Statistical properties for systems with weak

invariant manifolds

Davide Azevedo

Faculdade de Ciéncias da Universidade do Porto

Joint work with José F. Alves

Workshop rare & extreme

Davide Azevedo Properties fo tems with weak invariant manifolds



Gibbs-Markov-Young structure

Let M be a finite dimensional Riemannian compact manifold
and consider a diffeomorphism f: M — M. Let A C M have a
hyperbolic product structure.

Definition

A1 C A is an s-subset if A; satisfies:

o it has a hyperbolic product structure;
o its defining families I'{ and I'{ can be chosen with I'f C I'®
and 'Y = I'.

A u-subset is defined analogously.
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Gibbs-Markov-Young structure

Let M be a finite dimensional Riemannian compact manifold
and consider a diffeomorphism f: M — M. Let A C M have a
hyperbolic product structure.

Definition

A1 C A is an s-subset if A; satisfies:

o it has a hyperbolic product structure;
o its defining families I'{ and I'{ can be chosen with I'f C I'®
and 'Y = I'.

A u-subset is defined analogously.

Definition

A has a Gibbs-Markov-Young (GMY) structure if it has a
hyperbolic product structure and the following properties
(Po)—(Pg,) hold.

N
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Gibbs-Markov-Young structure

(Pp) Lebesgue detectable
There exists an unstable manifold v € I'* such that
Leby(AN~y) > 0.
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Gibbs-Markov-Young structure

(Pp) Lebesgue detectable
There exists an unstable manifold v € I'* such that
Leby(AN~y) > 0.

(P1) Markov property
There are pairwise disjoint s-subsets Aq, Ao, ... C A such
that:

(a) Leby ((A\U;=2; A))N*) =0 on each y* € I'
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Gibbs-Markov-Young structure

(Pp) Lebesgue detectable
There exists an unstable manifold v € I'* such that
Leby(AN~y) > 0.

(P1) Markov property
There are pairwise disjoint s-subsets Aq, Ao, ... C A such
that:
(a) Leby ((A\U;=2; A))N*) =0 on each y* € I'
(b) for each i € N there exists a R; € N such that f%i(A;) is an

u-subset and, for all x € A;,

F(* (@) S (ff(2)) and  f (" (2) 29 (f(2)).
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Gibbs-Markov-Young structure

For the remaining properties we assume that C > 0, a > 1 and
0 < B < 1 are constants depending only on f and A.
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Gibbs-Markov-Young structure

For the remaining properties we assume that C > 0, a > 1 and
0 < B < 1 are constants depending only on f and A.

(P2) Polynomial contraction on stable leaves

Vyer @) YneN d(@), W) < ).

(P3) Backward polynomial contraction on unstable leaves

Yy erte) YneN d(f @), /) < d(r,y)
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Gibbs-Markov-Young structure

Define a return time function R : A — N and a return
function f®: A — A as

Rz, =R; and [y, = ffs,.
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Gibbs-Markov-Young structure

Define a return time function R : A — N and a return
function f®: A — A as

Rlp, =Ry and  ffy, = ff,.
For xz,y € A, let the separation time s(z,y) be defined as

s(z,y) =min{n € Ny : (f®"(z) and (f®)"(y) are in distinct A}
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Gibbs-Markov-Young structure

Define a return time function R : A — N and a return
function f®: A — A as

Rlp, =Ry and  ffy, = ff,.
For xz,y € A, let the separation time s(z,y) be defined as

s(z,y) =min{n € Ny : (f®"(z) and (f®)"(y) are in distinct A}

(P4) Bounded distortion
ForvyeT%and z,y € AN~y

log LEDUN(®) _ (@m0,
* det Dy (y) =~
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Gibbs-Markov-Young structure

(P5) Regularity of the stable foliation
For each v,~' € T'%, define

Oy : YNA — YN A
x = () Ny,
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Gibbs-Markov-Young structure

(P5) Regularity of the stable foliation
For each v,~' € T'%, define

Oy : YNA — YN A
x = () Ny,
(a) © is absolutely continuous and

d(©, Leb., rp  det DfU(f"(x))
W H det Df*(f1 (0~ (x))"
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Gibbs-Markov-Young structure

(P5) Regularity of the stable foliation
For each v,~' € T'%, define

Oy : YNA — YN A
x = () Ny,

(a) © is absolutely continuous and

d(©, Leb., rp  det DfU(f"(x))
) -l s prire @y
(b) Denoting d(O, Leb.,)
u(z) = W(ﬂf)’

we have

Vr,yey NA log @) < Cps@v),
u
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Statement of results

Let o be an SRB-measure.

Given n € N, we define the correlation of observables
v, € Hy as

Cotiooni) = | [Gooryodn— [odu [
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Statement of results

Let o be an SRB-measure.

Given n € N, we define the correlation of observables
v, € Hy as

Cotiooni) = | [Gooryodn— [odu [

Definition

If p is an ergodic probability measure and € > 0, the large
deviation at time n of the time average of the observable ¢
from its spatial average is given by

LD(6,2,1,10) {({jmﬂ [odu|><}
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Statement of results

Theorem (A)

Suppose that f admits a GMY structure A with ged{R;} =1 for
which there are v € T, ¢ > 1 and Cy > 0 such that

C
Leb,{R > n} < n—cl

Then, given ¢,v € H,), there exists Co > 0 such that for every
n>1

1 1
Crnlp, ¥, 1) < Co max{F7 W}’

where a > 0 is the constant in (Py) and (Ps).
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Statement of results

Theorem (B)

Suppose that f admits a GMY structure A with gecd{R;} =1 for
which there are v € T, ¢ > 1 and Cy > 0 such that

C
Leb,{R > n} < n—cl

Then there are ng > 0 and (o = (o(no) > 1 such that for all
n>n, 1 <<, e>0,p>max{l,{ —1} and ¢ € H,, there
exists Co > 0 such that for everyn > 1

Cy 1

LD(¢,e,n,p) < 22 i1
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Tower structure

Define a tower
A={(z,l):ze€ANand 0 <[ < R(z)}
and a tower map F : A — A as

f (z,0+1) ifl+1<R(x),
Fle) _{ (fR(z),0) ifl+1=R(x).
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Tower structure

Define a tower
A={(z,l):ze€ANand 0 <[ < R(z)}
and a tower map F : A — A as

f (z,0+1) ifl+1<R(x),
Fle) _{ (fR(z),0) ifl+1=R(x).

The set the [-th level of the tower is defined as
A= {((L‘,l) S A}
Note that Ag is naturally identified with A.
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Tower structure

Define a tower
A={(z,l):ze€ANand 0 <[ < R(z)}
and a tower map F : A — A as

f (z,0+1) ifl+1<R(x),
Fle) _{ (fR(z),0) ifl+1=R(x).

The set the [-th level of the tower is defined as
A= {((L‘,l) S A}

Note that Ag is naturally identified with A.
Define a projection map

T A = U " (Ao)
n=0

(z,1) = fl(2)

and observe that fom = woF.
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Tower structure

o Let A()J' = Az and
Al,i = {(x,l) ceN x € Aoﬂ'}.

Q = {Ay;},, is a partition of A.
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Tower structure

o Let A()J' = Az and
Al,i = {(x,l) ceN x € Aoﬂ'}.
Q = {Ay;},, is a partition of A.

e Introduce a sequence of partitions (Q,) of A defined as

Q=9 and Q,=\/F'Q forneN.

1=0
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Tower structure

o Let A()J' = Az and
Al,i = {(x,l) ceN x € Aoﬂ'}.

Q = {Ay;},, is a partition of A.

e Introduce a sequence of partitions (Q,) of A defined as
Q=9 and Q,=\/F'Q forneN.
1=0

@ Define ~ on A by x ~ y if y € 4*(x) and consider the
quotient tower A, set Aj = Ay/~ and Ay; = Ay, /~.

Davide Azevedo Properties for systems with weak invariant manifolds



Tower structure

Let A()J' = Az and

Al,i = {(x,l) ceN x € Aoﬂ'}.

Q = {Ay;},, is a partition of A.

e Introduce a sequence of partitions (Q,) of A defined as

Q=9 and Q,=\/F'Q forneN.

i=0
@ Define ~ on A by x ~ y if y € 4*(x) and consider the
quotient tower A, set Aj = Ay/~ and Ay; = Ay, /~.

e Define F': A — A and partitions Q and (Q,,) of A
analogously to the previous definition.
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Tower structure

o The definitions of the }'etur_n time R : Ay — N and the
separation time 5 : Ay x Ag — N are induced by the
definitions in Ag.
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Tower structure

e The definitions of the return time R : Ay — N and the
separation time 5: Ay x Ag — N are induced by the
definitions in Ag.

o Extend the separation time 5 to A x A as follows:

o if 2,y € Ay, take 5(z,y) :_E(xo, Yo), where xg,yo are the
corresponding elements of Ag ;;
o otherwise, take §(x,y) = 0.
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Sketch of the proof of Theorem A

There exists C' > 0 such that, for all k € N and Q € Qop,

diam(7F*(Q)) < k%
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Sketch of the proof of Theorem A

There exists C' > 0 such that, for all k € N and Q € Qop,

diam(7F*(Q)) < k%

o There is a measure v such that p = 7m,v and v = w,v.
e For ¢,y € Hy, let ¢ = pom and 1;: Yo,
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Sketch of the proof of Theorem A

There exists C' > 0 such that, for all k € N and Q € Qop,

diam(7F*(Q)) < k%

o There is a measure v such that p = 7m,v and v = w,v.
e For ¢,y € Hy, let ¢ = pom and 1;: Yo,
e We can easily verify that Cy,(p, 9, u) = Cp (o, 1;, v).
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Sketch of the proof of Theorem A

Given n € N, fix k < n/2 and define

Prlg = nf{goF*(z) 1w € Q}, for Q € Qu.
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Sketch of the proof of Theorem A

Given n € N, fix k < n/2 and define

Prlg = nf{goF*(z) 1w € Q}, for Q € Qu.

For ¢, € Hy, let o, 1Z and @y, be defined as above. Then

C
| ((,0,1!}, ) Cn— k(@kﬂﬁ, )’ < ﬁa
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Sketch of the proof of Theorem A

Define 1y, in a similar way to @y. Let ¢v and {Ek be the signed
measures such that

dlzkl/

_ dFf v
dv '

B .
Y and Yy 0
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Sketch of the proof of Theorem A

Define 1y, in a similar way to @y. Let ¢v and {Ek be the signed
measures such that

dppv - ~  dFFv
Yy and gy = T

For ¢,v € Hy, let @, J and Jk be defined as before. Then

Cs
‘Cn k @k,d}; ) n k(kad’ka |— kan
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Sketch of the proof of Theorem A

For ¢,v € Hy, let oy, ,('/;k and vy, be defined as before. Then

Cro e (Bhy Dty V) = Co @y Dy ).

Davide Azevedo Properties for systems with weak invariant manifolds



Sketch of the proof of Theorem A

For ¢,v € Hy, let oy, ,('/;k and vy, be defined as before. Then

Cro e (Bhy Dty V) = Co @y Dy ).

Let A; be a certain measure that is defined depending on 1y,

For ¢, € Hy, let ¢ and Yy, be defined as before. Then

Cn(@kﬂ;lm 17) S C4|F>:L_2k5\k‘ - D’v
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Sketch of the proof of Theorem A

Given 0 < 8 < 1, we define

Fg = {(p A—-R:3C,>0Va,ye A p(z) —p(y)| < Cwﬁg(ryy)}
]:E = {¢ € Fz: 3C, > 0 such that on each A, ;, either ¢ =0

or ¢ >0 and for all z,y € A ; ’igg — 1‘ < Cg,ﬁg(x’y)}
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Sketch of the proof of Theorem A

Given 0 < 8 < 1, we define

Fg = {gp A—-R:3C,>0Va,ye A p(z) —p(y)| < Cwﬁg(ryy)}
]:E = {¢ € Fz: 3C, > 0 such that on each A, ;, either ¢ =0

or ¢ >0 and for all z,y € A ; ’igg — 1‘ < Cg,ﬁg(x’y)}

Property (P5) enables us to define a certain measure m in A.

Theorem (Young)

For ¢ € .7:5“ let X be the measure whose density with respect to
m is p. If Leb{R > n} < Cn~¢, for some C >0 and { > 1,
then there is C' > 0 such that

|[FPh — 5| < C'nH.

Moreover, C' depends only on C,,.
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Sketch of the proof of Theorem B

Given 6 > 0, we define

C
= A — R — < — >
gQ {gp A R E|C¢>O\V/aj7y € A |<)0('r) (p(y)| = max{s(&y), 1}9}

Q(j: {go € Gp : 3¢, > 0 such that on each Ay, either ¢ =0 or

o(z) e
0 and for all z,y € Ay; |75 =1/ < —}
@ >0 and for all z,y € Ay ; ‘cp - max{8($7y): 1}9
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Sketch of the proof of Theorem B

Theorem

Assume that there is C > 0 such that
_ C

Then there are 0y > 1 and 1 < (o = (o(0) such that for all
0>6y and 1 < ¢ < (o, given p € Q(j there exists C' > 0,
depending only on D, such that

C/
né—1’

|FPA—p| <

where X be the measure whose density with respect to m is .
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Sketch of the proof of Theorem B

Corollary

Assume that there is C > 0 such that

_ C
R < —.
m{R > n} < s
Then there are 6y > 1 and 1 < (o = (o(0) such that for all
0>0p and 1 < ( < (p, given ¢ € Gy and 1 € L there exists
C' > 0, depending only on Dy, and ||¢||ec, such that

!/

_ C
Cn(l/)a%’/) é Fa

and let X be the measure whose density with respect to m is .
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Sketch of the proof of Theorem B

Proposition

Let f has a GMY structure A and ¢ : M — R be a function

belonging to H,, for n > 1/a. Then there exist functions
X, : A — R such that:

Q@ x € L*®(A) and ||x||sc depends only on |¢|,;
Q@ pom=v+x—xoF];
@ v depends only on future coordinates;

Q the function ¢ : A — R belongs to Gy, for 6 = an — 1.
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Sketch of the proof of Theorem B

Proposition
Let ¢ >0 and 1 € Gog(A), for some § > 0. Suppose there evists

Cy > 0 such that, for all w € L*°(A) and all n > ng we have

Cn(’LU, wv 17) S

9

i
n

where Cy depends only on ¢y and ||w||ec. Then, for e >0 and
p > max{1,(},

_ Cs
LD(QZ),&,TL,I/) S m

Davide Azevedo Properties for systems with weak invariant manifolds



Tower product

In this section we simplify the notations by removing all bars.
o Let @ =9 x ¢

@ Let X and )\ be probability measures in A whose densities

A . dN

-2 d _ 4
v dm anc v dm

belong to g;.
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Tower product

In this section we simplify the notations by removing all bars.

o Let @ =9 x ¢
@ Let X and )\ be probability measures in A whose densities

A . dN

-2 d _ 4
v dm anc v dm

belong to g;.

e Consider

FxF: AxA — A x A
(@,y) = (F(z),F(y))

and the measure P =\ x ) in A x A.
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Tower product

In this section we simplify the notations by removing all bars.
o Let @ =9 x ¢

@ Let X and )\ be probability measures in A whose densities

A . dN

-2 d _ 4
v dm anc v dm

belong to g;.

e Consider

FxF: AxA — A x A
(z,y) = (F(z),F(y))
and the measure P =\ x ) in A x A.

o Let m, 7’ : A x A — A be the projections on the first and
second coordinates.
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Tower product

o We define a simultaneous return time 7" : A x A — N.

@ Define a sequence of stopping times in A x A,
O0=Ty<Ti <, as

Ty =T and T;,, = n_l—i—To(FxF)T”—l, for n > 2.
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Tower product

o We define a simultaneous return time 7" : A x A — N.

Define a sequence of stopping times in A x A,
O0=Ty<Ti <, as

Ty =T and T;,, = n_l—i—To(FxF)T”—l, for n > 2.

Let F=(FxF)T:AxA— AxA.

(]

It is easy to verify that

VneN F"=(FxF)™.
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Tower product

o Let (EZ) be a certain sequence of partition on A x A and
&i(2) is the element of & which contains z.

~

e We will find a sequence of densities (®;) in A x A such that

0o Bp> B>y
o forallie Nand I € ¢,

T B (B 1—®;) ((mxm)[T)) = wl i ((;_1—®;) ((mxm)|T)).
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Tower product

@ Define, for i < iy, {I;Z = ® and, for ¢ > i,

B = (T g B g,
JFi(2) wegi(z) JIFH(w)

1—1

s = (1= (—7)").

7
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Tower product

@ Define, for i < iy, {I;Z = ® and, for ¢ > i,

B = (T g B g,
JFi(2) wegi(z) JIFH(w)

1—1

61':6K(1—( i

)")-

Assume that @ > e p. Then, there exists ig € N such that, for
i > 19, we have

~ ) — 1\ P~
q)z' < <Z ; >p‘I’i_1 m A X A.
1
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An example

Let:
e fo be an orientation preserving C? Anosov diffeomorphism
of the torus;

e Woy,...,Wy be a Markov partition for fy, fixed point (0,0)
in the interior of Wy;

@ the transition matrix A of fy be aperiodic;
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An example

Let:
e fo be an orientation preserving C? Anosov diffeomorphism
of the torus;

e Woy,...,Wy be a Markov partition for fy, fixed point (0,0)
in the interior of Wy;

@ the transition matrix A of fy be aperiodic;

e fo have a product form in Wy, i.e., fo(a,b) = (¢o(a),vo(b));
@ ¢y and g be orientation preserving;

o there exist A > 1 such that ¢{, > X and 0 < ¥ < 1/X;

e the local stable manifold of (0,0) be {a = 0} and the local
unstable manifold of (0,0) be {b = 0}.
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An example

o We want f to be a perturbation of fy such that:

e f also has the product structure in Wy, i.e.,
F(a,b) = (6(a), 0(b)).

o the local stable and unstable manifolds of (0,0) are also
{a =0} and {b = 0}, respectively.

o (0,0) is a fixed point of f with ¢'(0) =1 = ¢’(0).
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An example

o We want f to be a perturbation of fy such that:

e f also has the product structure in Wy, i.e.,
f(a,b) = (6(a), v (b)).
o the local stable and unstable manifolds of (0,0) are also
{a =0} and {b = 0}, respectively.
o (0,0) is a fixed point of f with ¢'(0) =1 = ¢’(0).
e In a rectangular neighbourhood of (0,0) contained in Wy,
choosing 0 < 0 < 1,

¢(a) =a(l+d’), () =¢ ' (b)

and ¢ and 9 coincide with ¢g and g, respectively, near the
boundary of Wj.

o In T2\ Wy, f(a,b) = fo(a,b).
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An example

Choosing A = Wy, we have
o f satisfies the properties (Pg)-(P5), in particular,

Proposition

There exists C' > 0 such that for alln € N and x,y € v* € I'*
we have

(a) d(f (@), () < wfwd(z,y);
(b) d(f™(2), f(y)) < srermd(z,y).
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An example

Choosing A = Wy, we have
o f satisfies the properties (Pg)-(P5), in particular,

Proposition

There exists C' > 0 such that for alln € N and x,y € v* € I'*
we have

(a) d(f (@), () < wfwd(z,y);
(b) d(f™(2), f(y)) < srermd(z,y).

o there is a polynomial decay of the recurrence times to some
unstable leaf on W7, i.e.,

There exists C > 0 such that, for sufficiently large n,

Leb,{R > n} < e
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An example

Therefore, f is in the conditions of Theorems (A) and (B):

Let f be as above and take @,v € Hy. Then, there exists Co > 0
such that for every n > 1,

Cy .

Cy
Cnlp, ¥, 1 )fwzfn§9+1
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An example

Therefore, f is in the conditions of Theorems (A) and (B):

Theorem

Let f be as above and take @,v € Hy. Then, there exists Co > 0
such that for every n > 1,

Cy .

Oy
Cn(p, %, 1 )fwzfﬁ<g+1

Theorem

| A

Let f be as above. There are ng > 0 and (y = (o(no) > 1 such
that for alln >no, 1 < <o, e>0,p>1/6 and ¢ € H,, there
ezists Co > 0 such that for everyn > 1

Cy 1
€2 l/o”

D(¢,e,n,p) <
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