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Solving classical differential games Description of the game

Dynamics

We investigate a stochastic differential game defined by

{ Xy = f(Xt, u, vi)dt + o( Xz, U, vi)dBy, t € [to, T,
Xto = Xo,
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Xto = Xo,

where
@ Bis a d-dimensional standard Brownian motion

o f:RVNxUxV—-=RNando:R" x U x V — RN*? gre Lipschitz
continuous and bounded,

@ the processes u (controlled by Player |) and v (controlled by
Player I1) take their values in some compact sets U and V.
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Solving classical differential games Description of the game

The terminal payoff

Let g : RN — R a terminal payoff,

@ Player | tries to minimise the terminal payoff E[g(XT)]
@ Player Il tries to maximise the terminal payoff E[g(XT)]

@ The players observe the position of the state.
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Solving classical differential games Formalisation

Admissible controls

For ty € [0, T[, we set
Fis = 0{Br — By, r € [t,s]} VP,

where P is the set of all null-sets of P.

@ An admissible control for player | on [, T] is a process
u: [ty, T] — U progressively measurable with respect to
(Ffo,s’s Z tO)

U(ty) = {u admissible control on [ty, T] } .

@ the set of admissible controls of Player |l is defined symmetrically
and denoted by V(f).
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Solving classical differential games Formalisation

Controls and dynamics

For (u, v) € U(fy) x V(t) and an initial data xo € RN at time , we
denote by

t N Xtt07X0>U7v
the solution to

{ de - f(ta Xt7 Uy, Vt)dS‘i‘ U(ta Xta ut, Vt)ch te [t07 T]7
Xto = Xo,
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Solving classical differential games Formalisation

Pure strategies

@ A pure strategy for Player | is a Borel measurable map
o : [to, T] x C%([ty, T],RN) — U such that there is 7 > 0 with

fi = fon [to, t] = a(S, f1) = a(S, f2) for s € [to, t+ 7’]

The set of pure strategies for Player | is denoted by A(f).

@ The set of pure strategies for Player Il is defined symmetrically
and denoted by B(t).
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Solving classical differential games Formalisation

Playing pure strategies together

For all (ty, xo) € [0, T] x RN, for all (o, 8) € A(ty) x B(tp), there exists a
unique couple of controls (u, v) € U(lp) x V(&) that satisfies

(+)  (u,v) = (a(-, XOX4), B(-, XOX4Y)) on [to, T].

Notation : X[0*0®F .— xl*:UY where (u, v) is given by (x).
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Solving classical differential games Formalisation

Upper and lower value functions

The upper value function is

V¥ (o, x0) = inf sup E|g(Xero*f
(b.x0) = inf | sup E |g(xp")

while the lower value function is

V= (fp, xo) = su inf E |g(Xx&Xos
(b,x0) = sup _inf E |g(Xp""")
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Solving classical differential games Existence of the value

Isaacs’ condition

We assume that Isaacs’condition holds : for all (t, x) € [0, T] x R",
(eRandall Ae S,

H(x,¢,A) =

irstup{< f(x,u,v),& > +%Tr(Aa(x, u,v)o*(x,u,v))}
4

= supigf{< f(x,u,v),& > +%Tr(Aa(x, u,v)o*(x,u,v))}
v
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Solving classical differential games Existence of the value

Existence of a value

Theorem (Fleming-Souganidis, 1989)
Under Isaacs’ condition, the game has a value :

VH(t,x) =V (t,x)  Y(t,x)e[0, T] xRN.
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Solving classical differential games Existence of the value

Sketch of proof (1)

The value functions V+ and V'~ are Hélder continuous in [0, T] x RN.
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Solving classical differential games Existence of the value

Sketch of proof (1)

The value functions V* and V'~ are Hélder continuous in [0, T] x RV,

Lemma (Dynamic programming)
For (ty, Xg) € [0, T] x RN and h > 0,

VT (ty,xo) > inf sup E|VT (¢ h7Xfo,Xo7a,ﬂ
(b O)_aeA(to)ﬁeB&) [ <°+ to+h )}

and

V_ t;X S Su |nf E V_ t+h,Xt0’X0’a’f6
(o-%0) BGB(BO)O‘EAUO) [ (0 to+h )}
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Solving classical differential games Existence of the value

Sketch of proof (2)

Let ¢ = p(t, x) be a smooth test function such that V= — ¢ has a
minimum at (f, Xp). Then

V7 (t, x) = V7 (fo, X0) = o(t, X) — ¢(to, X0) V(£ X) .
From dynamic programming :

0 > S nf E V? t h, Xto,Xo,CY,ﬂ - V? t)X
> s it B[V (b hXEE)] - V(o)
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0 > S nf E V? t h, Xto,Xo,CY,ﬂ - V? t)X
> s it B[V (b hXEE)] - V(o)

> sup inf E|o(ty+ h X00%P) oty x
o o (o) - )

To+h
~ sup inf < hg; +/ Dy.f(a, B) + 1TT(UJ*(Oé,ﬁ)D2(p)dS
BeB(ty) *EA(h) o 2
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Solving classical differential games Existence of the value

Sketch of proof (3)
So

0 > ¢t + sup inf {< Dy, f(xo,u, v) > +1Tr(aa*(x, u, v)Dw)}
vev uel 2

= gOt—l-H(Xo,DgO, ngo) at (to,Xo) .
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Solving classical differential games Existence of the value

Sketch of proof (3)
So

1
0 > ¢t + sup inf {< Dy, f(xp,u, v) > +=Tr(co™(x, u, v)Dw)}
vev uel 2

= gOt—l-H(Xo,DgO, ngo) at (to,Xo) .

A continuous map w : [0, T] x R¥N — R is a viscosity supersolution of
the Hamilton-Jacobi equation

(HJ)  wi+ H(x,Dw,D?w) =0

if, for any smooth test function ¢ = ¢(t, x) such that w — ¢ has a
minimum at (fp, Xo),

(Pt-i_H(XOaDSOv DZQD) So at (t07X0) o
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Solving classical differential games Existence of the value

Sketch of proof (4)

Definition

A continuous map w : [0, T] x RV — R is a viscosity subsolution of
(HJI) if, for any smooth test function ¢ = (¢, x) such that w — ¢ has a
maximum at (fy, Xp),

(,Dt‘i‘H(XO,DSO, DZQD) Zo at (t07X0) o

Finally w is a viscosity solution if w is a super- and a sub-solution.
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Solving classical differential games Existence of the value

Sketch of proof (4)

Definition

A continuous map w : [0, T] x RV — R is a viscosity subsolution of
(HJI) if, for any smooth test function ¢ = (¢, x) such that w — ¢ has a
maximum at (fy, Xp),

»t + H(X07 D% DZQD) > 0 at (t07X0) o

Finally w is a viscosity solution if w is a super- and a sub-solution.

Proposition

V* is a subsolution and V~ is a supersolution of (HJI) and

Vix, T) =V (x,T)=g(x) vVxeRN,
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Solving classical differential games

Sketch of proof (5)

Existence of the value

Theorem (Comparison principle)
If wy is a subsolution and ws is a supersolution and if

W1(T7X)§W2(T7X) VXERN)
then

wi(t,x) < wa(t,x)  V(t,x) €[0, T] xRN,
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Solving classical differential games Existence of the value

Sketch of proof (5)

Theorem (Comparison principle)
If wy is a subsolution and ws is a supersolution and if

W1(T7X)§W2(T7X) VXERN)

then
wy(t,x) < wa(t,x)  Y(t,x)e[0, T] xRN,

Proof of the existence of a value : By comparison principle,
Vt<ve.

Since V— < VT always holds, V™ = V~. Note that V+ = V~ is the
unique solution of the HJI equation.
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Differential games with lack of information Description of the game

Dynamics

As before the stochastic differential game is defined by

{ Xy = f(Xt, u, vi)dt + o( Xz, U, vi)dBy, t € [to, T,
Xto = Xo,

where
@ Bis a d-dimensional standard Brownian motion

o f:RVNxUxV—->RNando:R" x U x V — RN*? gre Lipschitz
continuous and bounded,

@ the processes u (controlled by Player |) and v (controlled by
Player 1) take their values in some compact sets U and V.
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Differential games with lack of information Description of the game

The terminal payoffs

Let

@ g; : RN — R a family of terminal payoffs,
P=1, L j=1,....J
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Differential games with lack of information Description of the game

The terminal payoffs

Let

@ gj: RN — R a family of terminal payoffs,
i=1,...,L,j=1,...,J

@ p € A(/) be a probability on {1, ..., /}.

@ g € A(J) be a probability on {1,...,J}.
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Differential games with lack of information Description of the game

Organization of the game

The game is played in two steps :
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Differential games with lack of information Description of the game

Key assumptions on the game
The Players observe the state (X;).
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Differential games with lack of information Description of the game

Key assumptions on the game
The Players observe the state (X;).

This game was introduced in the 60s by Aumann and Maschler for
repeated games.
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Differential games with lack of information Formalisation

Random strategies

@ A random strategy for Player | is R—uple
a= (a1,...aR;r1,...,rR),

with R e N*, o' ... aff € A1), (r',...,rf) € A(R).

Interpretation : Player | choses at random according to probability
r=(r',...,rf) astrategy o',...,af.

@ Notations : The set of random strategies for Player | (resp. Player
) is denoted by A,(t) (resp. B/(1)).
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Differential games with lack of information Formalisation

Admissible strategies

Remark : Since Player | knows /, he can chose a strategy which
depends on i.

@ So an admissible strategy for Player | is an element
&= (ay,...,q) € (A1)

@ Symmetrically an admissible strategy for Player Il is an element

B = (317' "7BJ) € (Bf(t))J
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Differential games with lack of information Formalisation

Payoff associated with two admissible strategies

o For (@, B) € A/(t) x B(t), with

a=(a",...ar . rMand 3= ((8",...8%5s",...,s%

A ok gl
il X0, ) = 3B [gy(Xp )
k.l
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Differential games with lack of information Formalisation

Payoff associated with two admissible strategies

o For (@, B) € A/(t) x B(t), with

a=(a",...ar . rMand 3= ((8",...8%5s",...,s%

Jij(tO-/ X0, @, B) _ Z rks/E [gij(X;‘g,Xo,ak,ﬁ/)
k.l
eForpe A(l), g e A(J), & € (Ar(t)) and § € (B/(t))’ with

é\g:(61,...,a/)andﬂA:(Eh-"’ﬂJ)

we set

J(t()v X0, 65737[’7 q) = Zpiqj‘jij(t()’XOvaiaBj)
]
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Differential games with lack of information Formalisation

Upper- and lower value functions

The upper value function is

V+(t07X07p’ q) = . inf sup J(t07XO7&7Bap7 q)
GE(A())' pe(8, (1))

while the lower value function is

V_(t07X07p7 q) = sup . inf IJ(thX()?&aBapa q)
Be(Br(1))? A<(A(0))
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Differential games with lack of information Existence and characterization of the value

Isaacs’ condition

We assume that Isaacs’condition holds : for all (t, x) € [0, T] x R",
(eRandall Ae S,

H(x,¢,A) =

irstup{< f(x,u,v),& > +%Tr(Aa(x, u,v)o*(x,u,v))}
4

= supigf{< f(x,u,v),& > +%Tr(Aa(x, u,v)o*(x,u,v))}
v
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Differential games with lack of information Existence and characterization of the value

Existence of a value

Theorem (C.-Rainer, To appear)

Under Isaacs’ condition, the game has a value :
Y(t,x,p,q) €[0, T] x RN x A(1) x A(J)

V*(t,x,p,q) = V(t,x,p,q) .
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Differential games with lack of information Existence and characterization of the value

Main difficulties for the proof

@ Existence of a value for classical differential games is based on
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Main difficulties for the proof
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Differential games with lack of information Existence and characterization of the value

Main difficulties for the proof

@ Existence of a value for classical differential games is based on
- a dynamic programming implying that both value functions
satisfy the same HJI equation
- unigueness of this equation

@ In our game, Players learn a part of their missing information
along the time :

= no classical dynamic programming
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Differential games with lack of information Existence and characterization of the value

Regularity and convexity of the value functions

V*+ and V~ are bounded, Lipschitz continuous with respect to x and
Holder continuous with respect to t.
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Differential games with lack of information Existence and characterization of the value

Regularity and convexity of the value functions

V*+ and V~ are bounded, Lipschitz continuous with respect to x and
Holder continuous with respect to t.

Proposition

For all (t, x) € [0, T] x R", the maps (p,q) — V*(t, x,p,q) and
(p,q) — V~(t, x,p,q) are convex in p and concave in q.

Proof : Splitting method.
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Differential games with lack of information Existence and characterization of the value

Fenchel conjugates

As in [De Meyer, 1996] we introduce the Fenchel conjugates of V*+ and
V—:

(VE)*(t,x, b, q) = sup, (p.p — VE(t, X, p, )
pe

and

VEY(t g)= inf (9.9— VE(t,x,p,
(VE(tx.p.g) = inf (9. VZ(t.x.p.q)
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Differential games with lack of information Existence and characterization of the value

Reformulation for the conjugates

For all (t,x,p,q) € [0, T] x R” x R/ x A(J), we have

V=*(t,x,p,q) = inf sup max p;— Ji(t, X, o, B) b
( P9 36(5r(l‘))‘ja€AF()t)i€{17-~~:/}{pl zj:q] il j)}
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Differential games with lack of information Existence and characterization of the value

Subdynamic programming for V—*

Proposition
Forall0<ty<t <T,xcRN peR gecAW),

V™*(ty, X0, P, q) < inf sup E[V*(t;, X0X0%P p
(o, X0, P, q) < BEB(to)aeAgo) [ (t t P q)]
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Idea of proof : If Player Il plays a pure strategy 3 independant of j
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Differential games with lack of information Existence and characterization of the value

Subdynamic programming for V—*

Proposition
Forall0<ty<t <T,xcRN peR gecAW),

V™*(ty, X0, P, q) < inf sup E[V*(t;, X0X0%P p
(o, X0, P, q) < BEB(to)aeAgo) [ (t t P q)]

Idea of proof : If Player Il plays a pure strategy 3 independant of j
between fy and ¢,

@ his payoff is larger,

@ but he reveals nothing on j

So the game can be restarted at t; without loss of information.
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Differential games with lack of information Existence and characterization of the value

Equation satisfied by V—*

Forany (p,q) € R/ x A(J), (t,x) — V=*(t,x, D, q) is a subsolution in
viscosity sense of

HJlx w; — H(x, —Dw, —D?w) = 0,
(
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Differential games with lack of information Existence and characterization of the value

Equation satisfied by V~*

Corollary

Forany (p,q) € R/ x A(J), (t,x) — V=*(t,x, D, q) is a subsolution in
viscosity sense of

(HJI+)  w — H(x, —Dw, —D?w) = 0,

A\

Definition (Supersolution in the dual sense)
We say that w = w(t, x, p, Q) is a viscosity supersolution of

(HJ)  wi+ H(x,Dw,D?w)=0  in(0,T) x RN

in the dual sense if for any (p, ) € R/ x A(J), (t,x) — w*(t, x,p, q) is
a subsolution of (HJI*).
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Differential games with lack of information Existence and characterization of the value

Superdynamic programming for V**

Forall0 <ty <t <T,xcRN peA(l),§ecR,

V+ﬁ(t07X07p7 e’) > sup inf E[V+ﬁ(t17Xtt07X0’aﬁup7 e’)]
acA(ty) BEB(t) !

Hence V' is a supersolution of (HJ/x).
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Differential games with lack of information Existence and characterization of the value

Superdynamic programming for V**

Proposition
Forall0 <ty <t <T,xcRN peA(l),§ecR,

V¥(to, x0,p,8) > sup _inf E[VF(ty, X277 p,g)].
acA(ty) B€B(lo)

Hence V' is a supersolution of (HJ/x).

Definition (Subsolution in the dual sense)
We say that w = w(t, x, p, q) is a viscosity subsolution of

(HJ)  wi+ H(x,Dw,D?w)=0  in (0, T) x RN

in the dual sense if for any (p, §) € A(I) x RY, (t, x) — wi(t, x,p,q) is
a subsolution of (HJI*).

\
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Differential games with lack of information Existence and characterization of the value

Comparison principle

Let wy, ws : [0, T] x RN x A(/) x A(J) — R be bounded, Hélder

continuous, and uniformly Lipschitz continuous with respect to p and g.
If

@ wjy is a subsolution of (HJ/)in the dual sense,
@ w» be a supersolution of (HJ/) in the dual sense,

o W1(T7Xap)q)§W2(T7X7pvq) \V/(X,p,Q),
then

W1(t;X7P;Q)§ W2(t7x7p7q) V(LX’,QQ)'
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Differential games with lack of information Existence and characterization of the value

Proof of the existence of the value

@ We have V~ < VT by construction.
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Proof of the existence of the value

@ We have V~ < VT by construction.

@ We have seen that
(i) V~ is a supersolution in the dual sense of (HJI)
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Differential games with lack of information Existence and characterization of the value

Proof of the existence of the value

@ We have V~ < VT by construction.

@ We have seen that
(i) V~ is a supersolution in the dual sense of (HJI)

(i) VT is a subsolution in the dual sense of (HJI)
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Differential games with lack of information Existence and characterization of the value

Proof of the existence of the value

@ We have V~ < VT by construction.

@ We have seen that
(i) V~ is a supersolution in the dual sense of (HJI)

(i) VT is a subsolution in the dual sense of (HJI)

(”I) V_(Ta Xa pa q) = V+(T7X7p7 Q) = Z/,,P/Chgu(x)
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Differential games with lack of information Existence and characterization of the value

Proof of the existence of the value

@ We have V~ < VT by construction.

@ We have seen that
(i) V~ is a supersolution in the dual sense of (HJI)

(i) VT is a subsolution in the dual sense of (HJI)
(”I) V_(Ta Xa pa q) = V+(T7 X7p7 Q) = Z/,,P/Chgu(x)

@ Comparison principle = V* < V~.
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Differential games with lack of information Existence and characterization of the value

Extensions and miscellaenous

@ Extensions The above results have been extended to

e stochastic differential games with running payoff,
(C. and Rainer)

o infinite horizon problem
(As Soulaimani)
@ Representation formulas for deterministic differential games
(C., Souquiére)
@ Approximation of the value function, e—optimal strategies for
deterministic differential games
(C., Souquiére)
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Differential games with lack of information Existence and characterization of the value

Extensions and miscellaenous

@ Extensions The above results have been extended to

e stochastic differential games with running payoff,
(C. and Rainer)

o infinite horizon problem
(As Soulaimani)

@ Representation formulas for deterministic differential games
(C., Souquiére)

@ Approximation of the value function, e—optimal strategies for
deterministic differential games
(C., Souquiére)

@ Open problem : Pursuit-evasion games with lack of information.
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A new formulation for dual solutions

Outline

© A new formulation for dual solutions

P. Cardaliaguet (Univ. Brest) Differential games 45/72



A new formulation for dual solutions A strange HJ equation

Outline

© A new formulation for dual solutions
@ A strange HJ equation
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A new formulation for dual solutions A strange HJ equation

Up to now, the value function V = V* = V~ is characterized by the
fact that V* and V¥ are sub- and super-solutions of some dual HJI
equation.

What about a direct characterization of V ? )
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A new formulation for dual solutions A strange HJ equation

Reformulation of the HJ equation

Theorem (C., 2008)
A map w is a dual solution of

w; + H(x, Dw, D?w,p,q) =0

if and only if w is a viscosity solution of the strange HJ equation

Pw Pw
: 2 L . _
max{mln{meH(x, Dw,D?w,p,q) ; )\mm(—8 5 )} , Amax(—aqz)} 0

where

@ A\max(A) is the maximal eigenvalue of a matrix A € Sk
@ \nin(A) is the minimal eigenvalue of A
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A new formulation for dual solutions A strange HJ equation

In particular,

The value function V of the game with lack of information is the unique
viscosity solution of

Pw 0Pw
i D2 v Amin\ = 5 y Amax\ 5 5 =
max{mln{wlmLH(X,DW7 w,p,q); A (apz)} A (8q2)} 0
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A new formulation for dual solutions A strange HJ equation

Remarks on the strange equation :
1) From the min-max Theorem we have

max{min{...;...}; ...}=min{max{...;...}; ...}

2) Heuristically this equation says that

@ the map V = V(¢, x, p, q) is convex in p and concave in g,

@ at points where V = V(t, x, p, Q) is strictly convex in p and strictly
concave in g, V satisfies the Hamilton-Jacobi equation

wi + H(x, Dw, D?w) = 0
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A new formulation for dual solutions A strange HJ equation

Example 1 : convex case

Let g : A(/) — R be Lipschitz continuous. Then the unique solution to

2
max{w—g; —Amin <88;V>} =0
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A new formulation for dual solutions A strange HJ equation

Example 1 : convex case

Let g : A(/) — R be Lipschitz continuous. Then the unique solution to

2
max{w—g; —Amin <88;V>} =0

is just the convex hull of g.

P. Cardaliaguet (Univ. Brest) Differential games 51/72



A new formulation for dual solutions A strange HJ equation

Example 2 : Mertens-Zamir ¢ operator

Let g : A(/) x A(J) — R be Lipschitz continuous. Then the unique
solution of

(%) min {max {W g —Amin <6;;v)} . —Amax (882;/)} =0
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A new formulation for dual solutions A strange HJ equation

Example 2 : Mertens-Zamir ¢ operator

Let g : A(/) x A(J) — R be Lipschitz continuous. Then the unique
solution of

: 0’w 0’w
(%) min {max {W g —Amin <(‘)p)} . —Amax (8(7)} =0
is ®(9), i.e., the unique solution u to

u = Vexp(max{u; g}) = Cavg(min{u; g})
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A new formulation for dual solutions A strange HJ equation

Example 2 : Mertens-Zamir ¢ operator

Let g : A(/) x A(J) — R be Lipschitz continuous. Then the unique
solution of

(%) min {max {W g —Amin <6;;v)} . —Amax (882;/)} =0

is ®(9), i.e., the unique solution u to
u = Vexp(max{u ; g}) = Cavg(min{u; g})

Equation (x) is just the formulation of [Laraki, 2001] for ®.
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A new formulation for dual solutions A strange HJ equation

Accordingly, the strange equation

Pw Pw
i H(x, Dw, D? D Amin(5) ¢ Amax(55) ¢ =
max{mln{Wt+ (x,Dw,D°w,p,q) ; A (8p2 )} A (8q2)} 0

is between a standard HJ equation and a characterization of convexity.
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A new formulation for dual solutions A strange HJ equation

Accordingly, the strange equation

2 2
max{min{wt+H(x, Dw, D2W,p, q) ; )\min(a W)} : )\max(g;:)} =0

p2

is between a standard HJ equation and a characterization of convexity.

Questions

@ Is there an interpretation of the strange equation in terms of
dynamic programming ?
© What is the set where

w; + H(x, Dw, D?w,p,q) = 0

holds ?
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A new formulation for dual solutions lllustration by a simple game

Outline

© A new formulation for dual solutions

@ lllustration by a simple game
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A new formulation for dual solutions lllustration by a simple game

Definition of the simple game

In this game,
- no dynamics
-J=1.

The players optimize one of the integral payoffs

/Te,-(s, us)v(s))ds (i€ {l,....1}).

1)
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A new formulation for dual solutions lllustration by a simple game

Rules of the game

@ Attime ty, i is chosen by nature in {1,...,/} according to
probability p,

@ the choice of / is communicated to Player 1 only,
@ Player 1 minimizes the integral payoff

.
| ts.u(s). v(s)es.
1)

@ Player 2 maximizes it.

This is a version of Aumann-Maschler game in continuous time, finite
horizon.
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A new formulation for dual solutions lllustration by a simple game

Isaacs’condition

Isaacs’condition takes the form :

H(t,p):mfsupr, tuv)_suplanp, (t,u, V)

Uvev i—1 veV ueu

for all (¢, p) € [0, T] x A(/).
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A new formulation for dual solutions

Existence of a value

lllustration by a simple game

Theorem (C.-Rainer, 2008)
Under Isaacs’ condition, the game has a value

/ T
Vit,p)= inf  sup S piEa, / 0i(s, ai(s), B(s))ds
(fo-p) (ai)G(Ar(to))/ﬁeB,(to); il t : :

= &0 inf ,0 aj / U Sa ﬁs
ﬂezs,(ro)(a,)e(A, ro))'Z ! 5[ i(s i (s))d: ]

Furthermore V is the unique viscosity solution of :

min {Wt + H(t, p); Amin <22V2V>} =0 in[0,T]xA(/).
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A new formulation for dual solutions lllustration by a simple game

A set of admissible martingales

Let P(ty, po) be the set of cadlag martingale processes
P, T — A()
such that
P(ly)=po and  p(T)€{ey,... €1},

where {ey, ..., e/} is the canonical basis of R’
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A new formulation for dual solutions lllustration by a simple game

Representation of the solution

T
V(to,po) = inf E H(s,p(s))ds V(to, po) € [0, T] x A(/)
PEP(TO:PO) to

Remark : A similar result in discrete time appears in [De Meyer, 2008].
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A new formulation for dual solutions lllustration by a simple game

Sketch of the proof

Let

-
W(t, = inf E
(fo: po) PEP(to.p0)

H(s, P(S))dS] V(to, po) € [0, T] x A(])

b

W is convex with respect to py and Lipschitz continuous in all variables. \

For any stopping time 0 € [ty, T],

0
Wito.po) = _inf E [ [ M ploas + wio. p(e))] |
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A new formulation for dual solutions lllustration by a simple game

Sketch of the proof (2)

W is a solution of

min {Wt—}- H(t,p); Amin (82_w)} =0 in[0,T] x A(/).

op?

Heuristic idea : At a point (fy, Xo) at which “A\min ( p2) > 0", the
martingale process cannot “go too far from xp" and the classical
dynamic programming holds.
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A new formulation for dual solutions lllustration by a simple game

Consequences

@ Characterization of the optimal strategy of the informed player.

@ Characterization of the optimal martingale process.
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A new formulation for dual solutions lllustration by a simple game

Some open problems for differential games with lack

of information

@ One can prove the existence of a value when i and j belong to
some continuous probability spaces.

- What becomes the HJ equation in this setting ?

@ More complex information structure

- What happens if the players have a private information which is
revealed along the time ?
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A new formulation for dual solutions lllustration by a simple game

Some references on repeated game with lack of

information

Aumann, R. J.; Maschler, M. B. MIT Press, Cambridge, MA, 1995.
De Meyer, B. (1996) Math. Oper. Res. 21,no0. 1, 237-251..
De Meyer, B.; Rosenberg, D. (1999) Math. Oper. Res. 24, no. 3.

De Meyer, B. (2007) Preprint. Cowles foundation discussion paper No
1604

Laraki, R. (2002) Math. Oper. Res. 27 .
@ Mertens, J.F,, Zamir S. (1994) Int. J. Game Theory.

@ Rosenberg; Solan E. ; Vieille N. (2004) SIAM J. Control Optim. Vol. 43,
N. 1.

@ Sorin, S. Mathématiques & Applications (Berlin), 37. Springer-Verlag,
Berlin, 2002.
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A new formulation for dual solutions lllustration by a simple game

Some references on differential games

@ Existence and characterization of the value

e Evans L.C. and Souganidis P.E. (1984) Indiana Univ. Math. J., 282,
pp. 487-502.

o Fleming W. H. (1967) J. Math. Anal. and Appl., Vol. 3.

e Fleming W.H. and Souganidis P.E. (1989) Indiana Univ. Math. J. 38,
No.2, 293-314.

@ Other approaches for imperfect information

e Baras J. and James M. (1996) SIAM J. Control Optim.,
34(4) :1342—-1364.

e Bernhard, P. Systems Control Lett., 24 (1995), pp. 229—-234.

@ Chernousko F. and Mellikyan A. (1975) Lecture Notes in Computer
Science, Vol. 27, Springer, pp. 445-450.

@ Quincampoix M. and Veliov V. (2005) Siam J. Control Opti., 43, 4,
pp 1373-1399.

o Rapaport A. and Bernhard P, (1995) RAIRO-APN-JESA, Journal
Européen des Systémes Automatisés 29(6).
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A new formulation for dual solutions lllustration by a simple game

References on differential games with lack of

information

As Soulaimani S. Preprint, 2008.

C.P, (2006) SIAM J. Control Optim. 46, no. 3, 816-838.
C.P., (2008) JOTA, 138, no. 1, 1-16. .

C.P, To appear in Annals of ISDG.

C.P,, Preprint, 2008.

C.P. and Rainer C. To appear in AMO.

C.P. and Rainer C., Preprint, 2008.

Souquiére A. Preprint, 2008.
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Outline

@ Appendix : without Isaacs’ condition
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Appendix : without Isaacs’ condition

Random strategies

Fix an initial time f; and a delay 7 >.

@ A pure strategy with delay 7 for Player | is a Borel measurable
map « : [ty, T] x C%([ty, T],RN) — U such that

fi=hon[l,f] = afsfi)=a(sk)forse [l t+ 7]
Notation : A ().
@ A random strategy with delay with delay 7 for Player | is R—uple

a=(",...afr ... ),

with R e N5, a',....af € A, (), (r',....rF) € A(R).
@ Notations : The set of random strategies with delay 7 for Player |
(resp. Player Il) is denoted by A.,(fy) (resp. B./(1p)).
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Appendix : without Isaacs’ condition

Upper and lower value functions

The upper value function is

V+ 7 ,X0) = lim inf su E Xfo,Xo,oc,ﬁ
( 0 0) 7—0 aEArr(to) ﬂeBTgto) |:g( T )i|

while the lower value function is

V™ t,X = lim su inf E Xfo,XO,a,ﬁ
(fo:%0) Tﬁoﬁélgﬁfo)ae““ﬂ(fo) [Q( T )}
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Appendix : without Isaacs’ condition

Existence of a value

Under Isaacs’ condition, the game has a value :

VH(t,x) =V (t,x)  Y(t,x)e[0, T] xRN.

Krasovskii-Subbotin, 1988, for the determinist case (o = 0).
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Appendix : without Isaacs’ condition

Characterization of the value

Let
H(x,p,A)

= inf sup / <p,f(x,u,v) > —|—1Tr(AJU*(X, u,v)) du(u)du(v)
ReAV) yen(v) Juxv 2

= sup inf / <p,f(x,u,v) > +1Tr(Aaa*(x, u,v)) du(u)du(v)
ven(v)yneA) Juxy 2

V+ = V~ is the unique solution of

w; + H(x,Dw,D?w) =0 in (0, T) x RN
w(T,x) = g(x) vx € RN
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