LINEAR RESPONSE IN THE INTERMITTENT FAMILY:
DIFFERENTIATION IN A WEIGHTED C°-NORM

WAEL BAHSOUN AND BENOIT SAUSSOL

ABSTRACT. We provide a general framework to study differentiability
of SRB measures for one dimensional non-uniformly expanding maps.
Our technique is based on inducing the non-uniformly expanding system
to a uniformly expanding one, and on showing how the linear response
formula of the non-uniformly expanding system is inherited from the
linear response formula of the induced one. We apply this general tech-
nique to interval maps with a neutral fixed point (Pomeau-Manneville
maps) to prove differentiability of the corresponding SRB measure. Our
work covers systems that admit a finite SRB measure and it also covers
systems that admit an infinite SRB measure. In particular, we obtain
a linear response formula for both finite and infinite SRB measures. To
the best of our knowledge, this is the first work that contains a linear
response result for infinite measure preserving systems.
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1. INTRODUCTION

In physical applications of dynamical systems, it is important to under-
stand how statistical properties of a perturbed physical system are related
to statistical properties of the original system; i.e., before the occurrence of
the perturbation. In particular, it is always desirable to write a first order
approximation of the Sinai-Ruelle-Bowen (SRB) measure of the perturbed
system in terms of the SRB measure of the original system. In smooth
ergodic theory, this direction of research, which was pioneered by David Ru-
elle, is called differentiation (with respect to noise) of SRB measures. In the
physics literature the equivalent term is called ‘linear response’.

Linear response has been proved for several classes of smooth dynamical
systems that admit exponential, or at least summable, decay of correlations
[4, 6, 8,9, 10, 11, 16]. Negative results, where linear response does not hold,
are also known [4, 5]. A recent survey on the progress in this area of research
is [5]. More recently, results on the linear response of polynomially mixing
systems that admit a probabilistic SRB measure were announced in [7, 12].
Such systems have attracted the attention of both mathematicians [14, 17]
and physicists because of their importance in the study of intermittent tran-
sition to turbulence [15].

In this work we provide a general framework to study differentiability
of SRB measures for one dimensional non-uniformly expanding maps. We
use this general framework to study linear response of maps with neutral
fixed points. In particular, we apply our results to study linear response of
Pomeau-Manneville type maps [14, 15]. The difference between our result
and those of [7, 12] is two-fold: in [7, 12] the authors obtain results only
for probabilistic SRB measures. Moreover, they obtain a weak form of dif-
ferentiability. While in our work, we cover both the finite and infinite SRB
measure cases and we prove differentiability in norm!. Moreover, we pro-
vide a linear response formula that covers both the finite and infinite SRB
measure cases.

In Section 2 we introduce a general setup for the systems we study and we
state our assumptions on this general setup. Section 3 includes the statement
of our main results (Theorems 3.1 and 3.2). Section 4 contains the proof
of the theorems through several lemmas. In Section 5 we show that the
assumptions of Section 2 are satisfied by the intermittent maps studied in
[14].

2. SETUP AND ASSUMPTIONS

2.1. Interval maps with an inducing scheme. We introduce now a class
of (family of) interval maps which are non-uniformly expanding with two
branches, for which one can construct an inducing scheme which allow to
inherit the linear response formula from the one for the induced system.

ITheorem 1.2 of Korepanov [12] implies differentiability in norm for the LSV map but
only for probabilistic SRB measures. See the discussion on page 2 of [12]. We would also
like to stress here that Theorem 1.2 of [12] uses the explicit formula of LSV maps and it
does not cover the infinite SRB measure case.



Linear response in the intermittent family 3

e Let V be a neighbourhood of 0. For any ¢ € V, T.: [0,1] — [0,1]
is a non-singular map, with respect to Lebesgue measure, m, with
two onto branches Ty .: [0,1/2] — [0,1] and T4 .: [1/2,1] — [0,1].
The inverse branches of Tp ., T . are respectively denoted by go . and
g1 We call Ty := T the unperturbed map, and 7T, for € # 0, the
perturbed map.

e We assume that for each i = 0,1 and j = 0, 1, 2 the following partial
derivatives exist and satisfy the commutation relation

az—:.gl(?g) = (asgi,s)(j)~ (1)

e We assume that 7 has a unique absolutely continuous invariant mea-
sure? (up to multiplication) whose Radom-Nykodim derivative will be
denoted by h., and we denote for simplicity h = hg.

e Let 7%, be the first return map of 7. to A, where A := [1/2,1]; i.e.,
forx € A

To(x) = T (x),
where

R.(z) =inf{n > 1: T]'(z) € A}.

We assume that 7] - has a unique acim (up to multiplication) with a
continuous density denoted h. € C°.

o Let Q) be the set of finite sequences of the form w = 10", for n €
NuU{0}. We set gue = g1e0gg.. Then for z € [0,1] we have
T o g, o(x) = z. The cylinder sets [w]. = gu(A), form a partition
of A (mod 0). For z € [0, 1], we assume

sup sup |g,, (z)] < oo; (2)
ecV z€(0,1]
sup sup |9:gw(2)] < 00; (3)
eeV z€[0,1]
> “sup|lgl, .|l < oo; (4)
w ecV
and
> sup ||0-g., |5 < o0, (5)
w eecV

where B denotes the set of continuous functions on (0, 1] with the norm

| fllB= sup [z7f(z)],
z€(0,1]

for a fixed® ¥ > 0. When equipped with the norm || - ||z, B is a Banach
space.
For ® € L', let

Fa<q)) =10 + (1 - lA) Z Po gw,agc,u,a' (6)
weN

2The T. absolutely continuous invariant measure is not assumed to be probabilistic;
we allow for T: to admit a o-finite absolutely continuous invariant measure.
3In (4) and (5) we need the assumptions to hold only for a single ~.
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Note that F; is a linear operator. In fact, for € [0,1] \ A, the formula of
F. can be re-written using the Perron-Frobenius operator of 7;:

Fo(®) :=1a% + (1 —1a) Y LE(® - 1 (. 5k}),
E>1
where L. is the Perron-Frobenius operator associated with T;; i.e., for ¢ €
L>® and ¢ € L'
/gong‘l/Jdm: /@-ngdm.

It is well known, see for instance [3], that the densities of the original system
and the induced one are related (modulo normalization in the finite measure
case) by

~

he = F.(he). (7)
We also define the following operator, which will represent 0. F.®|.—¢
QP =(1-1a)) ¥ 0gy-aug, +Pogy- by, (8)
w
where a,, = 0:6uw.|c=0 and b, = gg"m\g:o.

2.2. Interval maps with countable number of branches. We intro-
duce here a class of (family of) interval maps which are uniformly expand-
ing, with a finite or countable number of branches, for which we will be able
to prove a linear response formula. The induced map in Subsection 2.1 is a
particular case of such uniformly expanding maps.

Let A be an interval and V' be a neighborhood of 0. Let €2 be a finite or
countable set. We assume that the maps T.: A — A satisfy
e For each € € V, there exists a partition (mod 0) of A into open inter-
vals A, o, w € 2 such that the restriction of 1. to A, . is piecewise C3,
onto and uniformly expanding in the sense that inf,, infa,, T, wel > 1.
We denote by g, . the inverse branches of TE on Ay .

e We assume that for each w € Q2 and j = 0,1, 2 the following partial
derivatives exist and satisfy the commutation relation*

855]5.1];22 = (asgw,s)(j)' (9)
e We assume
Z sup sup |g,, . (z)] < oo; (10)
o cEVzEA
and
/! x)
Sup sup sup 7}’5 < 00; (11)
w eV zeA gw,a(x)
and for i = 1,2
Zsup sup |8€gfu7€(x)| < 0. (12)
o €€V z€EA

4Note that (9) is satisfied when 7% is an induced map as in Subsection 2.1. In particular,
for each ¢ = 0,1 and j = 0,1,2 the following partial derivatives exist and satisfy the
commutation relation Ogggg) = (859,-,8)(3').
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Let L. denote the Perron-Frobenius operator of the map TE; i.e., for
®c L(A)

=Y ®og,(r)g, (z)

we

for a.e. € A. Under these conditions it is well known that 7. admits a
unique (up to multlphcatlon) invariant absolutely continuous finite measure.
We denote its density by h Hence L h = h Moreover, L has a spectral
gap when acting on C*, k = 1,2 (see for instance [13]) We denote the
Perron-Frobenius operator of the unperturbed map T by L i.e., L= L
and let h = ho

3. STATEMENT OF THE MAIN RESULTS

3.1. Statement of the main results. A first general statement is that
the differentiability of the 7. absolutely continuous measure is inherited
from that of the induced system.

Theorem 3.1. Let T, be a famzly of maps of the interval as described in
Subsection 2.1. If the density he of the induced map 1. is differentiable as
a CY element, that is there exists h* € C° such that

he — h

h¥||co = 0, (13)

for some heCP, then
a) there exists h* € B such that
—h

|8 = 0;

e—0

i.e., he is differentiable as an element of B with respect to €;
b) in particular, if the conditions hold for some v < 1

he —h

I[{ = 0.

c¢) The function h* is given by ®
W = Fo(h) + Q.

Next, we show that for the family of maps with countable number of
branches introduced in Subsection 2.2 the invariant density is differentiable
as an element of CV.

Theorem 3.2. Let To: A — A be a family of maps of the interval as de-
scribed in Subsection 2.2. Then the density he of the map T is differentiable

Note that in the finite measure case, h™ is the derivative of the non-normalized density
he. The advantage in working with h. is reflected in keeping the operator F: linear and
to accommodate the infinite measure preserving case. In the finite measure case, once
the derivative of h. is obtained, the derivative of the normalized density can be easily
computed. Indeed, he = h+ch* + o(¢). Consequently, [h. = [ h+¢e [ h* 4 o(c). Hence,
ag(ﬁnszo =h"—h[h".
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as a C° element, that is there exists h* € C° such that (13) holds. Moreover,
we have the linear response formula

h* = (I — L) L[Aoh + Bohl,

where B is the spatial derivative oflAl and

A= — 85?} . By— aETf T aEAT;
Tz ) le=0 17 T:

Corollary 3.3. If T, satisfies the assumptions of Subsections 2.1 and 2.2,
then

s:O'

h* = Fy(I — L) L(Aoh' + BoH) + Qh. (14)
Proof. The proof follows from Theorems 3.1 and 3.2. U

Remark 3.4 (Moving inducing sets). We notice that Theorem 3.1 general-
izes easily to the case where the inducing sets A, are allowed to depend on e
in a C* way. Indeed, any C family of C diffeomorphism Se: [0,1] — [0,1]
such that S-(A;) = A, Sy = id, will conjugate T. with a map T. whose
inducing set is . Applying Theorem 3.1 to the map T, with the obvious
notation, we obtain:

he = h +¢eh* +o(e) (15)
Then using (15) and the fact that he = he o S- - S. we obtain
86h€‘€=0 = B/ . asss‘sz() + FL* + B : 86‘9::|€=0' (16)

3.2. Rigorous numerical approximation of the derivative. An impor-
tant feature of our approach is that it could be amenable to obtain rigorous
numerical approximation of A*. In particular, since L has a spectral gap on
C*, k = 1,2, using ideas of [2] one can approximate (I — L) ' L[Aoh’ + Boh]
as a first step, and in the second step one can follow the path of [1] and pull
back the computed formula of the first step to the full system and obtain a
numerical approximation of A* in B.

4. PROOF OF THE RESULTS

We use the letter C' to denote positive constants whose values may change
when estimating various expressions but are independent of both € and w (or
n). In the following, we first present in Subsection 4.1 the proof of Theorem
3.2, and then in Subsection 4.2 we present the proof of Theorem 3.1.

4.1. Proof of Theorem 3.2. We first prove a lemma that will be used in
the linear response formula in Theorem 3.2.

Lemma 4.1. For any differentiable function ®: A — R, the function ® o
gwjggi’uyE is differentiable with respect to € and we have on A

0:(P o gw,ag;,s) = [®'A. + PB.]o gw@gZWE, (17)

A= agAT; B 8€T}-T€” B 8€ATE' '
T! 172 T!

where

€
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Proof. We start from the relation TE 0 guwe(z) = x and differentiate it with
respect to € and get T, o 9w,e0:9w,e + 0T 0 g, = 0. This gives 0.gw . =
A 0 gue- This also implies that d.g;, . = AL 0 gu g, e = Be © guegl, .- The

conclusion follows from the following differentiation with respect to e:
O=(P 0 guo e Gie) = O=(P 0 Guve) iy e + P © Guo Ol a8)
=d' o gw,aaagw,agL,g +®o gw,aaagﬁj,g-

O

Strategy of the proof of Theorem 3.2. The general strategy starts from
the identity

Lemma 4.2. We have h. = (I — L.)"* (L. — L)h + h.
Proof. One easily checks that
(I = Le)(he = h) = (Le = L)h.
Since L. has a spectral gap on C' it eventually contracts exponentially on

the subset of zero average functions C’é. Since the ranges of (ﬁe — f/o) and
(I — L) are contained in C{, the composition below is well defined

(I —Lo)™Y(I — Le)(he —h) = (I — L)' (L: — L)h.
This completes the proof of the lemma. U
Setting H, = L. — L and G, = (I - ﬁg)*l, Lemma 4.2 reads
he = GH.h + h. (19)
We then obtain, using Lemma 4.3 below, the following first order expansion
in C}
H.h =eq + o(e).
We then show, see second statement of Lemma 4.5 below, that G. is uni-
formly bounded in £(C}, C?) to obtain the following expansion in C°
G.H.h = eG.q+ o(e).
Finally, using the two expansions above with (19) and showing that G-(¢) —
Go(q) in O, see the first statement of Lemma 4.5 below, we obtain in C°
he = h+eGo(q) + o(e),
which proves the theorem.
Lemma 4.3. We have .
H.h

—q in Col,
€

where ¢ = L[Agh’' + Boh).

Proof. Recall that H, = ﬁs — L hence we need to show that ¢ ﬁgh is
differentiable as a C' element, on some neighborhood V of 0. To this end,
recall that L.h = Y7 hogueg,, .. It suffices to show that

(i) for each w, the map e € V ho Guwele € C! is differentiable;
(ii) the series > sup.cy [|0:(h o guegl, )l < oo.
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We first prove (i). Drop for simplicity the subscript w and write g. = g, ¢
and let f. = hog.g.. We have

fe=hogeg.
fl=hoge(gl)* +hogeg!.
By the commutation relations given by assumption (9) we have
0. f1) = (9:£)W, i=0,1 (20)

and these are continuous functions on A x V.

Let v € V and e be small. We have

[ferv = fo = €(0s fsls=v)llcr = ZII — ) = &8s fslo=0) Vo (21)

For each z, by the mean value theorem, there exists 7}, . such that fa(zz,/(:c) -

fyi) (x) = ea(;f;)b:n; _» with .. — v| < e. Therefore

1
Z 1= £ —2(@s £ 1=l oo < lel D 1057 15—yt .~ 0515 ls=vllco = o(c).

i=0
We conclude by (21) and the commutation relation (20). We now prove (ii).

1
sup ||0: fu e = su 0: S) . 22
Zw:geg\l foellen zszegzzgll furzllco (22)

We write for ¢ = 0,1
, i+l
0-5) =" a9, (23)
k=0

where the coefficients aS)

0 .
ay) =h' 0 gul,.,
then differentiating again in space we get

1 7 1 h
CL(() ) = h" o gw,egclu et h o Juw ng =) ag )= 2h' o gw,egﬁlﬂﬁ’

By assumptions (11) and (2), we have aéi) < Cg,. and a,(j) < C for any
i =0,1 and k # 0. Moreover, by assumption (12), for k =1, 2,

> " supsup [0:9{)(x)| < C.

w eeV zeA

are given respectively by

af’) =hoga.

a;l) =ho Gu,e-

Putting these estimates together with (23) imply that (22) is finite, proving
(ii). Moreover, we have

aeHamazo = Z 8&(i7/ o gw,agi;,g”azo = f/[AO;l/ + BOB]a

where we have used (17). O
Lemma 4.4. For any ® € C' we have L.® — L® in C' as e — 0.
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Proof. We have L.® = >LPo gw,ggt’u’s. It suffices to show that for some
neighborhood V' of 0,

(i) for each w, the map e € V +— ® o0 g, g, . € C' is continuous in &;

(ii) the series Y sup.cy [|® 0 gu gl cllcr < 0o. We skip the proof of (i)
since it is similar to (i) in the proof of Lemma 4.3. (ii) follows from the
identity

((I) © gw,agé.z,s)/ =d'o gw,agﬁg +®o gw,agil;,s
and conditions (10) and (11). O

Lemma 4.5. We have G.(q) — Go(q) in C° and G. is uniformly bounded
in L(C},C0)

Proof. We use the fact that the family of operators L. has a uniform spectral
gap on C(}, for € in a neighborhood of 0. Hence, these operators are invertible

on this space and we have [|(1 — IAJE)_1|‘C(%~>C& < C < oo. This proves in
particular the second statement. Note that

(Ge = Go)(q) = (I = L)™' (Le = L)(1 = L)"}(q).

By Lemma 4.4 with ® = (I — L)~*(q) and the previous observations this
proves the first statement. O

4.2. Proof of Theorem 3.1. We first prove a lemma that will be used in
the linear response formula in Theorem 3.1.

Lemma 4.6. For any differentiable function ®, the function ® o gw,eg;,6 s
differentiable with respect to € and we have on [0, 1]

O=(P 0 gueglye) = V' 0 9 0-9u 290 . + P 0 g cO:gl, (24)
Proof. The proof follows by differentiating with respect to € and is similar
to (18). O
Strategy of the proof of Theorem 3.1. The argument starts from the
first order expansion for h. in C°
he = h+ eh* + o(e).

Using this, we then obtain, by the second statement of Lemma 4.8 below
and relation (7) the following expansion in B

he = F.(h.) = F.(h) 4+ eF.(h*) + o(e).

Finally, we obtain by Lemma 4.7 below and the first statement of Lemma 4.8
below the first order expansion of h. in B

he = h+e(Qh+ Fy(h")) + ofe),
which finishes the proof of the theorem.

Lemma 4.7. The map € — F.h is differentiable as an element in B and
O0-F:h|c—0 = Qh, where Q is defined in (8).
Proof. Tt suffices to show that R

(i) for each w, the map e € V = ho g, g, . € B is differentiable;

(ii) the series ) sup.cy Hag(fz o gwyggc’u’g)HB < 00.
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We skip the proof of (i) as, by using (1), it follows similar steps as in the
proof of (i) in Lemma 4.3. For (ii), using (24) of Lemma 4.6 we have

> supl|0=(h o guegl, s <> sup [|B 0 goe - Oegue - gl cllB
o g€V eeV

w

2 /
+ Z Sg‘l} Hh O Guw,e asgw,a”g (25)

w

< 02535 g, ells +CD U 109l 1
w w

where we have used the fact that & is C! and assumptions (2) and (3). The
rest of the proof follows from assumptions (4) and (5). O

Lemma 4.8. F.(h*) — Fo(h*) in B and F. is uniformly bounded in £(C°, B).

Proof. To prove uniform boundedness we use assumption (4) to get, for
o e,

1F(®)|I5 = 1a®+ (1 —1a) Y Pogucd, |5
weN

< ||@[|co + [|®[|co > supllgl, .|l < C||®]|co.
wen €

Next, the map g, . converges to g, 0 in the C' norm. Hence for the con-
tinuous function ® = h* € C° we have ® o gwﬁg{d’8 converges uniformly to
Po gw,ogi,,o- This together with the normal convergence above shows the

continuity of F.(h*) € B at £ = 0. O

5. VERIFYING THE ASSUMPTIONS FOR POMEAU-MANNEVILLE TYPE MAPS

We verify the assumptions of Section 2 for the family of intermittent maps
studied by Liverani-Saussol-Vaienti [14] which is a version of the Pomeau-
Manneville family [15]. Let 0 < av < oo, and define

a1 4+292%) 2 €(0,3]
Tale) = {2x—1 ve (%,17 ' (26)

Note that z = 0 is a neutral fixed point for the map 7T, which is consequently
a non-uniformly expanding map of the interval (on two pieces). Following
Korepanov [12], we use the following notation

1 (n) 1 n<e
ogg(n) =
&8 log(n) n>e

and we let E, : [0,1/2] — [0,1], Eqx = Tox be the left branch of T,,. Let
z € 0,1], and write z, := E;"(2); z := z9. Let T, := TO‘|M as defined

in Section 2, then T,(z) = E™(Ta(2)) = E™(2z — 1) for z € [w], and for
z € [1/2,1] To(gu(2)) = 2¢u(2) —1 = z,. Note that zp = z, 2z{ = 1,
2y =z, =0,forn>1z, <1/2, and

Zn = Znp1(14+ 2% 4); (27)
Zh = (1+ (a+1)2%0 1) 241 (28)
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It is well known, see for example [17], that z, ~ n~t/ In [12] Ko-

repanov proved

_ 1
21/

Lemma 5.1. We have
a) —zO <20 < C, and —log(z,) < Cllogg(n) — log zo);

b)
0< 2 <C(1+nzga2%)~ el (29)
c) 0< 2—4‘ < Czy %/ max{n,1};
d) 8 n < Clogg(n)[logg(n) — log z9] and
Dy < 10880 1 log z0]; 30
afn > /e gg( ) og ZO], ( )

Oazl, .
e) |=27=| < C(logg(n))?[logg(n) — log zo};
Bazn
£) |%572] < Oz *(logg(n))?[logg(n) — log zo).
The above list shows that our assumptions (10), (11), (12) and (2) are

satisfied for the LSV family. We still have to show that assumptions (3), (4)
and (5) hold. This will be done in the following lemma.

Lemma 5.2. Let® ag < . Let U be a neighbourhood of cg such that v ¢ U.
We have

a) Zn SUPqcu Susz(O,I] |Z,Y( )/(2)‘ < C
b) SUPy, SUPqey SUPz¢(0,1] laagn Z) < oo
€) 2on SWaet SUPz¢(0,1] [270a(9")'(2)] < oo

Proof. For (a), by (29), we have

sup sup |27(¢9")(z \<CZSup sup 27(1 + nz%2%) Vel <

n €U z€[0,1] a€elU z€(0,1]

n
For (b), we only discuss the case for z € (0,1/2]. The other case is the

same’, with a small change in notation. Using (27) we have

Onzj +2% ]aill(— log 2zj41)

ey 12025, (31)
Consequently
0 < 0azjy1 — Oazj < ZO‘ZJQ‘Ill(— log2zj41).
Noticing that d,z0 = 0, and summing up, we get
nt1
Oaznp1 <2 29T (—log2z;). (32)
j=1

6Here o is understood as the parameter corresponding to the unperturbed map; i.e.,
equivalent to the case € = 0 in Section 2.
"In fact Lemma 5.6 of [12] provides an estimate which works only for z € (1/2, 1].
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Therefore, using (32), we have
supsup sup [Jag"|
n a€l z€(0,1/2]

n

sup su Y eyetl (L og(5) Ve
<C np%g;((]) eyt (—log(j) /) (33)

n
< C'sup sup Zj_l_l/o‘ log(j) < oc.
n aEszl

For (c), using the commutation relation 9,2, = (9az,) , (31) and (28), we
get,
Oazj _8az}+1 2%+ (o +1)292%  log(22j41) + o + 1)20‘z§:118azj+1

5 I+ ot D275,

Noticing that d,z9 = 0, and summing up, we get
_8QZ;L+1 B n 20‘2‘?‘+1 + (Oé + 1)20‘Z5¥+1 log(QZj_H) + Oé(Oé + 1)2052]0-:11804%'4_1

J
Z 1+ (a+ 1)2%}’;1

!/
V4
n+1 j:()

which is equivalent to

ntl 2928 + (a + 1)2927 log(2z5) + a(a + 1)2“2]'?‘71004%-

/ o
_8azn+1 = Zn+1 ]z; 1+ (Oé + 1)20{2336
Therefore,
(e.0] n
sup sup [70a(g")| < CY sup sup |73 20
n €U z€(0,1/2] n—1 €U z€(0,1/2] j=1

[e.9] n
—i—CZsup sup ]z”-z;\z,zﬂlog(zj)\
n—1 @€U 2€(0,1/2] j=1

[e.9] n
+CY sup sup |27 -2y 227H0.2]
nz_:lanze(o,l/z] ol 22 10a

= (I) + (I) + (III).

=1

(34)

We use (29) to show that (/) and (II) are finite, and (29), (32) to show that
(I1I) is finite. Indeed,

o0

n
(N <CS sup sup 27 - (14 nz%a2%)~ Yot Zj_l < 00;
1 €U 2€(0,1/2) =
o0 n
(1) < CZ sup sup 27-(1+ nzo‘a2a)*1/a*1 ijl log(j) < oc;
] €U 2€(0,1/2] —
= ‘77
00 n J
(III) < CY sup sup 27 (14nz%2%) "1/l ijl Z k1Y log k < oo
n—1 €U 2€(0,1/2] j=1 k=1

O
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