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o T - M—M, A. C M small
o 7.: M= N, 7 (x)=min{k e N: Thkx ¢ A}
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m{Te > t/po(A)} =~ e %2 (t fixed, e — 0)

Gerhard Keller (Universitdt Erlangen) Rare events via spectral perturbation 25.3.2014 1/10



Introduction

o T - M—M, A. C M small
o 7.: M= N, 7(x) =min{k e N: Thkx € A}
@ m probability measure on M
@ Questions:
m{Te >n}~ A\ ? (€ fixed, n — o0)

m{Te > t/po(A)} =~ e %2 (t fixed, e — 0)
@ Background references: Better ask the specialists at this conference!
@ This talk based on:

» G. Keller, C. Liverani: Stability of the spectrum for transfer operators.
Ann. Mat. Sc. Norm. Pisa 28 (1999), 141-152.

» G. Keller, C. Liverani: Rare Events, Escape Rates and Quasistationarity:
Some Exact Formulae. Journal of Stat. Phys. 135 (2009) 519-534.

» G. Keller: Rare events, exponential hitting times and extremal indices
via spectral perturbation. Dynamical Systems 27 (2012) 11-27.
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Rare events via spectral perturbation

Introduction

niMoE,

Llntroduction

f probab. density w.r.t. m:  T.(f-m)=: Pf-m

Pcf := P(f - 1pp\ a,) linear operator, Py = P

Pel =P'lmg -t rornay = P'lrm

m{re > n} = [1{;5m dm = [ P"1; > dm = [ P?1dm

Idea: P, has leading eigenvalue A, \g = 1,
Ae=1—(1=X)~e 072
Then:
m{te = n} ~ Al

and

m{n > t} o AHO(A) AR
NO(Ae)

eN:TheA)

—0t



Eigenvalue perturbation
(V, |I-Il) B-space, P.: V — V linear bounded, P = P,
Assumptions: I\, € C,p. € V. m. e V' Q.: V — V:
o )\6_1P€:<,0€®m€+Q€, =1 mg=m
O m(ve) =1, Qepe =0, m:Qe =0
Hence Pcpe = Aepe, McPe = Aeme
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Eigenvalue perturbation
(V,|-]|) B-space, Pe: V — V linear bounded, P = Py

Assumptions: I\, € C,p. € V,m. e V', Q.: V — V:
(1] A;1P€:¢€®mE+Q€, MN=1 mg=m
2] me(()oe) =1, Qe(pe =0, meQe =0
Hence P.pc = Aee, mcPe = Aem,
© Q7 < C-(1—7)" (v: spectral gap)
(Uniform summability suffices.)

T T

a.
\& /

Gerhard Keller (Universitidt Erlangen) Rare events via spectral perturbation 25.3.2014 2/10



Eigenvalue perturbation
(V, |I-Il) B-space, P.: V — V linear bounded, P = P,

Assumptions: I\, € C,p, € V. m. e V,Q.: V = V:
o )\6_1P€:<,0€®m€+Q€, =1 mg=m
O m(ve) =1, Qepe =0, m:Qe =0
Hence Pcpe = Aepe, McPe = Aemy
© [[Q7)l < C-(1—7)" (7: spectral gap)
Q m(pe) =1, lloef < C
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Eigenvalue perturbation
(V, |I-Il) B-space, P.: V — V linear bounded, P = P,

Assumptions: I\, € C,p, € V. m. e V,Q.: V = V:

o A;1P€:¢6®me+Q6, =1 mg=m

Q me(‘Pe) =1, Qe@e =0, mQe=0

Hence Pcpe = Aepe, McPe = Aemy
Q Q| < C-(1—7)" (v: spectral gap)
O m(pe) =1, [lpell < C
=:A.
——f—
Q ne:=|m(Po—P)|| < C-|m(Py—P)po| —+0ase—0
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LEigenvaIue perturbation

o (P—P)(f)=P(f 1a)

e For Ass. 5 observe:

A = / P(go - 14.) dm = / o dm = jio(A)
A

€

@ = [m(1a.F) < C-[If]l - [m(1a,00)| < C - [fI|- luo(A.)] for all £ € V



Eigenvalue perturbation
(V, |I-Il) B-space, P.: V — V linear bounded, P = P,

Assumptions: I\, € C,p. € V. m. e V' Q.: V — V:

o )\6_1P€:<,06®m6+Q€, =1 mg=m

O m(ve) =1, Qepe =0, m:Qe =0

Hence Pcpe = Aepe, McPe = Aemy
© [|Q7] < C-(1—7)" (v: spectral gap)
O m(pe) =1, [leel < €
=A.

Q ne:=|m(Po—P)|| < C-|m(Py—P)po| —+0ase—0

Eigenvalue Perturbation Theorem [Keller/Liverani, JSP '09]

=60-(1+0(1)) ase—0.
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Eigenvalue perturbation
(V, |I-Il) B-space, P.: V — V linear bounded, P = P,

Assumptions: I\, € C,p, € V. m. e V,Q.: V = V:

o )\6_1P€:<,06®m6+Q€, =1 mg=m

(2) me(‘Pe) =1, Qe@e =0, meQe =0

Hence Pcpe = Aepe, McPe = Aemy
Q [|Q7] < C-(1—7)" (7: spectral gap)
o m(@e) =1, HQOeH < C
=:A.
——f—

Q ne:=|m(Po—P)|| < C-|m(Py—P)po| —+0ase—0
Eigenvalue Perturbation Theorem [Keller/Liverani, JSP '09]
Under one additional assumption defining 6,

1- A\

=60-(1+0(1)) ase—0.

Ac
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LEigenvaIue perturbation

Basic identity:

Eigenvalue perturbation

(V1) Bespace, P V - V linsa boundd, P = Py
Assumptions: 31, < C.
(3o
© my

Vim € VLGV V:

H mp = Am,
© (/@211 £ € (1 =) (3 spetral gap)
0 mlp) =1 fle < €

Q i=Im(Py ~ R)| < C- | m(Pu —
Eiganvalue Pertubation Theoram [Ke ler/Liverani, JSP '05]
Under ane additiona assumption defining 5.

Somesn

ien
0 Qe a 0

Ao = Ae = Ao m(pe) — m(Ac o) = (M P)(pe) — m(Pepe)

= m((P - Pe)gog)



o me(po) =1+ O(ne),
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me(p0) =1+ O(ne),
° me(‘PO) : (1 - )\e) Pe®@me(po)
= me(po) - m((P — Pe)pe) = m((P — Pe)(me(¢o) - ‘PE))
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® me(po) =1+ O(n)

o me(o) - (1= A) Pe®@me (o)
= me(po) - m((P — Pe)pe) = m((P — Pe)(me(0) - ¢e))
= m((P = Pe)po) + m((P — Pe)(pe ® me — I)po)
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o me(o) =1+ 0O(ne)
@ m(po)-(1—A) Pe®me(po)
= me(ip0) - m((P — Pe)oe) = m((P — Pe)(me(00) - )
= m((P = P)go )+m((P P)(pe ® me —T)go)
= Ac+m((P—P)(ATP)" = Dwo) — m((P — Pe)Qwo)
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o me(o) =1+ 0O(ne)
@ m(po)-(1—A) Pe®me(po)
= me(ip0) - m((P — Pe)oe) = m((P — Pe)(me(00) - )
= m((P = P)go )+m((P P)(pe ® me —T)go)
= Ac+m((P—P)(ATP)" = Dwo) — m((P — Pe)Qwo)

e [[Q2a|=0((1—7)"Ac)

Gerhard Keller (Universitat Erlangen) Rare events via spectral perturbation 25.3.2014 3/10



L me(goo) . ( — >\e) Pe®@me(po)
——
e(v0) - m((P = Pe)pe) = m((P — Pe)(me(0) - 0c))
e)0) + m((P — Pe)(we ® me =)o)
m ((P = P)((AP)" =)o) — m((P — Pe)Qf o)

e [[Q2a|=0((1—7)"Ac)

=B+ Y m((P =PI P (P =g ) + O((1 = 7)"A)
k=0
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o me(o) =1+ 0O(ne)
@ m(po)-(1—A) Pe®me(po)
= me(ip0) - m((P — Pe)oe) = m((P — Pe)(me(00) - )
= m((P — P)po) + m((P — Pe)(e @ me — T)po)
= A+ m((P—P)((ATP)" = D)po) — m((P— P)Ql o)

e [[Q2a|=0((1—7)"Ac)

= A+ Y m (P = PIOAT P (AP = T)o) + O((1 = 7)"A0)
k=0
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L me(goo) . ( — >\e) Pe®@me(po)
——
e(v0) - m((P = Pe)pe) = m((P — Pe)(me(0) - 0c))
e)0) + m((P — Pe)(we ® me =)o)
m ((P = P)((AP)" =)o) — m((P — Pe)Qf o)

e [[Q2a|=0((1—7)"Ac)

= A+ Y m ((P = PYAT P (TP = P)o) + O((1 = 7)"A)
k=0
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(1= X) we®me (o)
——
(o) - m((P = P)pe) = m((P — Pe)(me(o) - ¢e))
o) + m((P — P)(pe @ me —T)go)
+m ((P - PG)(()‘C e) - ]I)(PO) - (('D - Pe)QenQOO)

e [[Q2a|=0((1—7)"Ac)

= A+ Y m ((P = PYAT P (TP = P)o) + O((1 = 7)"A)
k=0
_a . SR mUP =PI PP = P)gn)
k=0 m((P — Pe)po)

+ (1= 2 ) m((P = P)(A P p0) +O((1 —7)"A)
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o me(o) =1+ 0O(ne)
® me(go) - (1—Ac) pe@me(vo)
= me(0) - m((P = Pe)pe) = m((P = Pe)(me(0) - c))
= m((P = Pe)po) + m((P — Pe)(pe @ me — I)go)
= A+ m((P—P)((ATP)" = D)po) — m((P— P)Ql o)

e [[Q2a|=0((1—7)"Ac)

= A+ Y m ((P = PYAT P (TP = P)o) + O((1 = 7)"A)

S m (P — PYATP)K(Pe — P)po)

[ m((P = Po)po)
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o me(o) =1+ 0O(ne)
@ m(vo0) - (1—X\e) Pe®@me (o)
= me(0) - m((P = Pe)pe) = m((P = Pe)(me(0) - c))
= m((P = Pe)po) + m((P — Pe)(pe @ me — I)go)
= A+ m((P—P)((ATP)" = D)po) — m((P— P)Ql o)

e [[Q2a|=0((1—7)"Ac)

= A+ Y m ((P = PYAT P (TP = P)o) + O((1 = 7)"A)

m((P — Pe)QDO)

N Zl m ((P = P)OP)*(Pe — P)go)
k=0
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Rare event Perron Frobenius operators (REPFO)

o T - M—-M 7.—-N A CMand P,P.: V — V as before.
@ Problem: Make sure that P, satisfies assumptions @ - @.
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Rare event Perron Frobenius operators (REPFO)

o T - M—-M 7.—-N A CMand P,P.: V — V as before.
@ Problem: Make sure that P, satisfies assumptions @ - @.
e Assumptions: Ja € (0,1),D >0 3|.|,, < .|| on V such that

(A) o(P.) N{|z| > a} contains only isolated eigenvalues.
(B) |PXflw <D [flw
(( ; IPEFI < D - (a"[|£]| + [f|w)

Te 1= sup{|P€f — Pf|W : ||f|| < 1} —0ase—0
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Rare event Perron Frobenius operators (REPFO)

T M—-M 17.—-N A.CMand P,P.:V — V as before.

Problem: Make sure that P, satisfies assumptions @ - @.
Assumptions: Ja € (0,1),D > 0 3|.|,, < .|| on V such that
(A) o(P.)n{|z| > a} contains only isolated eigenvalues.

(B) |P€"f|W < D'|f|w

(C) [IPZF]l < D - (a”[|f]] + |f]w)

(D) me:=sup{|P.f — Pfly,: ||f|| <1} 2 0ase—0

Assume (REPFO):

the P, satisfy (A) - (D)of the spectral perturbation theorem,

1 is a simple eigenvalue of P, all other eigenvalues have modulus < 1.
1laf € Viorall f eV,

Im(1a.f) < C-|If]] - |uo(Ae)| for all f € V,

where g = ¢ m stationary measure for T.

v

v vy

Corollary:
(REPFO) implies: @ - @ of the eigenvalue perturbation theorem.
(Uses spectral perturbation theorem of Keller/Liverani 1999; see last slide.)
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Examples of (REPFO)-settings

Known:
o Piecewise expanding interval maps [Rychlik 1983]

o Piecewise expanding maps in higher dimensions [Saussol 2000]

o Gibbs measures on subshifts of finite type [Ferguson/Pollicott 2011]
(includes Markov chains over finite alphabets)
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Examples of (REPFO)-settings

Known:
o Piecewise expanding interval maps [Rychlik 1983]
o Piecewise expanding maps in higher dimensions [Saussol 2000]

o Gibbs measures on subshifts of finite type [Ferguson/Pollicott 2011]
(includes Markov chains over finite alphabets)

Further candidates:

o Piecewise hyperbolic maps [Demers/Liverani 2008, Baladi/Gouézel
2009, 2010]

e Coupled map lattices of piecewise expanding interval maps
[Keller/Liverani 2006, 2009]

o Collet-Eckmann maps [Keller/Nowicki 1992]

@ Maps with suitable hyperbolic Young towers
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Eigenvalue perturbation for REPFOs

Theorem [Keller/Liverani "09]
1) If the (REPFO) assumptions are satisfied, then, for arbitrary N € N,

1A N
= 1— (1 N 7.
iy = (e 0 =m") @+ o)
where
N—1
GN,E =1- Z )\e_k ke
k=0
po (AN TLASN T2AcN N TkAc 0 T-(k+DA)
Qk,e =

:LLO(AE)
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Eigenvalue perturbation for REPFOs

Theorem [Keller/Liverani "09]
1) If the (REPFO) assumptions are satisfied, then, for arbitrary N € N,

1- A ( .
= (O, +0O((1 - )-1+(9/v6
110(Ac) ne T O((1=7)7)) - ( (Nne))
where
N—1
One=1- A" ax
k=0
Ho (Ae N T*1A€C N T*QAE N---N Tkag n T,(kJrl)Ae)
Qk,e =

1o(Ae)

2) If gx = limc_o g for all k, then Oy == limc_00y =1 — Zk 0 9k
and

= (6w +0((1-7)") forall N.
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Eigenvalue perturbation for REPFOs

Theorem [Keller/Liverani '09]
1) If the (REPFO) assumptions are satisfied, then, for arbitrary N € N,

1- )
= (e +0O(1=Y)) - (1 +O(Nn.
g = e+ 0 =m") - @+ o)
where
N-1
HN,E =1- Z )\;k Gk,e
k=0
po (AN TEASNT2AC - N T KAS N T-(KFDA)
Gk,e =

MO(AE)

2) If g :=limc0 g for all k, then Oy == limc_00y =1 — Zk o Gk
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Holes shrinking to a submanifold

Example: Two coupled interval maps. M = [0, 1]

T-M=>M, Txy)=((1-8Tx) +0T(y),1-0)T(y)+6T(x).

lim 252 /01 15(x x) (1 - m) "X
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Hitting times

t
Prfm {Te > } - e_£Et
‘ to(Ae)

< Cne|logne| (tVv1)e " where & — 0.
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Hitting times

t
Prm {Te > } - eigét
NO(AE)

o f probability density w.r.t. m, arbitrary n, N € N:
Prim{te > n} = /Pe"f dm
= AL me(f) - m(ec) + O((1-7)")

< Cne|logne| (tVv1)e " where & — 0.

n

_ (1 ~ o(A) (B + O((1 — 7)”)) @romn) | @+ om)
=:¢c with N=0O(log )

+0((1=7)")
_ [e—MO(Ae)€€~(1+O(7Ie Iogne))} " (1+ O(ne))
= e &t:(1+0(nelogne)) . (1 1 O(n, n:i= ‘
(1+0(n0)) o)
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Exchange rates

@ T : 1 — I continuous, p.w. expanding with inv. density h > 0
e ergodic decomposition | = J; U Jr, 1 NS ={z}
e stochastic perturbation with a kernel (x,y) — e 1K (e(y — x)).
o V={fel],:[f=0} vo(x)=hp, mo=1pmwith o) =1, —
°
o 1l=X a+p a—0
<20 2¢ y ElWIH+ =
h(z™) h(z*)
= d =
am() ™ P am(n)
Z a random variable distributed with density K,
Zy, Z1, ... independent copies,
W= 2o | T'( Z)\k
ko \T’(Z)\k
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Spectral perturbation

o T - M—-M 17—-N A CMand P,P.: V — V as before.
@ Problem: Make sure that P, satisfies assumptions @ - @.
Assumptions: 3o € (0,1),D >0 3|.|,, < .|| on V such that
(A) o(Pe) n{|z| > a} contains only isolated eigenvalues.
(B) [Peflw < D-|fly
(C) 1P < D-(a[[f]l + [lw)
(D) me :=sup{|Pcf — Pf|lw: ||f]| <1} > 0ase—0

N~

=:[IPe—Pll
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Spectral perturbation

o T -M—->M,7.—-N, A C Mand P,P.: V — V as before.
@ Problem: Make sure that P, satisfies assumptions @ - @.
Assumptions: Ja € (0,1),D > 0 3|.|,, < .|| on V such that
(A) o(Pe) n{|z| > a} contains only isolated eigenvalues.
(B) [Plflw < D-[f]|w
(C) IPEFII < D - (|| ]| + [flw)
(D) me :=sup{|Pf — Pfly: ||[f||<1} —>0ase—0

=:[IP—PI|

Remark: / s, T\
(B) - (D)implies (A), if [ 4 ﬁ\
[fev:lfl<1} . A
is compact in (V,|.|w).
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Spectral perturbation

o T - M—-M 17—-N A CMand P,P.: V — V as before.
@ Problem: Make sure that P, satisfies assumptions @ - @.

Assumptions: 3o € (0,1),D >0 3|.|,, < .|| on V such that
(A) o(Pe) n{|z| > a} contains only isolated eigenvalues.

(B) P2l < D - [flu

(C) IP2FIl < D - (@”]|F] + [Flu)

(D) me :=sup{|Pcf — Pf|lw: ||f]| <1} > 0ase—0

n'g

=:[|Pe—PIl
Spectral Perturbation Theorem [Keller/Liverani, Ann. Sc. N. Pisa '99]
(A) - (D)implies that “all spectral quantities of the P. in {|z| > a} are
Holder continuous in |||.|[|-norm”. In particular:

iz = P)™" = (z= P) | <l - G- [l(z = )7

where p = p(z) € (0,1).

Corollary: (A) - (D) plus mixing implies @ - @
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