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Objective of the talk

Generalization of the results of the pioneering work of Fleming and
Souganidis on zero-sum two-player SDGs:

e cost functionals defined through controlled BSDEs
e the admissible control processes can depend on events occurring
before the beginning of the game.

This latter extension has the consequence that the cost functionals
become random. However, by making use of Girsanov transformation
we prove that the upper and the lower value functions of the game
remain deterministic. This approach combined with the BSDE method
allows to get in a direct way:

upper and lower value functions are deterministic
— Dynamic Programming Principle
—— Hamilton-Jacobi-Bellman-Isaacs equations.

At the end of the talk: some remarks on extensions of the above SDGs:
SDGs defined through reflected BSDEs.




Preliminaries. Framework

(Q, F,P) canonical Wiener space: for a given finite time horizon 7 > 0,
e Q=Cy([0,T];RY) (endowed with the supremum norm);
e B;(w) =0(t),r € [0,T],0 € Q - the coordinate process;

e P - the Wiener measure on (Q,B(Q)): unique probability measure
w.r.t. B is a standard BM;

o 7 =B(Q)VNp;
o F= (T)I)IE[O,T] with F = _‘TZB = 0{B;,s <1}V Np.

(@, F,F,P;B) - the complete, filtered probability space on which we
will work.
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Dynamics of the game:

Initial data: t € [0,T], { € L*(Q, F,P;R?);
associated doubly controlled stochastic system:

Gy

dX§7§;u7V — b(s)X‘{-,C;Mvvj MS) V_y)dS + G(SaXS‘ 7”53 VS)dBS7
x5 =g sen,T),

(1)

Player I: u € ‘U::L%(O,T;U);
Player Il: ve ¥ =: L%(QT;V); U,V - compact metric spaces;
the mappings

b:[0,T| xR"xU XV — R",
6:[0,T] xR xU xV — R4

are supposed to be continuous over R" x U x V (for simplicity); Lips-
chitz in x, uniformly w.r.t (¢,u,v); b(¢,0,u,v),c(t,0,u,v) are bounded.
Existence and uniqueness of the solution X"&%V ¢ S2(t,T;R").
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Definition of the cost functionals

The cost functional is defined with the help of a backward SDE
(BSDE):

Associated with (¢,8) € [0,T] x L*(Q, %,P;R"),u € U and v € V, we
consider the BSDE:

dYst.(:;uy _ —f(S,X_y[7c;u7v,YS[’C;ll7v,Z§7c;u7v,I/ts,vs)dS-Q-Zé"Xc;u’vst,
Y = e, selt,T),
2)
where

¢ Final cost: @ : R"” — R Lipschitz
o Running cost: f:[0,T] x R" xR xRY x U xV — R, continuous;
Lipschitz in (x,y,z), uniformly w.r.t (¢,u,v).

Under the above assumptions: existence and uniqueness of the solution
of BSDE (2): (Y554, z06uv) € 82(1,T;R) x L2(t, T;RY).

DY
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From standard estimates for BSDEs using the corresponding results for
the controlled stochastic system: 3C € R independent of 7,u,v, {,{' €
L*(Q, F;,P;RY), s.t.

e -y < g -

Y <c1+ 1)), Pas.

Let 7 € [0,T], £ =x € R" - deterministic initial data; u € U, v € V;
associated Cost functional for the game over the time interval [t,T] :

J(t,x;u,v) =YY (€ L2(Q, F,P)).

Remark 1: (i) If f=0:J(t,x;u,v) = E[®(X7")| F];
(i) If f doesn't depend on (y, z):

. T .
J(t,x;u,v) =E [@(X}’x’"’v)—i—/ £, X5 ug vo)ds| F | -
t
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Which kind of game shall we study?

Objective of Player |: maximization of J(¢,x,u,v);

Objective of Player Il: minimization of J(z,x,u,v);

Game “Control against Control”?

e In general no value of the game, i.e., the result of the game depends
on which player begins, and this even if Isaacs’ condition is fulfilled
(condition is given later).

e Games “Control against Control” with value if, for n =d : the ma-
trix 6(x) is invertible and independent of (u,v): In this context Isaacs’
conditions guaranties the existence of saddle point feedback Nash equi-
librium controls (S.HAMADENE, J.-P.LEPELTIER, S.PENG).




More general situations can be treated with:

Game “Strategy against Control”:

This concept had been developed in the deterministic differential game
theory (A.FRIEDMAN, W.H.FLEMING,..) and was translated later by
W.H.FLEMING, P.E.SOUGANIDIS (1989) to the theory of stochastic
differential games.

Here: a generalization of the concept of W.H.FLEMING,
P.E.SOUGANIDIS (1989).

In recent papers by P.Cardaliaguet, C.Rainer:

Game “NSD against NSD”:

NSD - Nonanticipative Strategy with Delay; Advantage/beauty of this
concept: “symmetry” between both players.




Here: Game “Strategy against Control”:

Admissible controls, admissible strategies

Definition 1: (admissible controls for a game over the time interval
£, 7])

e For Player I: U7 =: L9(t,T;U);

e for Player Il: V7 =: L3(¢,T;V).

Notice: In difference to the concept by FLEMING, SOUGANIDIS, the
controls u € U, 5,v € V5 are not supposed to be independent of 7.

Definition 2: (admissible strategies for a game over the time interval
[#,71)

e For Player II: B: Uy — ‘V,_T non anticipating, i.e.,

for any F— stopping time S: Q — [¢,T]| and any admissible controls
uy, uy € Usr

(u) = uy dsdP-a.e. on [[#,S] = B(u1) = B(u2) dsdP-a.e. on [z,S])-
B r:={B: U — YV r|p is nonanticipating}.

Analogously we introduce




o for Player I: 4,7 :={o: ¥+ — U r|a is nonanticipating}.

Value Functions:
Notice: For J(t,x,u,v) := ¥/
i) Y;"?“’” = J(t,Q,u,v)( = J(t,x,u,v)|xc> ,P-as., for all
Ce L(FR");
i) J(t,8,u,v) € L*(Q, F,P) and:
(8 u,v)—J(t,¢,uv)| <CIE—C|, |J(#,5,u,v)| < C(1+C]),
P-as., for all £, &' € L>(F;R), (t,u,v) € [0,T] x U x V;
The above estimates for J(¢,x,u,v) allow to introduce:
e | ower Value Function:
W(#,x) := essinfgep,  esssup,cq, ,J (¢, x3u, B(u));
e Upper Value Function: '
U(t,x) 1= esssupye g, pessinf,cq  J(t,x;0(v), V).

Remarks. e Justification of the names “upper” and “lower” value func-
tions: later we will see W < U; the proof is far from being obvious and

J
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uses the comparison principle for the associated Bellman-lsaacs equa-
tions, it will be given later.

e The esssup, essinf should be understood as ones w.r.t. a uniformly
bounded, indexed family of F-measurable r.v.; see: Dunford/Schwartz
(1957).

Although W,U € L*(Q, %;,P) are a priori r.v., we have the following
crucial result:

Proposition 1: W(t,x) = E[W(t,x)], U(t,x) = E[U(t,x)], (t,x) €
[0,T] x R", i.e., W and U admit a deterministic version (with which
we identify the both functions from now on).

From the estimates for J(t,x;u,v) = ¥/ *"":

Corollary. W.U : [0,T] x R" — R are such that
[W(t,x) —W(t,x)|+|U(t,x) —U(t,x)| < Clx— x|,
[W(t,x)|+|U(t,x)| < C(1+|x|), for all £ € [0,T], x,x' € R™.
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Some Remarks preceding the proof of the proposition.

1) Concept of W.H.FLEMING, P.E.SOUGANIDIS (1989):

their running cost f(s,x,y,z) doesn't depend on (y,z), i.e., their cost
functional is the classical one:

T
J(t,x;u,v) =E [CIJ(X;’X’"’V) —|—/ Fls, XI5 ug vi)ds | F
t

More essential:
e admissible controls: u € Ul ; := L%, T;U), v € Y Vip =
L% (1,T;V) are independent of % :

B = (-Tvr)se[z,T]a -Tvt = G{Br*Btv re [t,s]}\/%, s € [th];
e admissible strategies: QE;T - the set of all non anticipating mappings
B: U — 1/r; analogous definition of A ;.




Their cost functional .
J(t,x;u,v) :=E [QD(X’T’X’”’V) —l—/ £, X5 g vg) | }}}
t

T
=E [CD(X;’X'M’V)-F / f(s,XS”X’“"’,uS,vs)}
t

is automatically deterministic, and so are their upper and lower value
functions:

W(t,x):= inf sup J(t,x;u,p(u)), U(t,x):= inf inf J(¢,x;0(v),V).

BeB 1 uct, ¢ acA rvel 1

We will see: if f(s,x,y,z,u,v) = f(s,x,u,v) then W =W, U =U.

Our approach in comparison with theirs:

e Proof that W, U are deterministic is not evident, but after:

e Straight forward approach without approximation by discrete
schemes, without further technical notions (like m-controls,

r-strategies), without using the Bellman-Isaacs equation for proving
the DPP:
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- Direct deduction of the DPP from the definition of W,U (with the
help of Peng's notion of backward semigroups);

- Direct deduction of the Bellman-Isaacs equations for W, U from
the DPP (with the help of a scheme of 3 BSDEs, the so-called Peng's
BSDE method developed by him for control problems);

2) Proof that W is deterministic for control problems (see, e.g.,
S.Peng, 1997):

U C RM compact subset; 6, b, f depend only on one control;

W(t,x) := esssup,cq, . J (t,%,u)

Approximation de u € U 7 in L*(Q x [0,T];U) by controls of the form
u =YL Iyt (u' € U 7, (A)1<i<n C F; partition of Q);
and L?-continuity of (u — J(t,x;u)) gives
W (t,x) := esssup,oJ(t,x,u),

DY




where

J(t,0u0) = YN | 1y, J(t,x,u') < supy;nJ(t,x,u’) - deterministic.
This argument doesn't work for SDG because of the presence of the
strategies.
New approach for the proof that W is deterministic has been needed;
even continuity of the coefficients in (u,v) is not needed anymore.

Proof that the lower value function is deterministic (analogous proof
for upper value function); for simplicity: f =0, i.e.,

S u) = E[@(™") | 7]

Main tool of the proof is a Girsanov transformation argument:
Q= Cy([0,T];RY);

B;(®) = 0(s),s € [0,T],0 € Q, is the coordinate process.

Let H, = {h € LZ([0,T);RY) | h(s) = h(t), s € [t,T]};

for h € H; we define:




T(®) :=0+h oeQ;
T, 1 Q — Q bijection; T, =1_;

dP t 1
= Ln=owp{ | b= [ ds}.

Observe: since

dx!™ " oty = o(XI"Y oy, us(Th), vs(Th))dBs, s € [t,T],

t,x;u,v

we have X;""" o1, :X;’X;L‘(T”)’V(T”), set,Tue Ur,veV.r.
Consequently,

J(t,x;u v)o’ch =E [®(X;™""oty) | F]
_E [@(x“‘““h wy | rf] = J(t,x;u(th),v(t)), P-a.s.

For B € B : Brn(u) :==P(u(th)) oT—p, u € U r. Then By € B, 1 and
(u—u(t)): U — Uz, (B—Bn): B.r — B.r are bijections.




Hence,
W (t,x) 0Ty = essinfgesp, esssup,cq, , (J(t,x5u,B(u)) oth)

= essinfgeg, ,esssup,eq, . J (1,5 u(Th), B(u) o Ty)
= essinfges, pesssupycq, ,J (¢, x5u(Th), Ba(u(th)))
= essinfgcg esssup,cqy, . J(t,x;u,Bn(u)) = W(t,x), P-as.

Lemma: Let { € LO(Q, %, P) be s.t. {ot, =, P-as., for all h € H,.
Then there is areal CER s.t. {=C, P-as. o
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Dynamic Programming Principle (DPP)
Some Preparation: Stochastic Backward Semigroup, S.Peng,1997:

Given
(t7C) € [OvT} XLZ(Q%?—”P;R"), de (OvatL uec ﬂt,l+5a Ve th,tJrﬁv
we put

G =T, s € [t,t+8], n € LX(Q, F.5,P),

5,049
where:
{ ¥y = —f(s, X" Yy, Zg, ug, v )ds + 255" dBs, € [t,t+ 3],
Yiis = M

X4V is the solution of our doubly controlled forward SDE.

Remark:
(i) (The semigroup property) For 0 <t <s<s' <t+8<T,

G (G = Gig .

(ii) (The classical case) If f doesn't depend on (y,z) we have the clas-
sical case of conditional expectation:




t+0

Gﬁiffé”[n]=E[n+ X s v ds| | Pas

Taking now 1 = W (t +8,X,75"") (resp., U(r+8,X"3"")) it becomes
clear from the classical DPP from control problems that our DPP shall

write as follows:
Theorem 2 (DPP): Forany 0<t<t+d<T,x€R" P-as.,

W (t,x) = essinf esssup G;’fféwu) W (r +57thféu’ﬁ(“))];
PEB ;15 u€U,yy

U(t,x) = esssup essinf G;’f;ogv)’v[U(t+6,X:’xga(v)’v)].
e 5 VEViiis o -

Remark: If f(x,y,z,u,v) is independent of (y,z) the above DPP writes:
W(t,x) =
148

essinf esssup E[W(t+5,X:fé"’B<”>)+ f(s,Xs[’x;"’B(”),us,vs)dsm}]
BEB 145 uet, . ;5 t

analogous for U(z,x).




Proof of DPP: Direct (but rather lengthy) calculus.

With the help of the DPP and BSDE standard estimates we can prove:
Theorem 3. W(.,x) and U(.,x) are 1—Hélder continuous, for all x €
R": There is some C € R such that, for every x e R", 1,1’ € [0,T],

[W(t,x) =W (' ,x)|+|U(t,x) —U(,x)| <C(1+|x|) |t —t’|%.
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Bellman-Isaacs equations. Existence theorem.

We consider the Hamiltonian

H(t,x,y,p,S,u,v)

1
= Etr(GGT([,x,M,V)S) +b(t,x,um).p—l—f(t,x,y,p.G(Lx,u,v),mv),
(t,x,9,p,S,u,v) €[0,T] x R" X RXR"xS§" x U x V.

Hi(taxayapas) ::SUpueUinfveVH(f»anaPaSv“a")?
H+(t7xayapas) ::ianEVsuthEUH(trxa.%paS7u7V)'

Then, in viscosity sense, we have the following Bellman-Isaacs equa-
tions:

oW (t,x) +H (t,x, W,DW,D*W) = 0, W(T,x) = ®(x), Eq.(H")
and

o,U(t,x)+H™(t,x,U,DU,D*U) =0, U(T,x) = ®(x). Eq.(H")
More precisely,
Theorem 4: W € Cy([0,T] x R") is a viscosity solution of Eq.(H ),
and U € C,([0,T] x R") is one of equation Eq.(H™").




We come after back to the proof of the existence theorem.

Theorem 5 (Comparison Principle): Let u; €USC([0,7] x R") be a
viscosity subsolution and u; €LSC([0,7] x R") a viscosity supersolu-
tion of Eq.(H ™) (of Eq.(H ), resp.). Moreover, u;,u; are supposed to
belong to the class of functions V with the following growth condition:

3A > 0 such that, uniformly in ¢ € [0, T],
V(¢

V(t,x)exp{—A[n|x|]*}( = Vit,x) — 0 as |x| — oo
‘X‘Alnm

Then u; < up, on [0,7] x R".

Corollary. Let u; and uy be continuous viscosity solutions of Eq.(H )
(resp., of Eq.(H™")). Moreover, we suppose that both functions satisfy
the above growth condition. Then u; = uy, on [0,7] x R".

Remarks 1: Barles, Buckdahn, Pardoux (1997) proved that this growth
condition is the optimal one for the uniqueness of the (viscosity) solu-
tion of the heat equation.




Remarks 2: « W € C([0,7] x R") (resp., U € C¢([0,T] x R")) is the
unique viscosity solution of Eq.(H™) (resp., Eq.(H")) in the class of
continuous functions with the above growth condition, and so in par-
ticular in C,([0,T] x R").

e Notice that H~ < H™; consequently, W is a viscosity subsolution of
Eq.(H"), and from the comparison principle: W < U. This justifies the
name “lower value function” for W and “upper value function” for U.
e If the Isaacs’ condition holds: H~ = H" on [0,T] x R" x R x R" x
S”, then the equations (H™) and (H™") are the same, and from the
uniqueness of the viscosity solution in C,([0,7] x R"): W = U. One
says the game has a value.

e For f(s,x,y,z,u,v) = f(s,x,u,v), W.H.FLEMING, P.E.SOUGANIDIS
have the same Bellman-Isaacs equations as we have got. From the
uniqueness of the viscosity solutions in Cp,([0,T] x R"):

W(t,x)(:= infge g SUP,cqp, J(t,xu,B(w)) =W(t,x);
U(t,x)(:= infye g1 inficqr J(t,x50(v), v)) =U(t,x).

DY
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Sketch of the proof of the existence theorem:

We prove that W is a continuous viscosity solution of the PDE

W (1.2) 4 H (1.5 W.DW.DW) =0, W(T.0) =0(x),  (3)

with
H_(taxvyapaig) = SupuEUianGVH(x;yapasvuaV)a
H(x7y7p7S7u7v) :: Etr(GGT(.X:’u’V)S) +f(x7y’p'6(x7 M7V)7u7v)’

(x,3,p,S,u,v) ER" X R x R" x §" x U x V(for shortness: b = 0; coeffi-
cients don't depend on time s).

Let ¢ € Cg’,b([O,T} x R"™) be an arbitrary but fixed test function. We
define:

F5,5.0:2.00) = ~q(s,5) + 2tr(00" (1, 1,9) D5, )
HF(5.5.3+0(5.0). 2+ DO(s. 0. 10.1) 1),
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Notice:
%(p(nx) +H (t,x, ((p,D(p,Dz(p) (¢,x)) =supyepyinfyey F(t,x,0,0,u,v).

So we have to prove that if W — @ < (resp., >)= (W — ¢)(#,x) =0 then
sup,cy infyey F(2,x,0,0,u,v) > 0 (— subsolution)
(resp., supycyinf,ey F(£,x,0,0,u,v) <0 (— supersolution)).

Peng's BSDE method: “Approximating BSDEs”

Ist BSDE: For 0 <8< T —t, u€ U ;15,v E V15

dYS],u,v,(S: 7F(S,Xlxuv Y, 1,u,v,0 Zl,uvﬁ g,V )dS+Zl uVSdB;,

Luvd
Yt+5 =0.

Notice: ¥,"*® = G/ (e +8, X/ 73")] — @(s, X4™"), s € [t,1+ 8], P-
a.s.

The 1st BSDE translates the DPP into BSDE. Our objective: To ap-
proximate the 1st BSDE by the 2nd BSDE, and the 2nd BSDE by a
deterministic ordinary differential equation with terminal condition.

J
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Notice: esssup,,c U, ,. 555! nf,e %HSY,

2nd BSDE: For 0 <3 <T —t small, u € U ,.5,vE V, 115

dYSZ’“’V’6 = —F(s,x, Ysz’"’v’S,ZSz’”’V’B7 ug, vy )ds +Z92’L"V’6st, s € [t,t+9],

2uvd
Yt+8 =0.

Notice: 3C € Ry s.t., for all § >0, u € U 115,v € V, 115

|Yt1Au,V,5 _Y2uv, < C83/2 P-as.

Let Fo(s,x,y,z) = sup,cp infyey F(s,x,y,2,u,v).

3rd BSDE: For 0< 6 < T —¢ small:

dYO5 = —Fp(s,x, YSO’S,O)ds(—&—OdBS)7 s € [t,t+3],

0,0
Yt+5 =0.

2.u,v,0 _ Y[O,S.




These 3 BSDEs allow to prove that W is sub-and supersolution; here:

proof that W is a supersolution:
Let 0= (W —@)(¢,x) <W —¢@. Then @ <W and from DPP

0=W(t,x)—o(t,x)

=essinfgcg, , esssupucy, (G;:fféﬁ(u)(w(t 43, th s, B(u ))) _ (p(t,x))

>essinfges , €555UpPuct, 7 <(G§f+usﬁ( (@(z -+, X5 Blayy —(p(t,x))

=essinfgcp, ,€sssuUpueqy, 4 Y,I’S'M’B(”)

>essinfgeg, ; €SSSUPLet), Yz’s'u’ﬁ(u) —C&/?
>essinfges, , (esssupucq, ,essinf,cq TY2 Bav) _ 53/

= 0’87C53/2 from Where

cVs> Y08 / Fo(s,x,Y2® 0)ds

—>F0(tx 0 0)—sup1an(sx0 0,u,v).
uey V€V

Consequently, W is a supersolution of Eq.(H ).

N\




Some Remarks on Extensions

1,X3U,V
Y,

Above: cost functional J(z,x;u,v) = is defined through the so-

lution of a BSDE.

Extensions:

i) J(t,x;u,v) = ¥/ is defined through the solution of a BSDE re-
flected at one barrier;

i) J(t,x;u,v) = ¥/ is defined through the solution of a reflected
BSDE with two barriers.

Some Remarks on i): BSDEs with reflection (RBSDE) at one barrier,
El Karoui, Kapoudjian, Pardoux, Peng, Quenez (1997):

For (t,8) € [0,T] x L*(Q, %, P;R"), (u,v) € Uy x € Vir

dYSZ,Czu,v — f(s, XtC,uv Yt(;uv Zt,C;uv Uy, v )dSJthCl”dB thqu

I,Q;uv>h( ICMV)7(Y1C1“ /’l( z‘Ct,tv))dI(§§uv:O7
Cou,v
=0.

K%Y continuous increasing process, K

where :[0,T] x R" — R is continuous, Lipschitz in x, unif. in #;
compatibility assumption: ®(x) > A(T,x), x € R".

DY




Main difficulties we had to solve:

e RBSDE standard estimates give only:

5 — ] < C(1+ [¢]+ g2l ~ 12
Improvement of this standard estimate for RBSDEs with one and also
with two reflecting barriers:

‘YI’-,C;MJ’ . Yt@’;u,v

<ClE-¢’;

(this sharper inequality: crucial for the proof of the DPP and of the
proof that the value functions are viscosity solutions of the associated
Bellman-lsaacs equations with obstacle)

Proof: combines estimates for RBSDEs with the same barrier and com-
parison theorem for BSDEs.

e Proof of the DPP: definition of the backward stochastic semigroup
with the help of the RBSDE imposes that the estimates inside the
backward stochastic semigroup have to respect the barrier (this makes
the proof for BSDEs with two reflecting barriers even more delicate)




4 A

e Proof that W is a viscosity solution of the Bellman-Isaacs equation
with obstacle.

min (W (¢,x) — h(t,x), —0,W (t,x) — H™ (t,x,(W,DW,D*W)(t,x)) =0,
W(T,x) = ®P(x), x € R".

Proof:

- Penalization method: mYSt’C;”’V T Yf’c;“’v; I (2, x3u,v) =" Y,l’c;u"v;

- Wi(t,x) :=essinfge g, , €sssupycqy, 7 Jm(t,X;u,v) unique viscosity solu-
tion of the associated penalized Bellman-Isaacs equation;

W <W < < W, TW<SW:

- W € LSCy(]0,T] x R") supersolution of the above Bellman-Isaacs
equation with obstacle;

- W € Ci([0,T] x R") subsolution of the above equation with obsta-
cle: nontrivial combination of Peng's BSDE method with DPP, the
approach differs from that for SDG without reflection;

- proof of the comparison principle; thus: W <W.

Consequently: W(= W) is the unique viscosity solution of the above
equation with obstacle.




