x RGO (a—é,a—i—é)}) = —I(a),

6—0n—oco n n

where the rate function I(«) > 0 is given by

—I(a) = ;gﬂfQ(P(w +q¥) — qa).



Pressure and the rate function

The pressure function P(f) is defined by
P(f) = sup {hy(T) + / fdv:ve MT}

~ im & F(x)
- Jm bes 3 o

Trx=x

The rate function / : int(Z,) — R7 is real analytic, strictly convex

and satisfies
/ </¢d,u¢> =0.



Application to the Fluctuation Theorem

The Fluctuation Theorem follows from the Large Deviation
Theorem and the following two facts.

1. Zy = [-p*, p*], for some p* > 0.

2. For |p| < p*,

—I(p) + 1(=p) = p.
These both follow from the symmetry in the definition of v, which
gives
Ple+ty) = Po — (1 + t)9),

and the definition of / in terms of pressure.



Shrinking intervals

Under a mild condition on 1), one can show that Fluctuation
Theorem holds for shrinking intervals (p — dn, p — 0,) and

(—=p — 0n,—p — dp), where §, — 0, as n — oo, at some suitably
slow rate.

Diophantine Condition: T : X — X has three periodic orbits
T"ix; = x;, i =1,2,3, such that

_ ¥ 0s) — v (x)
Y™ (xe) — Y (x)

is Diophantine, i.e. there exists ¢ > 0 and 8 > 1 such that

§

g€ —p| > cq

forall peZ, g e N.



Main Theorem

Theorem (Pollicott & Sharp, 2009)

Under the Diophantine Condition, there exists k > 0 such that if
§n — 0 and 6,1 = O(n'**) then

( o {3 9"(x)/n € (p — b p+ 60)) ) _,
N@{X ; Q)b”(x)/n € (—P - 5n> —p + 6n)}

o1
lim — log
n—oo N

This follows from a Large Deviations Theorem with similar
hypothesis.



Why is it true?

Using symbolic dynamics (Markov partitions), it is sufficient to
prove large deviations with shrinking intervals for a two-sided
subshift of finite type It is more convenient to work with T a
one-sided subshift and it can be shown that a proof in this case is
sufficient.

Suppose we wish to study

poix s 9(x)/n € (@ = On, o 4 3n) -

This is equal to

M‘P{X : E”(X) € (_GMGH)}v

where ¢ = ¢ — v and €, = nd,,.



Why is it true?

If x is the indicator function of (—1,1) and xn(y) = x(y/e€n) then

pp{x s P"(x) € (—en,€n)} = /Xn x)) dpip(x).

It is convenient to modify x to be a C¥ function. (This means
X(t) = O(Jt] ), as [t]| = c0.)



Why is it true?

Then, using the inverse Fourier transform formula,

@it = oo [ ([ dn)) Rt o

-1 : < e )duw(x)> Gnl) i,

where
Wn()/) =e an(Y)

and o* € R is some specifically chosen value to make the analysis
work.



The transfer operator

On the previous slide, L denoted the Ruelle transfer

operator defined by

pH(o*+it)y

L<p+(a*+it)EW(X): Z e?CNHEHIPO) ().

Tx'=x



Dolgopyat bounds

Theorem follows from LCLT-type calculations (for |t| small) and
Dolgopyat bounds on the transfer operator (for |t| large):

Lemma
Under the Diophantine Condition, given a > 0, there exists
v,d, c1, cp > such that, for |t| > a and m>1,

m
2Nm . —nl(a) @
I e ity Lo < cre (1 |tp> ’

where N = [d log |t]].



More precisely . ..

More precisely, for |t| small, one can show that

1 ene_nl(a)

T (/ L eyt (X) dﬂ«p(X)> wn(t) dt ~ CX(O)Ta

where C > 0 is independent of x, which has exponential growth
rate —/(«).



More precisely . ..

Meanwhile, for |t| > a,

1 . )

-0 (efnl(a)eg(k—l)n(lfkﬁ) 7

for some & > 0, which tends to zero faster than the leading
contribution provided we choose k < 4.



Thank you for listening!



