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ABSTRACT. We study the Hausdorff dimension of a large class of sets
in the real line defined in terms of the distribution of frequencies of
digits for the representation in some integer base. In particular, our
results unify and extend classical work of Borel, Besicovitch, Eggleston,
and Billingsley in several directions. Our methods are based on recent
results concerning the multifractal analysis of dynamical systems and
often allow us to obtain explicit expressions for the Hausdorff dimen-
sion. This work is still another illustration of the role that the theory of
dynamical systems can play in number theory.

1. INTRODUCTION

Instead of formulating general statements at this point, we want to discuss
explicit examples (although already nontrivial), which illustrate well the
nature of our work.

Given an integer m > 1, for each number = € [0,1] we shall denote by
O0.z1z2--- a base-m representation of z. It is easy to see that this rep-
resentation is unique except for countably many points. We remark that
since countable sets have zero Hausdorff dimension, the nonuniqueness of
the representation does not interfere with our study.

For each k € {0,... ,m — 1}, 2 € [0,1], and n € N set

Tk(z,n) = card{i € {1,... ,n} : z; = k}.
Whenever there exists the limit
Tk (Z’, 7’L)
— (1)
it is called the frequency of the number k in the base-m representation of x.
When we write the symbol 7;(z) we are already assuming the existence of
the limit in (1).

A classical result of Borel [6] says that for Lebesgue-almost every = € [0, 1]
we have 7(z) = 1/m for every k. Furthermore, for m = 2, Hardy and
Littlewood [10] showed that for Lebesgue-almost every x € [0,1], k =0, 1,
and all sufficiently large n,

() = nango -

1 1
Tk(m,n)——’< o8n

2 n
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In particular, Lebesgue-almost all numbers are normal in every integer base.
This remarkable result (even though it is today straightforward to prove in
a variety of ways) does not mean that all numbers are normal. In fact we
shall see that quite the opposite happens.

Consider now the set

Fo(ag, ... ;am—1) ={x€[0,1] : () =ap for k=0, ...,m—1}, (2)

whenever ag + -+ + ayp—1 = 1 with «; € [0, 1] for each i. It is composed
of the numbers in [0, 1] having a ratio ay of digits equal to k in its base-m
representation for each k. A precursor result concerning the size of these
sets from the point of view of dimension theory is due to Besicovitch [4].
For m = 2, he showed that if a € (0, 3) then

71(z,n) < a} __aloga+ (1—a)log(l—a)
- log 2

)
n—oo

dimg {x € [0,1] : limsup

where dimyg Z denotes the Hausdorff dimension of the set Z. More detailed
information was later obtained by Eggleston [8], who showed that

Zm;1 AL logak
_ ZLak=0 . (3)

dimyg Fp, (g, ... Q1) = logm

An immediate consequence is that if a; € (0,1) for some ¢, then the set
Fo(ao, ... ,am—1) is nonempty (and thus dense in [0, 1]), with uncountable
many points and even positive Hausdorff dimension. The work of Eggle-
ston was further generalized by Billingsley (see his book [5] for details and
references; see also Section 5.4).

We now consider sets of points for which the limit in (1) does not exist.
For each k € {0,... ,m — 1} we define the set

My, = {a: € [0,1] : liminf &) limsupM} . (4)
n—0oo n n—oo n

Notice that My has zero Lebesgue measure, due to the above-mentioned
result of Borel. Clearly,

m—1
[0,1] = U Fn(oo, ... om-1) U | My, (5)
k=0

(a0a"- »am—l)eLm

where
L, :{(ao,... ,Oémfl) S [0,1]m:a0+---—|—am,1 = 1} (6)

In this paper we provide further nontrivial information about the decompo-
sition in (5). In particular we prove the following statement.

Theorem 1. For each k € {0,... ,m — 1} the set M}, contains a dense Gy
set in [0,1], and
m—1
dimpg () Mg =1. (7)
k=0

Theorem 1 implies that U’,?:_Ol M), has Hausdorff dimension equal to 1,
and thus, from the point of view of dimension theory, it is as large as the
interval [0,1]. On the other hand, the union U}Cn:_ol My, has not only zero
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Lebesgue measure but also zero measure with respect to any measure which
is invariant under the map = — ma (mod 1) (see Section 2 for details), and
thus the set U;gn;ol Mj, is rather small from the point of view of measure
theory.

We can also consider sets more complicated than those in (2), and in par-
ticular sets defined by linear or even nonlinear relations among the numbers
Tr(z). These generalizations are described in the remaining sections. Here
we shall give a simple but nontrivial example. Let m = 4, and define the set

F={zec[0,1]:nz)=5mn).

This is the set of numbers in [0, 1] such that its base-4 representation has a
ratio of ones which is five times the ratio of zeros. The ratios of twos and
threes is arbitrary. Again, the nonuniqueness of the representation is not an
issue in the study of Hausdorff dimension. It is easy to see that

Fo> U U  Fula,50,81-6a-8). (8)
«€[0,1/6] B€[0,1—6q]

We emphasize that the inclusion is proper since F' contains points for which
To(x) and 73(x) are not well-defined (this fact substantially complicates the
problem of computing dimg F' since a priori this dimension may not be
entirely carried by the union in (8)). We shall prove that

log(2 + 6/5°/6)

di F=
i log 3

~ 0.91779--- (in base 10). (9)

We first remark that it is easy to show that this last number is a lower bound
for dimy F. Namely, it follows from (3) and (8) that

dimg F > max max dimyg Fy(a, 5a, 5,1 — 6 — [3)
«€[0,1/6] B€[0,1—6q]

alog o + 5alog(5ar) + (1 — 6a) log 1502 (10)
= max —
a€l0,1/6] log 4

The maximum is attained at a = 1/(2-5%6 4+ 6) and it is a straightforward
computation to show that it is equal to the constant in (9). This establishes
the lower bound.

The corresponding upper bound is more delicate, since the union in (8)
is composed of an uncountable number of nonempty pairwise disjoint sets.
Moreover the inclusion in (8) is proper. This is where the theory of multifrac-
tal analysis comes into the play. Namely, using what is called a conditional
variational principle we can show that although the inclusion is proper, the
Hausdorff dimension of F' is carried by exactly one set in the union in (8).
We now formulate a particular case of the conditional variational principle
that is sufficient for the purpose of the present example.

Theorem 2. For each k # ¢ and 3 > 0 we have
dimg{z € [0,1] : 7x(z) = Br(x)}
m—1
o log o
= max{—zj_o 17089 (s yam—1) € Ly, and oy, :Bag}
logm

_ log(m — 2+ (8+1)/87C+D)
N logm )
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An easy consequence of Theorem 2 and (3) is that for each k& # ¢ and
B > 0, there exists (ag, ... ,@mn—1) € Ly, such that

Fo(ag, ... ,am—1) C{x €[0,1] : 7x(x) = Bre(x)}

and
dimg Fp(ap, ... yam—1) = dimg{z € [0,1] : 7x(x) = Bry(x)}.

In particular, setting m = 4, k = 1, £ = 0, and § = 5, this observation
implies that the inequality in (10) is in fact an identity, thus establishing
the claim in (9).

The main advantage of our approach is that the classes of problems that
we consider (which a priori could seem of very different nature) can be
treated in a unified manner, as an application of the theory of multifractal
analysis. Another advantage of this approach is that the value of the Haus-
dorff dimension does not need to be guessed a priori. In some works this a
priori guess is crucial in order to construct auxiliary measures sitting on the
set. These measures are then used to establish, rigorously, the value of the
Hausdorff dimension.

The statements formulated above are consequences of more general state-
ments established in this paper. As mentioned before, our results are based
on recent work concerning the multifractal analysis of dynamical systems.
On the other hand, we emphasize that the paper is self-contained. In par-
ticular, we assume no former knowledge of multifractal analysis.

The description of the state-of-the-art of multifractal analysis in 1997 can
be found in the book by Pesin [12]. For some later developments (and in
particular those concerning the results that we use here) the reader should
look at the papers in the bibliography. In particular our approach requires
a multidimensional version of the classical multifractal analysis. Such a
version was first introduced by the authors in [2].

The structure of the paper is as follows. The necessary notions from er-
godic theory are briefly recalled in Section 2. In Section 3 we establish Theo-
rem 1 and several related results. In particular, we show that the set M}, can
be further decomposed in a natural way into an uncountable union of pair-
wise disjoint sets with positive Hausdorff dimension. The above-mentioned
conditional variational principle (of which Theorem 2 is a particular case) is
described in Section 4. Further applications to number-theoretical problems
are given in Section 5.

Acknowledgment. We would like to thank the referee for a number of good
suggestions that helped us improve the exposition. We also would like to
thank Christian Wolf for his comments.

2. BASIC NOTIONS

Fix a positive integer m and consider the map gy, : [0,1] — [0,1] defined
by gmx = mz (mod 1). Observe that if 0.z 22 - - - is a base-m representation
of z € [0,1], then gz = 0.x923---.

Let p be a gp-invariant probability measure on [0, 1], i.e., a probability
measure such that (g, 1A4) = u(A) for every measurable set A C [0, 1].
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The entropy of g, with respect to u is defined by

. 1
Py(gm) = inf == > pllis i) 10g pl L) (11)
i1
where
Illln = [0@1 cetpy, 002y, + m_"). (12)

We need the following basic result of ergodic theory (see for example [11,
Chapters 1 and 2] for details).

Proposition 3. We have

| u(Liy i)
hu(gm) = inf — w(Lyy i, ) log ———=
() n>1 ”Zln i) 1 Ligwi, )

1
:/ lim wdﬂ(@,
0 —-n

n—oo
where the limit exists for p-almost every x = 0.x12z2--- € [0, 1].

It follows from (11) that

m—1
= ) log p(Iy). (13)
k=0

Given (ag,... ,m—1) € Ly, (see (6)), consider the g,,-invariant probability
measure [ = flag,... am 1 Such that p(l;,..i,) = a4, -+ -y, for each I;..;,.
It is called a Bernoulli measure. It follows easily from the first formula for
hy(gm) in Proposition 3 that

Prrag.... cpy_y (Gm) = Zak log a. (14)

Let now M be the family of g,,-invariant probablhty measures on [0, 1]. By
(13) and (14) we obtain

max{hy(gm) : p € M and p(lx) = oy, for each k} = hy, .~ (gm). (15)

Recall that a probability measure p is ergodic if any g,,-invariant set has
either zero or full u-measure (a set A is g,-invariant if g,,"*A = A). For
example, Bernoulli measures are ergodic. We define the Hausdorff dimension
dimg p of the measure u by

dimpg p = inf{dimpy Z: u(2) = 1}.
We now consider the relation between entropy and Hausdorff dimension.

Proposition 4. For any measure y € M we have

dimpg p > hyu(gm)/logm, (16)

with equality when u is ergodic.

Proof. Assume first that p is ergodic. In this case (see for example [12]) it
is known that

I I ..
dimg g = lim —Og,u( r1-n)
n—oo —nlogm
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for p-almost every x = 0.z122 - - - € [0,1]. It follows from the second formula
for hy,(gm) in Proposition 3 that dimg = hy(gm)/ logm.

Consider now an arbitrary measure g € M and an ergodic decomposition
(ta)acs of u (it always exists; see for example [14, Section 6.2]). This means
that for each o € S the measure p, is ergodic and there exists a measure
v oon S such that (Z) = [y pa(Z)dv(a) for every measurable set Z. If
w(Z) =1 then po(Z) =1 for v-almost every o € S. Hence,

dimy Z > dimg pto = by, (gm)/logm.

Integrating over a we obtain (see for example [14, Theorem 8.4])

dimy Z > / hye (gm) dv(o)/logm = hyu(gm)/ log m.
S
Taking the infimum over all the sets Z with ©(Z) =1 we obtain (16). O

We note that the inequality in (16) is in general strict in the case of
nonergodic measures. Explicit examples can be readily obtained for instance
from the following properties: if p; and pg are ergodic measures and p =
c11 + copg with ¢1 + co = 1 and c¢1, c3 > 0 then

dimg g = max{dimg puq, dimg ps}
and hu(gm) = Clh,m (gm) + C2hu2 (gm)
3. IRREGULAR SETS

In this section we establish Theorem 1 on the “size” of the sets M,
(see (4)) from the points of view of topology and dimension theory. It
is in fact a particular case of stronger statements proved in this section.

For each o < @ we consider the set

a (T, n (T, m
M = {x €[0,1] : liminfM = o and lim sup Te(@,n) = 6} .
n—o0 n n—oo n
Notice that M ]%,a has zero measure with respect to any g,,-invariant prob-
ability measure. We have

M,= |J Mm% (17)

0<a<a<l

and hence, the interval [0, 1] can be decomposed into the disjoint union

m—1
0,1] = U Fm(ao,...,am,l)uu U M2e.

(@0 sm—1)ELm k=0 0<a<a<l

This type of decomposition is often called a multifractal decomposition. The
theory of multifractal analysis has mainly been concerned with sets such as
Fo(ag, ... ,am—1) that consist of points for which certain limit or limits
exist (see (1) and (2)). On the other hand, it was recently observed that
the “irregular parts” of certain multifractal decompositions (of the type of
those in (17)) may be (and often are, in a very precise sense) rather large
from the points of view of topology and dimension theory. This allows us to
have a much more detailed information about multifractal decompositions.

We are also interested in the irregular sets M. ,%’a. We shall prove that even
though they are rather small from the point of view of measure theory they



DISTRIBUTION OF FREQUENCIES OF DIGITS VIA MULTIFRACTAL ANALYSIS 7

have positive Hausdorff dimension. Furthermore, one of them is residual
(i.e., it contains a dense G5 set).

Proposition 5. For each k € {0,... ,m — 1} the set M,S’l is residual.

Proof. Choose ¢ € {0,... ,m—1} different from k. Let x = 0.z122--- € [0, 1]
and fix an integer n € N. We consider the set Uy, () of points y = 0.y1y2 - - - €
[0, 1] such that
r; ifl1<i<n
yi =<k ifn<i<n?
¢ ifn?<i<nd
Observe that if y € Up(z) then

2 3
1
(Y, n%) >1 and 7 (y, n°)

1
< =, 18
n? n n3 ~n (18)

Note that only the first n? digits of y are specified. The open set

Vin = U U int Uy, (z)

n>m zel0,1]
is dense in [0,1]. It follows from (18) that the dense G5 set (\°_; Vi, is
contained in M ,S 1. This completes the proof. O

One can easily verify that the G set (,._; Vp, constructed in the proof
of Proposition 5 (and that is dense in M ,S ’1) has zero Hausdorff dimension.
On the other hand we shall see below (see Theorem 7) that dimy M > 0
whenever 0 < o < @ < 1 (and for each 0 < o < @ < 1 whenever m > 2).

In view of (17), Proposition 5 implies that the set My, is residual. Thus,
in order to establish Theorem 1 it remains to prove the identity (7). This
will be obtained as a consequence of a more general statement.

Given functions ¢, ¥: [0,1] — R such that 1) > 0 we consider the set

_ e i Plgm'®)
Ko(p, ) = {x €[0,1] : nlLrgom = oz}, (19)
where g, is defined by g,z = mz (mod 1). For example, if
Pk = X[k/m,(k+1)/m) and Y, =1for k=0,..., m—1 (20)
then
m—1
() Kaw(@rr k) = Finlao, ..., cm-1).
k=0

We shall also consider some discontinuous functions. We call a function
¢: [0,1] — R m-Hélder continuous if it is piecewise Holder continuous with
finitely many discontinuities and at most at negative powers of m.

Theorem 6. Let p1,...,p4, ¥1,...,1%q be m-Hdélder continuous functions
with ¥; > 0 for each i. We have

d
dimpg <[07 1] \ U U Ka(%,%)) =1

1=1 a€R
provided that K, (¢, vi) = [0,1] for no ¢ and no .
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Proof. We use the approach developed in [3] based on the notion of distin-
guishing family of measures. We recall that a family of invariant probability

measures {1, ..., (e is a distinguishing family for the sequences of functions
(fin)n, - -+ (fan)n provided that for ¢ = 1, ..., d there exist measures v;;
and v;o in {p1,. .., e} and constants a;; # a2 such that for each j =1, 2

and v;j-almost every x,

lim fin(z) = aij.

Set
A= {x € [0,1] : liminf f;,(x) < limsup fin(z) fori =1, ..., d} . (21)

n— n—00
The following statement is a particular case of Theorem 7.6 in [3].

Lemma 1. If the ergodic gn,-invariant probability measures i1, ..., e form
a distinguishing family for the sequences of m-Hoélder continuous functions

(fin)ns -5 (fan)n then
dimpg A > min{dimg p1,... ,dimg pe}.
Consider the sequences
Z?:O Pi (gmjx)
Z?:O Vi(gmIx)
fori=1, ..., d. It is easy to verify that

fin(x) =

d
A =101\ U Kales v0).

i=1 a€R
By Theorem 7.3 in [3], for each i = 1, ..., d and £ > 0 there exist ergodic
gm-invariant probability measures v;; and v;o satisfying
min{dimg v;1,dimg v;e} >1—¢
for each i, such that the family {v;1,vi2 : @ = 1,...,d} is a distinguishing
family of measures for the sequences of functions (fin)n, ---, (fan)n- More
precisely, for j =1, 2 and v;j-almost every x € [0, 1] we have

1
. dl/' .
li_fi(z) = Jo £00%
nee Jo Wi dvij
Furthermore
fol p; dviy fol @i dvig
fol Vi dvi f01 Vi dvig
for each 4, and Birkhoff’s ergodic theorem (see for example [11, Chapter 1])
shows that {v;1,v0 i =1,...,d} is a distinguishing family of measures for
the sequences of functions (fip)n, - .-, (fan)n-
This allows us to apply Lemma 1 and conclude that

4

dimpg A > min{dimgy v;;,dimpg vy :i=1,... ,d} > 1—e.
The arbitrariness of ¢ yields the desired result. U

One can show that in the case of m-Hoélder continuous functions ¢ and
the following conditions are equivalent (see [1] and [3] for details):
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1. Ka(p,) = [0,1] for no a;

Ko (p,1) is a nonempty proper subset of [0, 1] for some «;

3. Ku(p,1) is a nonempty proper dense subset of [0,1] for every « in
some interval;

4. there exists no constant ¢ € R such that ¢ — ct) = a — a o gy, for some
bounded function a: [0,1] — R.

We can now establish Theorem 1.

b

Proof of Theorem 1. The first statement follows from Proposition 5. Setting
¢ and ¥y as in (20), one can easily verify that K, (¢g, ¢¥r) = [0, 1] for no k
and no «a (note that one can explicitly determine a point in K, (¢, ¥x) for
each « € [0,1]). Furthermore, since

m—1 m—1
) M= [0,10\ [ U Kalwi ),
k=0

k=0 a€R
the second statement follows from Theorem 6. O

We now study the Hausdorff dimension of the sets M, kg,a and more gen-
erally of intersections of these sets. Given a rectangle

R = [g0760] Koeee X [Qm—laamfl] - [Oa 1}m’

we consider the decomposition of IR into the m pairs Ry, Ry, of closed faces
of R, where R, corresponds to oy, and Ry corresponds to ay. For each k we
define the numbers

dj, = max{dimy Fy,(z) : 2 € R, N L, }
and
dy, = max{dimg F,(2): 2 € Ry N Ly, }.

We also define the set

m—1 _

Mg = ) M+,

k=0
The following statement establishes an explicit formula for the Hausdorff
dimension of the irregular set Mp in terms of the numbers d; and di. In
particular, although the set Mp is totally unrelated to the “regular” part
of the multifractal decomposition, this formula indicates that the Hausdorff
dimension of Mp is entirely carried by a single “regular” set F,(z), where
z is some vector in one of the faces of the rectangle R.

Theorem 7. Ifint R # @ and RN Ly, # & then
dimy Mg = min{d,,dy : k=0,... ,m — 1}.

Proof. Set o, and ¥y as in (20). Let z, € R, N Ly, and Z, € Ry N Ly, be
vectors such that
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Since zj, € Rj, C R and %, € Ry C R, the (ergodic) Bernoulli measures i,
and pz, satisfy

1 1
/ i dpz, = Qy, / Ok dpiz, = O, (22)
0 0

and

1 1
/ Pe dlu’&k S [QﬁaafL / Pe dﬂzk € [Q@’ae] (23)
0 0

for every k and ¢. Furthermore, by Eggleston’s result, Proposition 4, and
(14) we have

dimpy p,, =dy, and dimpg pz, = dp.. (24)

It follows from Birkhoff’s ergodic theorem and (22) that the measures p.,,
pz, for k =0, ..., m — 1 form a distinguishing family (see the proof of
Theorem 6 for the definition) for the sequences

n
fen =Y ¢k 0 gm’ (25)
=0

fork=0,...,m— 1
We now require a version of Lemma 1 for the set I'g defined by
{a; € [0,1] : liminf f;,(x) = o; and limsup fi,(x) =@; fori=1, ..., d
n—00 n—o0
(26)

Notice that if int R # @ then I'r C A (see (21)). The following statement
is obtained from a straightforward modification of the proof of Theorem 7.6
in [3] (see also the observations at the end of this section).

Lemma 2. Let pq, ..., e be a distinguishing family of ergodic g, -invariant
probability measures for the sequences (fin)n, -+, (fan)n. Assume that for
each i, j =1, ..., d there exist measures v;1 and vio in {1, ... ,pue} and

constants a;; and b;j such that for each i and j:

1. a; = oy, by = @, and aij, bij € oy, ol;

2.
lim fin(x) = ay; for vji-almost every x,
n—oo
lim fin(x) = byj for vje-almost every x.
n—oo

Ifint R # @ and RN Ly, # & then
dimg I'r > min{dimg p1, ... ,dimg pe}.

Using (22) and (23), we can apply Lemma 2 to the sequences in (25) to
conclude that

dimyg Mgr > £ = min{d,,dy : k=0,... ,m —1}.

We now obtain an upper bound for dimy Mp. Given x € [0, 1] we denote
by V(z) the set of accumulation points (in the weak-* topology) of the
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sequence of measures

1 n—1
2 Sguia (27)
j=0

where J, denotes the probability measure with 6,({y}) = 1. We shall use
the following statement.

Lemma 3. If
Xy ={z €[0,1] : dimy p <t for some p € V(x)}
then dimpg X; < t.

Proof of the lemma. The lemma is a version of a statement of Bowen in [7]
saying that (in our setup) if

Y; = {x € [0,1] : hy(gm) <t for some p € V(z)}

then dimyY; < t/logm. It should be noted that the number logm -
dimpg Z coincides with the topological entropy of g, on the set Y; (and
since this set may in general be noncompact we are referring to the notion
of topological entropy for noncompact sets introduced by Bowen in [7]). We
shall deduce the lemma from Bowen’s result. By Proposition 4, we have
hy(gm)/logm < dimg p. Therefore, X; C Y;10gm and hence, using Bowen’s
result, dimg X; < t. O

When z € Mg, for each k =0, ..., m — 1 the sequence of measures in
(27) has accumulation points p,, and pg, for some wy, € Ry and wy € Ry.
It follows from (24) that

min{dimgy py, , dimg p, : k=0,... ,m -1} < k.

Therefore Mrp C X, and Lemma 3 implies that dimg Mpr < k. This com-
pletes the proof. O

The following is now an immediate consequence of Theorem 7.

Corollary 8. Foreachk € {0,... ,m—1} and o, @ € [0, 1] such that o < @,

the set ng’a has positive Hausdorff dimension.

As we observed, Lemma 2 is obtained from a straightforward modification
of the proof of Theorem 7.6 in [3]. Nevertheless, the proof itself (as is
already the case in [3]) involves considerable technical difficulties, related
to the study of the pointwise dimension of noninvariant measures (sitting
on sets that have zero measure with respect to any invariant measure). On
the other hand, it is easy to describe why the assumptions in Lemma 2
are crucial when compared to those in Lemma 1 and we shall do it now.
Notice first that although the sets A and I'r (see (21) and (26)) satisfy
I'r C A this inclusion is in general proper. The proof of Lemma 2 (that
simply follows the proof of Theorem 7.6 in [3]) starts with the juxtaposition
of cylinder sets at the level of symbolic dynamics which are successively
typical with respect to v;1 and v for i =1, ..., d, in this order. We recall
that, for a point = € [0, 1], the cylinder sets corresponding to the intervals
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Cp(x) = (x —m™", 2 +m~ ") N[0, 1] are said to be typical with respect to
the measure p if

i 108 H(Cn(2))

= dimpg p.
n—00 nlogm

Then we repeat the same procedure ad infinitum, choosing cylinder sets
which are successively typical with respect to v;; and v for i =1, ..., d.
Since int R # & we obtain with this construction a subset A’ of A (see (21)).
When d = 1 one has A’ C T (see (26)) under the assumptions of Lemma 2,
and in fact also under those of Lemma 1. However, when d > 1 the as-
sumptions in Lemma 1 are in general not enough to construct a subset of
I'g using this procedure. This is due to the fact that the cylinder sets jux-
taposed between two pairs with the same fixed i (i.e., the pairs of cylinder
sets corresponding to v;; and v;2, which occur infinitely often) may change
the values of liminf,,_,o fin(x) and limsup,,_, ., fin(x). More precisely, we
can construct a set A’ C A such that for every z € A and i =1, ..., d,

liminf f;j,(z) <o, and limsup fi,(x) > @,

n—oo n—oo
but a priori these inequalities may be strict (unless d = 1). On the other
hand, under the additional assumptions of Lemma 2, we can construct A’
in such a way that for every x € A’ andi =1, ..., d,

liminf fi,(z) =, and limsup fi,(z) = @,
n—oo n—oo

and thus A’ C I'p.

4. CONDITIONAL VARIATIONAL PRINCIPLE

In this section we describe the conditional variational principle mentioned
in the introduction.

We first recall the concept of topological pressure. The topological pressure
of a continuous function ¢: [0,1] — R with respect to g, is defined by

n—1

1
P(p) = lim —log Z exp sup Zgoogmk. (28)

n—oo
1n

For an m-Hélder continuous ¢ (i.e., a piecewise Holder continuous function
with finitely many discontinuities and at most at negative powers of m) the
limit in (28) also exists and we still call it topological pressure of ¢. We are
particularly interested in locally constant functions. More precisely, consider
a function ¢ such that

002129+ ) = Agyoa,,

for some constants a;,...;, € R for iy, ..., i, € {0,... ,m—1} and some fixed
positive integer . These are called k-locally constant functions. Note that
they are m-Holder continuous. In particular, it follows easily from (28) that
if ¢ is 1-locally constant then

n m—1
1
P(p) = nh_)rgo - log Z H exp a;; = log Z exp a. (29)
k=0

i1-in =1
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Given functions ¢k, ¥g: [0,1] — R with ¢y > 0 for k=1, ..., d, and a
vector o = (o, ... , ) € R we write
d
Ko = () Kuy,(0r,tr), (30)
k=1

where each set Ko, (¢, ¢x) is defined by (19). For each € M we set
1 1
Jowndu” 7 fg adp

Barreira, Saussol and Schmeling [2] established the following conditional
variational principle.

Theorem 9. Let p1,...,p4, ¥1,...,1%q be m-Holder continuous functions
with ¥; > 0 for each i. If a € int P(M), then

. 1
dimpy K, = Togm max {h,(gm) : p € M and P(n) = o}

1 - (31)
- logminf{P (Zq’“(@k —akwk)> (q1s--- ,qa) € Rd}.

k=1

We emphasize that the identities in (31) express the dimension spectrum
D(a) = dimpy K, in two different ways. The first formula for D in (31)
is a maximum over the closed set of measures p for which P(«) = p (and
thus the name “conditional variational principle”). This first formula was
obtained independently by Fan, Feng and Wu [9]. Unfortunately it is in
general not easily amenable to explicit computations due to the fact that we
have to know h,(gm) for all such measures. This is why we are especially
interested in the second formula.

The second formula for D in (31) is an infimum of a real valued function
involving the topological pressure. In view of applications, and in particular
those in this paper, it is crucial to have this formula. For example, to know
an explicit expression for the dimension spectrum it is often enough to study
the derivative of the function

d
q— P (Z ar(k — akwk)> :

k=1

We emphasize that even when the infimum in (31) does not allow one to
obtain an explicit formula it is still crucial in several respects. In particular,
under the assumptions of Theorem 9, it can be used to show that D is
analytic (see [1, 2] for details). Furthermore, the first example of a nonconvex
spectrum was given in [1] also as an application of this formula.

It was also shown in [2, Theorem 14] that for each fixed Holder exponent 6
and a residual vector (¢1,...,94,%1,...,1q) in the space of #-Holder con-
tinuous functions we have:

1. int P(M) = P(M);
2. dimy K, = 0 for every a € 9P(M).
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We now describe a generalization of the first identity in (31), or more
precisely of the formula (replacing the maximum by a supremum in (31))

dimg K, = sup {h,(gm) : 1 € M and P(p) = a}.

logm

In order to describe this generalization, let us consider continuous functions
¢:[0,1] = U CR" and n: U — RP. For each a € R? we define the set

n—1
1 .
Km0 — 1. 1 - o’ —
o z e [0,1]: lim 7 njEOC(g )| =a

When

1 Td
C: (9017"' 790d>d}1a"- 711)(1) and 77(7”17--- aTZd) = <—7 7—)
Td+1 r2d
we obtain K9 = K, (see (30)).
The following is an immediate consequence of work of Takens and Ver-
bitskiy [13], where we make the convention that sup @ = 0.

Theorem 10. Let (: [0,1] — U C R" and n: U — RP be piecewise con-
tinuous functions with finitely many discontinuities and at most at negative
powers of m. For each o € RP we have

1
dim Kém@) _ 1 sup {h#(gm) €M andn (/ Cd,u) = a} .
logm 0
We observe that the classes of dynamical systems for which the statements
in Theorems 9 and 10 were respectively established in [2] and [13] are more
general than the situation considered here. However, none of these two
papers includes the class of dynamical systems considered in the other one.

The identity in Theorem 10 says that for each o with K(()??,C) # & and
each € > 0 there exists a measure jo € M for which

1
n (/ gdﬂa,e) =« and h#a,s (gm)/logm > dlmH K&”’C) — e
0

Unfortunately, in general the measure p, . may not sit on K{(}m()_ Such a
property would be crucial for example as a departure point to obtain similar
results to those in Section 3 in this situation. On the other hand, under the
assumptions of Theorem 9 it is shown in [2] that there exists an ergodic
measure ji, € M such that P(u,) = a with the additional properties

pa(Ko) =1 and hy,(gm)/logm = dimg K,. (32)

5. APPLICATIONS TO FREQUENCIES OF DIGITS

In this section we show how the conditional variational principle can be
used in a number of problems in the study of the Hausdorff dimension of
sets defined in terms of frequencies of digits.
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5.1. Linear relations. When dealing with frequencies of digits it suffices
to consider 1-locally constant functions (sometimes called digit-functions).
In this case we can combine Theorems 9 and 10 to obtain a more explicit

statement. In this section we always take ¢; = 1 for ¢+ = 1, ..., d in
Theorem 9, and thus for each a = (a1, ... ,aq) € R? the set K, in (30) is
given by

n
Ko=qz€[0,1]: lim ¥ ¢i(gm’s) =a; fori=1,....d
j=0

For each € M set

Qp) = (/01<p1du,.--7/01s0ddu>-

For simplicity we shall also write p;x, = @;([k/m, (k+1)/m)).

Theorem 11. Let ¢;: [0,1] — R be 1-locally constant functions for i = 1,
..., d. The following properties hold:

1. ifa=(ai,...,aq) € QM) then
m—1
. 1
dimg K, = @max{— kZ:O B log B+ (Bo,- -y Pm—1) € Am}, (33)
where

m—1
ATn: {(607 7ﬁm71)€Lm:Zﬂk@ik:aiforizl; ) d},

k=0
2. if, in addition, o = (o, ... ,aq) € int Q(M) then

m—1 d
dimyg K, = inf {logm Z epoqi(cpik —a): (q1y--.,q4) € Rd} : (34)
k=0 i=1

3. the function a — dimpg K, is continuous on Q(M).

Proof. Setting ¢ = (¢1,-..,¢q) and n = id it follows from Theorem 10 that

sup{hu(gm) : p € M and Q(u) = o} (35)

1
dimHK = 1

ogm

for each v € Q(M). Let p be a gp,-invariant measure on [0,1] and write
Br = u(Iy) for each k. The condition Q(u) = « is equivalent to

m—1 m—1
(Z TR ﬁksodk> =a. (36)
k=0 k=0

Therefore, using (14) and (15) we can replace the supremum in (35) by the
maximum in (33), and we obtain the first statement in the theorem.
By (29) we have

d m—1 d
p <Z ar(Pr — akwk)) =log Y exp ) qili — ).
k=0 i=1

k=1
Applying Theorem 9 we obtain the second statement in the theorem.
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To complete the proof it is enough to show that the maximum in (33)
varies continuously with «. Observe first that the condition in (36) defines
a plane in R™ varying continuously with «. The strict convexity of the
function

3

(Bos -+, Bm—1) = — > Bilog By

0

i

guarantees that the maximum in (33) also varies continuously with «. This
completes the proof. O

Theorem 11 offers two methods to compute the Hausdorff dimension of
the set K, although of different nature. The first method involves the
computation of the maximum in (33). Unfortunately it consists of a problem
of conditional extrema. In applications we may try to use, for example, the
method of Lagrange multipliers. This often leads to less explicit formulas.
On the other hand, the second method to compute the Hausdorff dimension,
based on the computation of the infimum in (34), should in general be
more amenable to computation. Essentially it amounts to determine the
extrema of a function involving the topological pressure, without any extra
condition. Although the identity in (34) is only known to hold in int Q(M)
(conjecturally it holds in Q(M)), the continuity of the function o — dimpy K,
on Q(M) allows us to obtain dimy K, for a € int Q(M) from the knowledge
of (34) on int Q(M). It is shown in [2] (see Section 4), that for each fixed
Holder exponent 6 and a residual vector (¢1,...,¢q) in the space of 6-
Holder continuous functions (not necessarily 1-locally constant) we have
int Q(M) = Q(M).

Theorem 11 (and its straightforward generalization to x-locally constant
functions) allows us to provide a unified and simple approach to substantially
complicated problems. Moreover, it follows from work in [2] that for each
choice of functions ¢; one can explicitly exhibit a measure sitting on the
level set K, in the sense that (32) holds. In the case of 1-locally constant
functions these measures are always Bernoulli measures.

A first consequence of Theorem 11 is the classical result of Eggleston [8]
described in the introduction.

Corollary 12. For every (ag,... ,&m—1) € L,

m—1
B Y e aklogay

dimpg Fp(ag, ..., Qup—1) = logm

Proof. Setting ¢ and 9 as in (20) for k =0, ..., m — 1, we obtain K, =
Fo(ag, ... ,am—1). The statement follows immediately from Theorem 11.
]

Theorem 11 allows us to complete the proof of the results in the intro-
duction.

Proof of Theorem 2. Set d =1 and

01 = X[k/m,(k+1)/m) — BX[t/m,(+1)/m)-
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The first identity in the theorem follows from Theorem 11, (14), and (15).
Furthermore, since 0 € int Q(M) = (-0, 1), Theorem 11 shows that
10g(eq +e P+ m— 2)

dimg{x € [0,1] : 7,(x) = Bre(z)} = 1 logm

It is straightforward to verify that the infimum is attained at ¢ = lffg and

an easy computation yields the desired result. ]

For example, setting 8 = 1 in Theorem 2 we obtain
dimg{x € [0,1] : 7,(x) = 7o(x)} =1, (37)

independently of k, £, and m. It is also interesting to observe that for a
fixed 8 > 0 the Hausdorff dimension in Theorem 2 tends to 1 when m — oo.
This corresponds to the fact that the disjoint union

U Fo(ag, ... ;am—1) C{x €]0,1] : 7x(x) = Bre(x)}
ag=PBoy
contains sets with larger and larger Hausdorff dimension as m — oc.

We emphasize that the formula with the maximum in (33) can also be
used to obtain the explicit value of the Hausdorff dimension in Theorem 2.
Although the computation is not as immediate as with the infimum in (34),
in this special case it can be effected in a simple manner. This alterna-
tive approach reflects the fact that the entropy of an invariant measure is
maximized by a mass distribution as uniform as possible (see (38) below).

We assurne for simplicity that ¥ = 0 and ¢ = 1 in Theorem 2. Set
p=1-Y"" a;. We have ag = p/(1+ 8) and a1 = pB/(1 + ). One can
easily Verlfy that the function

m—1
(g, ...y Qupet) — — Z ajloga;j
§=0
__r log P pﬁ Za]loga]
1+4 °1+3 1+B 1+ﬁ

attains its maximum when
1—p
2 m—1 m—2 ( )

Therefore, the Hausdorff dimension in Theorem 2 is given by

aloga+ aflog(af) + (1 — a — af)log M
max — .

0<a<iiz logm

One can verify that this maximum is attained at o = 1/(23%/(%+1) 4 54 1),
and hence obtain its explicit value.
A similar approach yields the following statement.

Corollary 13. Given integers iy < --- < i in {0, . —1} and numbers
B1, ..., Br €[0,1] such that B = ZJ 1Bk <1, we have
dimg{z € [0,1] : (7, (2),... , 7, (x)) = ( o Br)}
5oj=1 Bilog B + (1 = B)log 55

logm
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For example, setting £ = 1 we obtain

aloga + (1 — a)log i=%
dimg{z € [0,1]: 7(z) = a} = — & ( ) gm—l'

logm

Note that this tends to 1 — @ when m — oo. In particular, the Hausdorff
dimension of the set of numbers having 99.99% of zeros in their base-m
representation is uniformly bounded away from zero as m — oo. This
should be contrasted with the behavior in Theorem 2 when m — oo.

In view of the existence of nontrivial irregular sets with large Hausdorff
dimension (see Section 3) the following is another nontrivial application of
Theorem 11. Namely, we want to show that the set of points for which the
frequency of some digits is zero and the set of points where the same digits
do not occur have equal dimension.

Corollary 14. The Hausdorff dimension of the set of points for which the
frequency of a number k of fixed digits in the base-m representation is zero
equals the Hausdorff dimension of the set of points where the same digits do
not appear in the base-m representation. The common value is log,,(m —k).

Proof. Let E be the set of points where the frequency of some digits in the
base-m representation is zero. Without loss of generality we assume that
the first k& digits have frequency zero. Setting d =1 and ¢1 = Xo,(k—1)/m)
it follows from Theorem 11 that dimy F = log,,(m — k). Let now F C E
be the set of points where the same digits do not appear in their base-m
representation. Let p be the (ergodic) Bernoulli measure on m — k symbols
with equal probabilities. We have u(F) = 1 (with the natural identifica-
tion of a base-(m — k) representation with a base-m representation) and by
Proposition 4, dimg p = log,,(m — k). Therefore dimy F' > dimpy p and
dimyg F = dimgy F. O

We can also consider more involved problems. Let A = (a;;) be an d x m
matrix and b = (b1,...,bs) € R Consider the set K(A,b) of numbers
x € [0, 1] such that A1y, (z) = b, where 7,,(z) = (10(x), ... , Tm—1(x)).
Corollary 15. If b € int A(L,,) then

m—1

dimy K(A,b) = max {— Z aglog,, ax : (o, ... ,m—1) € Ly N A_lb}
k=0

m—1 d
= inf {logm Z eXpZQi(aik - bz) : (QIa s 7qd) € Rd} .
k=0 =1

Proof. Fori =1, ..., d, set

m—1
Yi = Z AijX[j/m,(j+1)/m)>
j=0
and note that Q(M) = A(L,,). The desired statement follows immediately
from Theorem 11. O

We remark that int A(L,,) = A(Ly,) if and only if det(AA") # 0, where
At denotes the transpose of A.
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We now give several nontrivial examples as applications of Corollary 15
(the computations are straightforward and are not reproduced here):

1. given integers ag, ..., am—1, not all zero, the set of points x € [0, 1]
such that

a()TO(.f) +---+ am—le—l(x) = ﬁ

has Hausdorfl dimension

m—1 m—1
log,,, min { Z r% =P >0 and Z (a; — B)r® = O}
i=0 i=0

(note that this amounts to determine the positive real roots of the
polynomial Z?;_Ol(ai — B)rai—miniai),

2. the set of points x € [0, 1] such that 79(z) 4+ 271(2) =  has Hausdorff

dimension
1 ri=p + o0
O _—
gm 2 _ ﬁ )

where

LB+ V(-1 +48(B-2)(m - 2)
423 ’
3. the set of points x € [0, 1] such that 7o(x)+---+7j—1(x) = jF (i.e., the
average of the frequencies of the first j digits equals () has Hausdorff
dimension

log,, [j (“"‘jw)lm T (m—j) <ﬂ)jﬁ] ;

1—-jp (m—j)p

4. given v > 0, the set of points = € [0, 1] such that 7o(z) 4+ 711(z) = y712(2)
has Hausdorff dimension

1/(v+1) 9\ 7/ (r+1)
log,, [2 (%) ! + <;> +m—3

(for example, this is log,,(2v/2 4+ m — 3) when v = 1).

Using results in [2] we can also compute the Hausdorff dimension of sets
that are obtained from the intersection of irregular sets (see Section 3) with
those in this section. In particular, we can consider sets of points for which
some fixed frequencies are not well-defined and for which the remaining ones
satisfy some linear relations.

5.2. Nonlinear relations. Theorem 10 allows us to study continuous non-
linear relations between frequencies of digits. In this case there is in general
no appropriate generalization of the formula given by Theorem 9 in terms
of the topological pressure, and thus we have to use the variational principle
in Theorem 10. This often makes the computations much harder when we
study nonlinear relations between frequencies of digits. We shall concentrate
here on nontrivial examples.
Fix m > 2. For each b > 0, we set

F,={ze[0,1]: m(z) = ! 7070 /p}.
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Corollary 16. Ifb > 2 then
. b—2 m — 2
dlmH Fb = logm b+ T logm <m> .

Proof. Define f(x) = e'=%%/b. It follows from Theorem 10 that dimg F} is
equal to the supremum of

m—1
—Q logm ag — f(Oéo) logm f(ao) — Z (074 logm (67
=2

under the assumption that ag+ f(ag) + a2+ -+ apm—1 =1 and «o; € [0, 1].
It is thus enough to determine the infimum of the function

G(a) —aloga+f(a)logf(a)+(1—a—f(a))log1_;;7:£(a) (39)
over all « € [0,1] such that o + f(«) < 1. The derivative is
¢/(a) = loga + f'(0)log f(0) — (1 + /() log =2~ ag)

For o = 1/b we have f(a) = a and f'(a) = —1, and hence, G'(a) = 0.
Some elementary calculus shows that 1/b is indeed a global minimum of G.
We conclude that dimgy F, = —G(1/b)/logm and the desired statement
amounts now to an elementary computation. ]

The approach used in the proof of the corollary applies in a similar way
to other types of sets. In particular, given a continuous function f: R — R
the set

Fr={z€(0,1]: n(x) = f(ro(x)}

has Hausdorff dimension

dimy Fy = -1 ! inf{G(a) : @ € [0,1] and o + f(«x) < 1}, (41)

ogm
where G is the function defined by (39). In particular, when f is differen-
tiable, if v € (0,3) is such that f(a) = a and f/(a) = —1 it follows from
(40) that G'(a) = 0 and we should verify if it is a global minimum.

The formula (41) allows us to determine how the dimension is affected by
small perturbations of f. For example, let f.(z) = = 4+ ez? (and m > 2).
With similar arguments to those in [1, 2] one can show that the map ¢ —
dimy FY. is analytic. Furthermore, one can look for an analytic function o =
a(e) such that dimg Fy. = —G(a(e))/logm. Setting a(e) = ap + are+o(e)
we obtain

, B ag(m —2) ap(m —2)
G'(a(e)) =2log T 200 + (2040 log T 0y €

+ <ao + 720402(771 —2) + o (i + M)) £+ o(e)

1—2ag o) 1—2xg
and thus, solving G'(a(e)) = 0,
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Therefore

_ G(af(e)) (m—1)e
d F, = "0 4 0 T ) 42
e logm * 5m3 logm +ole) (42)
Note that the term 1 in (42) could have also been obtained from (37), which
corresponds to the case € = 0.

5.3. Forbidden blocks. We now consider frequencies of digits on sets for
which some fixed blocks of digits are forbidden. These can be modeled by
topological Markov chains.

Let A = (aj;) with ¢, j =0, ..., m — 1 be an m x m matrix with each
entry either 0 or 1. Using base-m representations, we define

Xa={0z122--- €[0,1] : ag,z,,, =1 for all n € N}.

Recall that the nonuniqueness of the representation does not affect the study
of the Hausdorff dimension.

Denote by p(B) the spectral radius of the matrix B, and by Ay, 4.,
the diagonal matrix with entries ag, ..., a;—1. Consider a 1-locally constant
function ¢: X4 — R with ¢(0.2129 ) = ay,. It is well known that

P(p) = log P(Aao,...,amf1A)'

Consider an m x m stochastic matrix II = (), with i, 7 =0, ..., m—1,
i.e., a matrix with nonnegative entries such that 22201 mj = 1 for every i.
Given a probability vector p = (po, ... ,Pm-1) € Ly, such that pIl = p we

define a gp,-invariant probability measure 1, by

n—1
pitp (L i) = Piy H Tigigy1-
k=1

If A satisfies a;; = 0 if and only if m;; = 0, then the support of p ) is X4.
We have

—_

1

m—

h/J'H,p (gm) = — Z

m—
=0 j5=0

piﬂ'ij log 7Tij. (43)

<

Using similar arguments to those in the proof of Theorem 11 one can
establish the following statement.

Theorem 17. Assume that some power of A has only positive entries and
let i X4 — R be 1-locally constant functions for ¢ = 1, ..., d. The
following properties hold:

Loifa=(ag,... ,aq) € QM) then
dlmH K = @ max hMH,P (gm),

where the maximum is taken over all measures pr,, such that

m—1 m—1
(Z Pr1ks - s Y pwdk) =
k=0 k=0
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2. ifa=(aq,...,0q) € int QM) then
dimyg K, = inf{logm p(Aag(q),..‘ 7am71(q)A) /S Rd},

where
d

ag(qis--- ,4q) :eXqui(goik—ai) fork=0,...,m—1
i=1

One can also consider k-locally constant functions with an arbitrary . In
this case the most convenient approach consists in reducing the problem to
the study of 1-locally constant functions. This can be done by considering a
topological Markov chain in an appropriate larger space composed of blocks
with a certain fixed length. This idea is used in the following section.

5.4. Frequencies of blocks. We now discuss how to obtain versions of
the above results for frequencies of blocks. This is related to the study of
k-locally constant functions for an arbitrary . In this case (29) and (15)
have to be replaced by less explicit formulas. This makes it often difficult
to compute the Hausdorff dimension explicitly.

Consider the interval I;,..;, in (12) for a fixed integer m. Whenever there
exists the limit

Tliyoin] (T) = lim card{j € {1,...,m}: (#j41--@jyn) = (-~ -in)} (44)

m— oo m

it is called the frequency of the block [i1 - - - iy] in the base-m representation
of z. When we write the symbol 7j;,..;,1(z) we are already assuming the
existence of the limit in (44).

We first consider a particular case in which one is able to obtain an
explicit value for the Hausdorff dimension. Given a nonnegative m x m
matrix P = (p;j) we define the set

Fn(P) = {z € [0,1] : 735 () = pyj for every i, j =0, ..., m—1}.
Write p; = Z?:_ol pij.- We shall assume that

m—1

Z pi=1 and p;= Z Dij (45)

=0
(otherwise the set F},(P) would be empty). Then the matrix II = (7;;) with
entries 7;; = p;;/p; is a stochastic matrix (see Section 5.3).

Theorem 18. If P = (p;j) is a nonnegative matriz satisfying (45) for which
some power has only positive entries, then

m—1m—1
dlmHF ( = piTij logﬂ'ij-
IOg =0 75=0
Proof. Consider the functions y;; = xy,; for 4, j =0, ..., m — 1. Tt follows
from Theorems 9 and 10 that
dimpy F,,(P) = max iy, (Gm),

logm &
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where the maximum is taken over all g,,-invariant probability measures p
on [0, 1] such that fol wijdp = p(l;;) = pij for every i and j. By the first
formula for h,(gm) in Proposition 3, we have

m—1m—1 m—1m—1 T
hu(gm) < — M(Iij)lo Z Z pimijlog = 3 (46)
i=0 j=0 i—=0 j—=0 by
Note that
m—1m—1 m—1m—1 m—1m-—1
S pimi log— > pimiglogpi — > > pimijlogp;
=0 j=0 i=0 j=0 i=0 j=0
m—1 m—1
= pilogpi— Y pjlogp; = 0.
i=0 §=0
It follows from (46) and (43) that h,(gm) < huy,(gm). This implies that
the Hausdorff dimension of F;,(P) is given by hyy  (gm)/ logm. O

The identity in Theorem 18 is obtained by Billingsley in [5] in the special
case when all entries of the matrix P are positive. On the other hand, using
the techniques that we develop in this paper one can consider much more
involved problems. In particular we can study sets of points for which not all
frequencies of blocks are known. Furthermore, we can consider sets defined
in terms of frequencies of blocks of different length. We emphasize that
the technique developed by Billingsley cannot be applied to these situations
without further changes. This is due to the fact that it is not known, at least
a priori, whether the dimension of each of these sets is carried by a single
subset for which all frequencies are known. It turns out, as a consequence of
the theory that we develop in [2], that this special subset always exists, but
to show that this happens amounts to compute the Hausdorff dimension of
the initial set and thus it is a problem of similar difficulty.

For example, consider the set of points

Fy ={z €10,1]: 1901 (x) = a}.

In a similar way to that in Section 5.1 in the case of 1-locally constant
functions one can show that the entropy of g,,-invariant probability measures
satisfying poo = p(loo) = « is maximized by the measure pyy, obtained
from the matrix P with entries p;; = (1 — a)/(m? — 1) for each (ij) #
(00). This occurs precisely when the ratio 1 — pg is equally distributed over
the remaining entries. In this case we have pg = (ma + 1)/(m + 1) and
pi = m(1 —a)/(m? — 1) for each i # 0. Applying Theorems 9 and 10, a
straightforward computation allows one to conclude that

m—1m—1

. 1
dimg F, = “logm Z Z piij log mi;
=0 7=0
1 m—1m—1
] 1 =1 ] =0
11— 1 | 1-
— alog, 2ty 1oa, (moltmatl) | mil—a)
ma+1 m+1 -« m+1
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Note that dimg F, — 1 — o« when m — oo. Therefore, the Hausdorff
dimension of the set of numbers having 99.99% of pairs of zeros in their
base-m representation is uniformly bounded away from zero as m — oo.

We also want to consider sets defined in terms of frequencies of blocks
of different length. Instead of presenting the general theory, which would
hide the principles behind our approach, we choose to consider a specific
example. Consider the set

F = {z €0,1]: Tg0q) (%) = m11y(2)},

with respect to the base-2 representation of . To compute the Hausdorff
dimension of F' it is convenient to transform the related 3-locally constant
functions into 1-locally constant functions on a new space and then apply
the results of the former sections. We consider an extended representation
of each number (sometimes called higher block representation). When = =
0.x1x2 - - - is a base-2 representation, we substitute the digit x5 by the block
by, = [TxTk4+1%k+2). In this way each number is now represented by an
infinite sequence x = 0.b1by--- on 8 symbols. The original representation
can be recovered from this one by simply looking at the first symbol of each
block bk

There is however a strong contrast between the original representation
and the new one: not all sequences of blocks of 3 symbols are allowed in
the new representation. For example, the symbol [011] cannot follow [000].
This relation is encoded in the transition matrix:

11000000
00110000
000017100
00000GO0T1 1

A=(ag)=17 1 0000 0 0l
00110000
00001100
00000GO0T1 1

where a;; = 1 if and only if the jth block in the lexicographic order can
follow the ith one, i.e.,

Qg1 zoas]lyryays] = 1 if and only if 9 = y1 and x3 = yo.

Any function that is 3-locally constant with respect to the original rep-
resentation becomes 1-locally constant in the new representation. By The-
orem 17, log 2 - dimy F' is equal to the infimum over g € R of

e e 00 0 0 0 0
0 0110 0 0 O
O 000 1 1 0 0
O 000 0O 0 1 1
Pla(xpoo) —xpm)) =logp (11 1 g o 0 o o0 o
0O 011 0 0 0 0
O O 0 0 e*q efq O 0
0 000 0 0 e ¢4
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The characteristic polynomial of the matrix is 2° (2% — (e +e~9)x? + (e? — 1))
and one can deduce that

1 1+ A+yD)?r | YpW)/2
log2 “y>0\ 3y 3y</p(y)/2 3y

Y

where

ply) =2¢° — 21y" + 27y° + 6° + 2
+ /= 2Ty3(4yT — 4y® — 1595 + 42y — 15y3 — 1292 + 4y — 4).

After the acceptance of this paper we noticed that the numerical value an-
nounced for dimy F' in [2] was unfortunately obtained implementing incor-
rectly the formulas in the computer (and thus it should be revised).

A similar approach allows us to consider any other set defined in terms
of linear relations between frequencies of blocks with an arbitrary length.
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