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Introduction

Introduction

Let T > 0 be a finite time horizon,
U and V some compact metric sets
and /e N,/ > 1.

We investigate a continuous time game defined by a family of
running costs :

Forie{1,...,1},
let /; : [0, T] x U x V — R bounded, continuous,
Lipschitz in t uniformly in (u, v),

and p = (p1,...,p) € A(/) be a probability on {1,...,/}.



Introduction

Introduction

The game is played in two steps :



Introduction

Introduction

The game is played in two steps :

@ At initial time t the index / is chosen at random according
to probability p.
Index / is communicated to Player | only.



Introduction

Introduction

The game is played in two steps :

@ At initial time t the index / is chosen at random according
to probability p.
Index / is communicated to Player | only.

@ Then
- Player I tries to minimise the payoff

! T
;pi/t li(s, ui(s), v(s))ds

- Player Il tries to maximise this payoff.



Introduction

Introduction

The game is played in two steps :

@ At initial time t the index / is chosen at random according
to probability p.
Index / is communicated to Player | only.

@ Then
- Player I tries to minimise the payoff

! T
;pi/t li(s, ui(s), v(s))ds

- Player Il tries to maximise this payoff.

This is a continuous times version of the repeated game
studied by Aumann and Maschler in 1995.
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Random strategies and associated payoff

The set of random strategies for Player | (resp. Player Il) is
denoted by A/(t) (resp. B,(t)).

| A\

Payoff

For p € A(/) and ((«;), B) € (Af(t))! x B,(t) we consider the
following payoff :

! T
ZpiEa,-,ﬁ [/t li(37 ai?ﬁ)ds]
i=1
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Hamiltonian, Isaacs’ condition and value of the game

We assume that Isaacs’ condition holds :
Forallt € [0, T]and p € A(/):

/
H t, f il t = supinf ,'/,' t,u,
(t.p) :=infsup (Zp u, V)> upin (;p (tu V)>

i=1

Under Isaacs’ condition, the game has a value

V(t,p) = .
= inf(a,)e(Ar(t))/ SUpBGBr (1) ZII 1 p,' a;,B f /(S Ol,‘,ﬁ)
= SUpBeBr(t) Inf(al YE(A(1))! Z, 1 P: a;j,B f (S O‘hﬁ) :
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V is the unique function that is bounded, continuous, Lipschitz
with respect to t, convex in p and solution in viscosity sense of

min {we + H(t, p). Amin( G } = 0. (t.P) € [0 T] x A(),
W(Tvp) =0, pe A(/)v

where, for any symmetric matrix A, Amin(A) is the smallest
eigenvalue of A.
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Martingales

Definition

On a probability space (2, F, P) sufficiently large, let P(t, p) be
the set of all cadlag martingales (p(s), s € [t, T]) with values in
A(/) that satisfy :

Elp(t-)l=p: p(T) € {e1,..., e} Pas.,

where {e,..., e} is the canonical basis of R'.
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An equivalent formulation for the value function V

@ Forall (t,p) € [0, T] x A(/),

V(t,p)= inf E
(t,p) et

)
/t H(s, p(s))ds] .
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An equivalent formulation for the value function V

@ Forall (t,p) € [0, T] x A(/),

V(t,p)= inf E
(t,p) et

)
/t H(s, p(s))ds] .

@ The infimum is attained :
up to a change of the probability space, we can find
p € P(t, p) such that

V(t,p)=E

)
/t H(s, p(s))ds] .




Optimal strategies

Optimal strategies




Optimal strategies

Optimal strategies

@ Let u* = u*(t, p) be a Borel measurable selection of
argmin,,cy (maxvev Z,{ﬂ pili(t, u, v).



Optimal strategies

Optimal strategies

@ Let u* = u*(t, p) be a Borel measurable selection of
argmin,,cy (maxvev Z,{ﬂ pili(t, u, v).

@ For (t,p) € [0, T] x A(/) fixed,
let p be optimal for mingep(. ) ELf,” H(s, p(s))ds].



Optimal strategies

Optimal strategies

@ Let u* = u*(t, p) be a Borel measurable selection of
argmin,,cy (maxvev Z,{ﬂ pili(t, u, v).

@ For (t,p) € [0, T] x A(/) fixed,
let p be optimal for mingep(. ) ELf,” H(s, p(s))ds].

@ Forallie{1,...,, 1}, letu;(s) g u*(s,P(8))l{p(T)=e}-



Optimal strategies
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@ Let u* = u*(t, p) be a Borel measurable selection of
argmin,,cy (maxvev Z,{ﬂ pili(t, u, v).

@ For (t,p) € [0, T] x A(/) fixed,
let p be optimal for mingep(. ) ELf,” H(s, p(s))ds].

@ Forallie {1,...,,1}, letu;(s) 4 u*(s,P(8))l{p(T)=e}-

(aq,...,uy) is optimal for V(t, p) :

-
V(t,p)= sup ZEu,ﬁ(u, [/ li(s,b;(s), B(U;)(s))ds]| .

BEB(t) i—1
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The non revealing set H

For the simplicity of the talk,
we suppose from now on that V € C'2,

Then V satisfies

min { Vi + H(t, ), Amin( 5¢) } = 0. (1.9) € [0, T] x A(D).
V(T,p) =0, pe A(]),

Weset H = {(t,p) € [0, T] x Al) | Vs + H(t, p) = o}.
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The non revealing set H

For the simplicity of the talk,
we suppose from now on that V € C'2,

Then V satisfies

min { Vi + H(t, ), Amin( 5¢) } = 0. (£.9) € [0, T] x A()),
V(T,p) =0, pe A(]),

Weset H = {(t,p) € [0, T] x A(l) | Vi + H(t, p) = o}.
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The optimal martingale

Let p € P(t, p) be optimal for V(t, p).

Then, for all s € [t, T] P-a.s.,
@ (s,p(s)) € H,

® V(s,p(s))—V(s.B(s))~(F5(s.B(s-)),p(s)~P(s—)) = 0.
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Verification Theorem

Suppose that some martingale p € P(t, p) satisfies :
@ P-as.Vselt T,

o (s,p(s)) € H,

o V(s.p(s))— V(s.p(s-))—(5(s.p(s-)),P(s) —P(s—)) = O,
@ p is purely discontinuous.

Then p is optimal.
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Verification Theorem

Suppose that some martingale p € P(t, p) satisfies :
@ P-as.Vselt T,

e (s,p(s)) € H,

o V(s.p(s)) - V(s.p(s-)) (2% (s.p(s-)), P(5) ~P(s-)) = O,
@ p is purely discontinuous.

Then p is optimal.
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Verification Theorem

Idea of the Proof : By It6’s formula,
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Verification Theorem

Idea of the Proof : By It6’s formula,

0= E[V(T,p(T))]
= V(t,p) + ELJ, 57 (s.p(s))ds]
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For I = 2, suppose that
there exist hy, hy : [0, T] — [0, 1] continuous, hy < hy,
hy decreasing and hy increasing such that

@ VexH(t,p) = H(t,p) <= p < [0, h{(1)] U [ha(1), 1],

o ZH(t p)>0 Y(t p)with pe [0, h (1)U (ho(t),1].

op*

Thecase | =2
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Proposition 1

Under the above assumptions,

e V(t,p) = ft VexH(s,p)ds  Y(t,p) € [0, T] x [0, 1],

o H={(t.p) [0.T]x[0,1]| pe [0, m(t]U[he(t),1]}.
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Proposition 2

Under the above assumptions, there exists an unique optimal
martingale p € P(t, p) that satisfies

@ p is purely discontinuous,
® p(s—)=p Vseltt] P-as,

where t* =inf{s > t | p € [h1(1), h=(1)]},
@ p(s) € {hi(s), ho(s)}, Vse [t T), P-as..
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